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Chapter 1

Blending variational approach
and deep learning to enforce
prior constraints in medical

image segmentation
Zoé Lambert, Caroline Petitjean, Carole Le Guyader

ABSTRACT

Image segmentation plays a crucial role in computer vision, particularly in medical image
analysis. While convolutional neural networks (CNNs) are the current state-of-the-art
for segmentation, they may generate artifacts, such as isolated pixels or holes, when
object contours are not well defined. Therefore, incorporating prior knowledge into
the segmentation process is essential, whether through topological prescriptions (e.g.,
the number of connected components, the partial convexity of an object boundary) or
geometrical constraints (e.g., penalizing volume through constraints), particularly when
preserving contextual relationships between objects and achieving a segmentation that
is homeomorphic to a known a priori is desired. In this paper, we propose two hybrid
variational/deep learning frameworks that include geometric and topological constraints
in the training of CNNss, in the form of two penalty terms in the loss function. The first
model incorporates geometric constraints via a regularization based on weighted total
variation, a volume/area penalty, and a Mumford-Shah like term. In the second model,
we view the segmentation process as a registration task that pairs the ground truth and
the image to be labelled, based on non-linear elasticity principles. Incompressibility
conditions stated in terms of the Jacobian matrix determinant of the deformation ensures
volume and topology preservation, without any material self-intersection. We evaluate
the proposed losses in the challenging problem of thoracic organs at risk segmentation
in Computed Tomographic scans, where some organs lack contrast, and their borders are
ill-defined. Our ablation study demonstrates that our methods provide significant im-
provements over existing unconstrained approaches, in terms of both quantitative criteria
such as the measurement of region overlap and qualitative assessment, particularly when
dealing with unbalanced classes.

KEYWORDS
One, Two, Three



1.1 INTRODUCTION

Image segmentation is a critical step in medical image analysis. Today, deep
convolutional neural networks (CNN), and especially the U-Net [1] architecture
and its variant [2], are the state-of-the-art in automated medical image segmen-
tation. The process consists in learning the weights of the network through
the optimization of a differentiable loss function, such as the Dice loss or the
cross-entropy, with a gradient descent technique. More accurate segmentations
can be achieved, if some prior knowledge about the object to be segmented is
incorporated in the process. Embedding prior knowledge on the object, such as
shape, appearance or location, into the deep learning networks, can increase the
network robustness and accuracy and even generate more anatomically plausible
segmentations [3, 4]. In addition, in the medical domain, annotated images are
costly to obtain, and weakly- or semi-supervised learning approaches are popu-
lar. In this regard, integrating prior knowledge can also help to mitigate the need
for fully annotated images [5, 6, 7].

In this paper, we propose two loss functions, that enforce geometrical con-
straints for the former, and topological constraints for the latter, in the training
of the CNN. Firstly, inspired by the work of Peng et al. [8], we build a loss
that encodes several priors, the goal being that (i) the pixel intensity inside a
delineated region should be homogeneous, (ii) the edges between the image
region and the segmentation maps should be aligned through a weighted total
variation term, (iii) the area of the segmented region should match the area of
the ground truth. These priors are regularization terms or hard constraints in the
loss function, added to a data-driven loss term, here the Dice loss. Our second
objective is to introduce prior knowledge of a topological nature, for example,
to preserve the number of connected components of the objects to be segmented
when training convolutional neural networks. In this perspective, based on
nonlinear elasticity concepts, we design a loss function in which segmentation
is apprehended as a registration task between the predicted segmentation and
the ground truth. In addition, the application of an incompressibility condition
through a hard constraint ensure that the mapping between the segmentation
and the ground truth is homeomorphic. In both cases, minimizing the designed
loss function yields a non-smooth non-convex optimization problem. Auxiliary
variables are introduced together with a splitting approach so as to fragment
the initial problem into more easily resolvable sub-problems, yielding an easy
implementable alternating algorithm since we can find explicit solutions for each
involved variable.

