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—— Abstract

This paper introduces an extension of the Steiner tree problem applied to dynamic graphs. In
various application domains of this problem, the associated graphs undergo temporal changes, such
as variations in the edge set or associated costs. The paper presents three extension models, and
we opt for the one demonstrating the most desirable features: a fixed Steiner set (a set of selected
vertices) maintained throughout the time horizon and of minimum cardinality, ensuring connectivity
among the terminal vertices.

We show that the resulting problem of minimizing the size of the Steiner set is NP-hard, even
when dealing with only two terminals and a lifetime of 2 time steps. This contrasts with the
corresponding static problem, which is among the rare polynomial versions of the Steiner tree
problem. However, polynomial algorithms exist when the size of the Steiner set is bounded. An
algorithm is designed, analyzed and tested on specially generated and on real data sets. We show
that it solves exactly non trivial instances when the Steiner set size in bounded.

2012 ACM Subject Classification Mathematics of computing — Paths and connectivity problems
Keywords and phrases Steiner Tree, Dynamic Graph, Complexity, experimental study

Funding This work was Supported by the French ANR, project ANR-~22-CE48-0001 (TEMPOGRAL)

1 Introduction and contributions of this work

The Steiner tree problem is one of the most studied combinatorial problems on graphs.
Roughly speaking, the goal is to preserve the connectivity among some selected vertices,
called terminals, minimizing the cost associated to the chosen edges, or vertices, in the
process. This kind of problems occurs in many application domains, as in communication
networks, sensor networks, social networks, logistic networks, etc.

Although it is simple to formulate, there is no easy way to solve it as it was very early
proven to be NP-hard [15]. Furthermore, the problem remains NP-hard even in most of
its simple versions. Indeed, it is the case even with unitary costs on the edges[12], that is,
when the objective is to minimize the number of vertices to connect the terminal vertices. In
the following, the vertex set used to connect the terminals, including the terminal vertices
themselves, will be called the Steiner set.

However, there exist cases for which the Steiner problem is easy as it can be solved using
polynomial algorithms. The first case is when the number of terminals is two, as it then
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reduces to a shortest path problem. The second case is when every vertex of the graph is a
terminal as it then reduces to a spanning tree problem.

In the application domains cited above, the underlying graph may change over time.
This is undoubtedly the case for social networksas interactions among people have a limited
lifespan. This is also true for some communication networks (for instance ad-hoc networks or
mobile networks). And also for logistic networks, even if the dynamic is much slower, because
of works on the road or congestion phenomena for instance. For some years now, a growing
literature has been considering the well-known classical combinatorial problems in this new
setting. Recalling all papers dealing with dynamic graphs (the name may vary) is out of the
scope of this paper, but one may cite, as the most relevant for this work, [22, 17] for paths and
their extensions like hamiltonian cycles, [11, 18, 19] for flows, [6, 20] for some considerations
about connectivity issues, ... Observe that there are different ways (and names) to define a
dynamic graph (temporal graphs, dynamic or temporal networks, or time evolving graphs).
Still, and when time is considered as a discrete variable, such a graph is basically constituted
of an ordered sequence of graphs indexed by time: G = (G;);e7. This is the way it will be
considered throughout the paper. The term of dynamic graph is preferred because, as we
shall see, it is not mandatory to know the graph evolution in advance to find a Steiner set
(the set of vertices used to connect the terminals).

Designing the temporal counterpart of a given optimization problem on static graphs
may not always be easy. This is specially the case when the problem involves connectivity
issues, as connectivity in a temporal setting may have different meanings. A Steiner tree
is the cheapest way to ensure connectivity between a subset of nodes called terminals. In
a temporal setting, we are looking for a structure that maintains connectivity whereas the
graph is changing. Basically, connectivity here may be defined in two ways. In the first
way, one simply looks for the existence of a journey, also called temporal path, from each
terminal to any other terminal. This journey-based