In the following, we present the related works in prior based segmentation
for medical imaging and introduce the two loss functions that we propose. Then
in the experimental section, we assess these loss functions for the segmentation
of thoracic organs at risk (OARs) in CT (computed tomography) images and
propose ablation study to evaluate their added value.
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1.2 RELATED WORKS

Before deep learning, variational approaches for image segmentation have made
use of a variety of prior information, such as prior knowledge about the shape
[9], topology preservation guarantee [10], prescription of the number of con-
nected components/holes [11], (partial) convexity [12], or organ size range, and
have proved that such priors help to achieve more accurate results [13]. Fur-
thermore, the regularization terms themselves constitute a prior knowledge on
the expected segmentations (smooth, piecewise constant, etc.). In segmentation,
atlas registration techniques are very efficient to insert prior knowledge. This
method consists in searching for the optimal deformation between an image to
be segmented and an atlas image, to which its ground truth is associated. Once
the transformation matching these two images is obtained, it is applied to the
labelled atlas to obtain the final segmentation map of the image initially consid-
ered. If the transformation is a homeomorphism, it guarantees in particular the
preservation of the topology and orientation of the atlas, and the obtained seg-
mentation benefits from good properties. Therefore, a well-defined registration
model and a correctly chosen atlas are crucial to achieve an accurate result. In
[14], a method that relies on an atlas, in addition to other techniques, is used
to segment 17 OARs throughout the body. Segmentation of thoracic OARs is
achieved in [15] by combining a deformable multi-atlas registration with a local
search relying on a level-set method.

Although the integration of prior knowledge is problematic with CNNs,
especially because of the differentiability criterion required for backpropaga-
tion, it is becoming increasingly desirable. Thus several methods have emerged
to solve this problem, often inspired by techniques from a variational framework.

A first way to incorporate prior information into the process is to use a CNN
with traditional shape model and deformable model methods in a sequential
prediction/correction type scheme. Thus, the CNN first provides a segmen-
tation prediction that is then post-processed and corrected in order to comply
with prescribed constraints. Conversely, the CNN can perform a pre-processing
useful to the segmentation method applied in a second step. Bohlender et al..
[16] review many papers that use convolutional neural networks as a pre- or
post-processing step. For example, Rupprecht et al. [17] use an active contour
model [18] relying on contour detection, to provide coarse segmentations of the
left ventricle that are then refined by a CNN. In contrast, Kamnitsas et al. [19]
improve the brain lesion segmentation results obtained with a CNN by using
conditional random fields (CRFs, Conditional Random Fields) [20]. CRFs are
able to take into account the context of the image thanks to the use of global
knowledge (contours, intensities, etc.).

Another solution consists in directly modifying the architecture of the neural
network to take into account additional information directly in the learning



process [21, 22, 23]. This alternative may allow the variational and deep learning
frameworks to be intertwined. In particular, Liu ef al. develop a new softmax
activation function in [24], based on a dual variable, to regularize the CNN
outputs through the total variation or a volume constraint.

A third alternative for incorporating prior knowledge is to design a loss
function that can integrate it. As an example in [25], Chen ef al. propose a
supervised loss function inspired by the Chan-Vese global energy, to integrate
area and size information, with the aim of segmenting different parts of the
heart. Kim and Ye define a new loss function based on the Mumford-Shah
functional to guarantee the homogeneity of the light intensity of the pixels and
to regularize the contour length. They apply it to the segmentation of brain and
liver tumors. In addition, there are other types of loss functions that allow for the
incorporation of spatial information or knowledge. El Jurdi et al. [26] present
many of these and classify them according to the nature of the prior (shape, size,
topology, or inter-regions of objects). For example, Ganaye et al. [27] introduce
a cost function that penalizes anatomically incorrect adjacency relations in a
brain MRI and whole-body CT image context. In the work of Clough er al.
[28], prior knowledge of topology is incorporated into the objective function
and experimented with, among other things, cardiac imaging. Kervadec et al.
[29] establish an objective function to enforce size inequality constraints in
the context of cardiac images. These penalty-based methods are very simple
to use but do not guarantee constraint satisfaction. Thus, Dolz er al. [30]
propose to constrain the loss function with a shape compactness information and
solve the optimization problem via an alternating direction multiplier method
(ADMM) algorithm with the goal of segmenting the aorta, esophagus, or right
ventricle. Peng et al. [8] also use this algorithm to apply size constraints and
contour length regularization in learning a CNN. In [31], the authors suggest
instead intertwining the variational and deep learning frameworks. Specifically,
ADMM algorithms are used as a substitute for gradient descent in the training
step.

1.3 WEIGHTED TOTAL VARIATION-BASED AND AREA-CONSTRAINED
LOSS FUNCTION

1.3.1 Model formulation

We consider a dataset of K 2D images to be segmented and associated with
their ground truth that we denote by {yk}k:l’___ K with y* € {1,---, L} where
L is the number of classes. Training a CNN will yield a segmentation function
parameterised by 6 such that its output is the foreground probability (s**(0)); ;
at each pixel (i, j) of the discrete image domain G that must be compared with
the ground truth. Thus y’*¥ € {0, 1} represents the one-hot encoding of the
ground truth with [ € {1,---,L}. The segmentation problem being separable
with respect to variable k, we omit the dependency in k from now on. The
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objective of the process is to obtain a probability map as close as possible to the
ground truth through the backpropagation of the error of a carefully designed
loss function.

Therefore, we formulate a new optimization problem based on the discrete
version of the weighted total variation (7T'Vy) to promote contour alignment
between the predicted segmentation and the ground truth subject to discrete
constraints to increase their proximity in the learning phase. We denote by g’
the edge detector function applied to the norm of the ground truth gradient, of
the form gl ) = B where (3 is a parameter tuning the contour detection
level.

Regarding hard constraints, we restrict the obtained segmentation area,
Z(l eg (5'(8));.;» to being equal to the area of the ground truth o/, which
is a prior information since it is calculated from the ground truth. Then we
impose (s!(6));,; to be binary. Finally, to preserve the probability property and
thus prevent a pixel from belonging to several classes, we impose that the sum
of the [ probabilities (s'(6));, j is equal to 1 at each pixel (i, j).

1+B|(

These elements are included in the loss function whose associated minimiza-
tion problem is formulated as follows

L
inf £(6) = FpL(s(0).7) + ) TV (s'(9))

=1

L
st (s'0)ij €40, 1}, D ('@ =a and ) (s'@))i; =1, (1.1
(i.)€G 1=1

with Fp . representing a classical deep learning function for image segmentation
such that Dice score or cross-entropy, that can be combined with a Mumford-
Shah-like fidelity term [32, 33] that enforces intensity homogenization of the
regions, defined as:

M=

D Gh =D Oy
I=1 (i.j)eg
In order to solve the problem and inspired by the work of [8], we introduce
an auxiliary variable u to simulate s(6) and the minimization problem can be
equivalently rephrased as:

6,u=(u!

L
inf L(H u) = Fpr(s(0),y) + Y TV (u')
=1

L
stu =5s'(6), ul ;€ {0,1}, Z ul =o' and Zuf.’jzl. (1.2)
(i.)eG =1



This problem is solved using an augmented Lagrangian method, more pre-
cisely the scaled form [34], stated as:

L
max min  L(6,u,w) = Fpr(s(9),y) + Z TV (u') + E st ) = ul + w|?
w=(w!) 6,u=(ul) — 2

L
I 1 _ I _
s.t u; ; € {0, 1}, Z up =« and Zui’j =1,

(i,j)eG =1
(1.3)

where ¢ > 0 is the augmented Lagrangian parameter. Now the next section
describes how to find the three parameters 6, u and w.

1.3.2 Updating of parameters 0, u and w

An efficient method to solve this optimization problem is the ADMM algorithm
[34] which consists in updating one of the variables while the others are consid-
ered fixed. Algorithm 1 shows the principle of this method. We now detail how
to update the three parameters 6, u and w.

First, to update the network parameters 6, we simply use a mini-batch gradient
descent technique on the loss (the functional to be minimized with respect to 6
being smooth (non-convex) here) that reduces to :

L
LO) = For(s(0).0)+ 5 Y l1s'0) u' + 0. (1.4)
I=1

The gradient of this loss function is given by

L
VoL(0) = Vo FoL(s0).0) +u Y, (s'0) —u' +u') Vas'(6).
=1

The parameters are then updated by taking a step opposite to the gradient, i.e.,
One1 = 00— 1 Vg.f(Hn), where 7 is the learning rate and n represents the set
of all successive steps of the mini-batch stochastic gradient descent technique
performed during this epoch.

About the update of u = (u'), we again seek to decompose the original
difficult problem into more tractable problems. Thus we introduce a variable
v = (v!) related to the area constraint and such that o’ is close to u!. This
soft coupling between u' and v is achieved through an L?-penalization. The
subproblem is thus stated as

L
: oy pooz, Ly e
,0) = TV, (uh) + & 0) —u + + = - , (P
min, .0 ;]( () + 2 s (0) = + w4 2 ! =) ()
v=(ol)eCy
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with C; and C, the closed convex sets defined by

L
C = {u =(u') VI e{l,---,L},V(i.j) € G, u} ; € [0,1] and Zuﬁ’j = 1}
=1

and

C=4v=0)|Vle{l, - ,L},Vj) eG, Z ol =a
(i,j)eG
To avoid the non-differentiability issue inherent to the TV, we now consider its
dual formulation which allows us to rewrite this term as:
L
D, TVer(u') = max (Vup) = is(p).
= p=(p")
with p being the dual variable and 8 the convex set given by

B={p=()IVIe(l L}, Vi) e G Ip, <&l ;)

These elements allow us to rephrase our optimization problem (%) as a min-max
one as follows

1
min  max L0, p) = (Vie, p)+ 2 Jlu = 5(8) — wl]? + = ||u — o]|?.
u=(ul)ecy p=(pHes 2 2
v=(vl)eCy _
)
Our problem (P) falls within the general framework of convex optimization
problems with known saddle-point structure addressed by Chambolle and Pock
in [35] and phrased as

min max £(x, y) = (Kx, y) + f(x) + g(x) = h"(y). (CP)
xeX yelY

Actually, problem (P) is a special instance of (CP) with x = (u,v), y = p,
K=(V 0),f(u0)=3llu-vl? gu,0) =5 llu=s(6) —wl*+ic, (u) +ic, (v),
and h* = ig, where i¢ stands for the indicator function of a subset C. As such,
this problem can be solved by [35, Algorithm 1] which is based on the proximal
operators [36].

In a nutshell, our method to solve the subproblem related to the variable u, re-
ferred to as PD in Algorithm 1, is based on a Primal-Dual formulation and gives
explicit solutions. The whole method and solutions are detailed in [37] along
with theoretical results.

Finally, the Lagrangian variable w is simply updated thanks to a gradient
ascent technique, i.e., Wy = Wy + U(5(On41) — Un+1)-

Before presenting the experimental results obtained with this loss function,
we introduce a second one focused on topological aspects.



Algorithm 1 ADMM algorithm to update 6, u and w

Initialize 6y randomly and set g = wo =0

Fix u>0
forn=0,1,--- do
Compute s(6,,)

Set L(04) = T (5(0n).3) + 5 (5(0) =t + w,)?
On+1 = 0p — T]V(-).E_(en)
Uns1 = PD(5(On+1), Un, wn)

W+t = Wy + (S(On41) — tns1)
end for

1.4 CONSTRAINED REGISTRATION-BASED LOSS FUNCTION
1.4.1 Model formulation

The second model for incorporating prior information into a supervised deep
learning model is inspired by image registration. Indeed, here, in order to force
the predicted segmentation and the ground truth to exhibit the same number of
connected components, and thus increase the similarity between both, we intro-
duce a transformation of the ground truth, which is sought as close as possible to
the identity. Thus we aim to formulate a new loss function optimization problem
that performs the segmentation and registration tasks jointly.

The envisaged functional consists of several terms. First, we construct a sim-
ple quadratic data fidelity term to quantify, and thus penalize the dissimilarity
between the prediction and the ground truth transformation. Then we define a
regularization term related to the deformation ¢ in order to monitor the smooth-
ness and to control the changes in lengths. Finally, the introduction of a condition
concerning the determinant det V¢ not only forces the prediction to exhibit the
same number of connected components as y but also constrains the area and ori-
entation to be preserved. This is formalized by the hard constraint det Vo = 1.
In addition, these elements are obviously combined with a fitting term for seg-
mentation. The minimization problem for the loss function thus reads:

. v
inf L(0,9) = Fpr(s(6),y) + 5 Is(0) -y o ell> +pu IVell*
st det Vo = 1, (1.5)

where v and u are weighting terms and Fpy,, as before, a standard function for
segmentation in deep learning.

The idea behind this formulation is that the topological constraints are implicitly
applied by apprehending the segmentation assignment as a registration task
between the considered image and its associated ground truth: the constraints
prescribed on det V¢ are now a substitute for the explicit monitoring of topology.
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1.4.2 Updating of parameters 0 and ¢

To solve this problem a splitting technique proves to be a suitable approach.
Algorithm 2 shows the steps of the process, which consists in updating each
variable while considering the other one fixed. In this way we obtain two
subproblems related to the variables 6 and ¢ that are easier to solve.

In the same way as for the first method, the network parameters 6 are updated
using a stochastic gradient descent technique on the loss function reduced to

L) = For(s(6).) + 3 Is(®) = yo ¢l (1.6)

The subproblem related to ¢ exhibits numerical difficulties due to non-
linearity and non-convexity. To overcome this problem, the idea is to introduce
auxiliary variables to separate again the initial problem into more easily solvable
sub-problems. We therefore introduce two auxiliary variables V and W such
that V = Vg and W = Vo, the coupling occurring through an L’-penalty. The
hard constraint is maintained on W, while relaxed on V. This enables us to
reformulate the problem with respect to the variables ¢, V, and W, as follows

: 4,7 2, Ha 2
= =ls(8) - —|ldetV -1
Jmin T (o,V, W) = ullVI*+ Sls(6) =y o gl* + - ll etV — 1]

+%||W—V¢||2+§||v—v¢||2 stdetW=1, (1.7)

where a, y; and y, are positive parameters.

We then obtain three subproblems that are easily solved by using a splitting
technique again. Indeed, closed form solutions can now be given for each of the
three variables. We provide the main elements for each of them:

1. for V, the first-order optimal conditions give a 4-equation system that can be
reduced to a 2 equation-optimality system by a collinearity property. Then by
setting @ = §, this system is decoupled and the problem amounts to solving
cubic equations for which explicit solutions are available;

2. for W, we draw inspiration from the work of Glowinski [38]. The theory of
Lagrange multipliers allows to obtain the explicit expression of the —unique
in the general case —solution of the problem;

3. for ¢, a Discrete Sinus Transform method is applied on the solutions of the
Euler-Lagrange equations given by

—v(5(0) =y o @)Vy(@) +y1divW +y2divV — (y1 + y2)Ap = 0.

We are now ready to study the segmentation results obtained with our two
loss functions.

1.5 EXPERIMENTS AND RESULTS

When planning a radiotherapy treatment, it is necessary to segment the target
tumor as well as adjacent healthy organs (so-called organs at risk). In the case
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Algorithm 2 Splitting algorithm to update 6 and ¢

Initialize 6y randomly and set ¢ = Id

Fix u, v>0
forn=0,1,--- do
Compute s(6,,)

on = argmin% l5(6,) =y 0 @||> + 12 |[Ve||* such that det Ve = 1
17

Set L(0) = FoL(s(6).3) + 3 15(0) =y o eul®

6n+1 = en - nVG-[:(gn)
end for

of lung cancer, the organs at risk are located in the thorax and include usually
the esophagus, the heart, the trachea and the aorta. The segmentation of this 4
OARs is of particular interest to evaluate the proposed losses: the segmentation
of the heart, aorta and especially the esophagus is complex due to the lack of
contrast. In addition, the shape and position of the esophagus vary greatly from
patient to patient. The aorta, due to its cane shape, has one or two connected
components depending on the slice. The segmentation of the trachea is expected
to be easier as it is filled with air and thus appears as clearly black on CT images.

1.5.1 Dataset

The SegTHOR dataset consists of 60 thoracic CT scans, acquired with or with-
out intravenous contrast, of 60 patients diagnosed with lung cancer or Hodgkin’s
lymphoma and treated at the Henri Becquerel Center, Rouen, France. The seg-
mentations of the esophagus, the heart, the trachea and the aorta were manually
drawn by an expert. All scanner images are 512x512x(150 ~ 284) voxels in size.
Indeed, the number of slices changes according to the patients. The in-plane
resolution varies between 0.90 mm and 1.37 mm per pixel and the z-resolution
fluctuates between 2 mm and 3.7 mm per pixel. Finally, the most common
resolution is 0.98x0.98x2.5 mm?.

1.5.2 Implementation

In all our experiments, the network architecture that we used is a simplified
version of U-Net, called sU-Net, previously introduced in [39] and shown in
Fig. 1.1, that has fewer dense connected layers than the original one. We eval-
uate the loss function ¥p as, on the one hand, the Dice loss only, and on the
other hand, combined with the Mumford-Shah (MS) term. For computational
reasons, images are normalized and cropped from the center to obtain images
of size 304x240 pixels. As data augmentation has clearly been shown to boost
the performance in this application [39], we take advantage of it in the follow-
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FIGURE 1.1 The network architecture of sU-Net, a simplified version of U-Net, where each
ConvBlock consists of two convolution operations with a 3x3 kernel size followed by a ReLU
activation function and a batch normalization. The spatial resolution is reduced by max-pooling and
recovered by bilinear up-sampling.

ing. Thus data augmentation is implemented and used to artificially triple the
number of training images. As described in [40], each image is modified by
a random affine transform on the one hand, and is randomly deformed using
a dense deformation field obtained through a 2 X 2 x 2 grid of control-points
and B-Spline interpolation on the other hand. The parameters of sU-Net are
randomly initialized thanks to Glorot’s initialization technique [41] and updated
using SGD. The network hyperparameters are optimized following a grid search
technique, in particular the initial learning rate is fixed at 1073 and the batch size
at 4 for all the experiments described. With the same procedure, the different
parameters involved in each method are set as in Table 1.1, except parameters o
and 7 of the Primal-Dual algorithm that are fixed to comply with the conditions
stated in [37, Theorem 4].

At last, the whole training process takes place over a maximum of 150
epochs for the first method (Algorithm 1), while the second one (Algorithm 2)
only requires a maximum of 100 epochs. The whole code is developed with
Pytorch.

1
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TABLE 1.1 Parameters for our two proposals fixed via grid search technique.

First method Second method
u=05 o0=001 7=04 | y;=10000 7y, =80000 pu=125 v=2

1.5.3 Protocol and evaluation metrics

The dataset is split in two: 40 CT scans are used for training and the remain-
ing 20 are kept for inference, following the standardized protocol given in the
SegTHOR challenge. In this section, all segmentation results are evaluated in
3D per patient, using two well-known metrics, namely the Dice score and the
Hausdorff distance, this latter measuring quantifying the ability of the model
to remove outliers. These indicators should be assessed in the light of more
qualitative criteria (spatial coherence/ regularity, compliance with prescribed
geometrical constraints, segmentations more faithful to anatomical reality, fewer
excrescences and false detections, etc.) since the Dice coefficient for instance,
by its underlying averaging effect, tends to mask the visual disparities that can
be observed between the constrained and unconstrained cases.

1.5.4 Results

In the results reported in Table 1.2, we present the automatic segmentations
obtained in three cases: (i) with a classical unconstrained deep learning approach,
i.e. with the same architecture sU-Net, in which weights are only updated by
backpropagation of the gradient over a maximum of 200 epochs, out of any
other optimization scheme (’no constraint’ rows in Tab. 1.2); (ii) with our first
proposal ("geom. const.”) and (iii) with our second proposal (’topo. const.’).
For each case, we also assess the contribution of the MS term, in the ’Dice’ vs
"Dice + MS’ rows in Tab. 1.2. In addition, the segmentation results of four
different patients are shown in Figure 1.2.

The trachea (light green in Fig. 1.2) is easily distinguishable in the CT image,
hence Dice values and Hausdorff distance are similar for all methods. Similarly,
for the aorta (in yellow in Fig. 1.2), Dice values are fairly equivalent for all six
methods whereas the Hausdorff distance proves to be lower thanks to the MS
term or topological loss. The anomalies that these models are able to correct
are illustrated in Fig. 1.2, first and fourth columns. For the last two OARs, the
heart and the esophagus, the use of the MS term in combination with geometric
or topological constraints improves the Dice values as well as the Hausdorff
distance. In the following, we deepen our analysis on these 2 organs.

The heart (dark green in Fig. 1.2) is a large organ that encompasses many
different tissues and structures, making its contours blurred and segmentation
eventually difficult. This explains why the unconstrained method without the
homogeneity term results in a largely over-segmented organ as shown in Fig
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TABLE 1.2 Segmentation results (mean=stdev) without and with the proposed geo-
metrical constraints. ¥py, is the standard loss function for semantic segmentation.
Best significant results are in bold.

Method DL Metrics Aorta Heart Trachea Esophagus
Dice DSC  94.17 228 8544 +526 90.46+251 81.14+4.96
sU-Net HD  1625+12.65 116.14+39.19 19.59 +828 49.25 +32.29
(no constraint). Dice s Ms DSC 9439185  91.97+336 9073244 8276+ 4.45
HD 1053 +6.66 2857 +18.11  19.06 £9.38 35.01 + 24.64

Proposed: Dice DSC  9439+193  91.40+334 90.53+239 82.02+4.71
U.Not HD 1664+ 12.09 3690+ 1725 18.96+8.60 34.72 +24.87
+geom. const.  pice s Mg DSC 9475153 9304300  91.05+255 8291473
HD 973 +5.54 2047 +10.52 18.05+9.63 23.97 + 17.69

Proposed: Dice DSC  9431+229 91.94+432 9098 +241 82.61 +4.73
<U.Net HD 998 +5.94  2747+23.65 18.77+7.84 31.03+27.48
+10po. const.  pice s DSC 9440211 0288328 9143225  8279+528
HD 8.98 + 4.67 19.53 £8.61  16.03+6.63 14.47 = 6.66

.1.2-(c). Adding the MS term or constraints and spatial regularization clearly
improves the results quantitatively and qualitatively (see rows d,e and g in Fig.
1.2). The combination of these two elements corrects persistent outliers (row
f and h). Indeed, an average Dice score around 93% is achieved, i.e. 1 to 2
pp higher than the three cases with MS term and over 7 pp higher than the
standard unconstrained method. The result is even more obvious for the average
Hausdorff distance where it drops close to 20mm, i.e. about 6 times less than
the unconstrained methods without MS and is practically halved compared to
classical approach with the MS term or the constrained method without the MS
term. These analyses are supported by a paired Wilcoxon signed rank-test which
shows that the above-mentioned results (in bold in Tab 1.2) are significantly
different between unconstrained and constrained approaches without and with
the MS term (p-value < 0.05). This reflects the qualitative and fine properties
that can be observed in the constrained case as opposed to the unconstrained case,
namely segmentation more faithful to anatomical reality, fewer excrescences and
false detection.

As previously explained, the esophagus (blue in Fig. 1.2) is a small organ
that is particularly difficult to segment due to the lack of contrast, in addition to
its high inter- and intra-patient variability. The methods tend to under-segment
it but also to segment isolated pixels. The area penalization, but even more so
the incompressibility condition on the determinant, help constrained methods to
counteract this effect as well as the homogenization of the regions ensured by
the MS term, see for instance Fig. 1.2 (columns 1 and 3), which results in a
lower average Hausdorff distance.

Opverall, our two constraint-inclusive methods combined with the Dice and
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FIGURE 1.2 CT-scans (a) with associated GT (b) and segmentation results on four patients of the
aorta (yellow), the trachea (light green), the heart (dark green) and the esophagus (blue) obtained
with the classical DL approach (c-d) and our proposals (e-h), without and with the Mumford-Shah

term.
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MS terms improve the segmentation results. The first method gives slightly
better Dice scores while the second one reduces the Hausdorft distances a bit
more.

Usage of the proposed losses in less supervised setting. As prior losses
have an interest in a weakly or unsupervised learning setting, let us examine
how the proposed loss terms may be used in such settings. Regarding the first
geometrical loss, the equality constraint on the surface of the objects of interest
to be segmented can no longer hold ; instead, it is necessary to take into account
inequality constraints that arise from a statistical study conducted in advance on
the objects [29]. The Mumford-Shah based intensity homogeneity term relies on
the ground truth labels, and as such cannot be used in a weakly or unsupervised
learning setting. The weighted total variation also depends on the gradient of
the ground truth. However, an alternative may be to apply the edge detector to
the input image and to use it in the weighted total variation, as a substitute for
the gradient of the ground truth - even though it is expected to be noisier.

The second topological loss is versatile enough to be used in the inference
phase, and by extension in a weakly or semi-supervised learning framework.
To do so, we could build an average template to register on the predicted seg-
mentation to obtain the final result. In this case, since we are only interested
in preserving the contextual relationship between the objects, the equality con-
straint on the determinant must be relaxed to the inequality constraintdet Vo > 0,
still preserving the topology.

However, a challenge arises due to the fact that topology and area vary based

on the slice. For example, the shape of the aorta can result in one or two
connected components, and as a result, it is necessary to develop a strategy to fix
the inequality constraint on the area or to correctly match each 2D image with the
appropriate template. To overcome this challenge, models could be expanded
to 3D. The primary scientific challenge lies in the numerical implementation,
especially for the second loss, which becomes more intricate due to the more
complex expression of the energy density that involves the cofactor matrix of the
Jacobian matrix V¢ for controlling area variations.
An alternative approach would be to directly integrate these different elements
as a connected layer into the deep network. In [24] the total variation and the
constraints are integrated into the softmax function. The registration task is
embedded into the network architecture in [42, 43] through the use of connected
layers called diffeomorphic, allowing the authors to systematically guarantee
that the targeted topology is preserved. In these works, the authors optimize the
deformation parameters through a spatial transformation network [44, 45].

1.6 CONCLUSION

This paper introduces two novel loss functions that use geometric and topo-
logical information to train 2D CNNs. The first loss function incorporates
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geometric constraints by combining a Dice term that encourages intensity pair-
ing, a weighted total variation term that induces edge alignment, a piecewise-
constant Mumford-Shah-like term that enforces intensity homogeneity, and an
area penalty. The second loss function combines Dice and Mumford-Shah terms
with a functional that models a registration problem. The registration serves as
a prior to guide the segmentation towards more realistic results and ensures that
the predicted segmentation is homeomorphic to the ground truth. The deter-
minant of the Jacobian matrix is constrained to preserve topology and volume,
while points that cause topological errors such as related components, isolated
pixels, and holes, are penalized during the learning process using an L? coupling.
The registration allows for large deformations while considering the contextual
relationships between objects in the image.

In both scenarios, we divide the optimization problem into two subproblems
to be solved using a splitting strategy. The first subproblem entails optimizing
the network parameters 6 using a gradient descent, and the second subproblem
resolution depends on the type of loss. For the geometric loss, we address
the second subproblem using the Primal-Dual algorithm. For the topological
loss, the second subproblem involves a constrained registration problem, which
requires an efficient solution strategy based on nonlinear elasticity principles and
auxiliary variables.

We evaluated the effectiveness of both loss functions on the SegTHOR dataset
for organ at risk segmentation. Our results indicate improved accuracy compared
to a conventional DL approach in the multi-class case of thoracic OAR, with
higher Dice scores and lower Hausdorff distances. These hybrid variational-DL.
frameworks can be applied directly to all neural networks and applications.
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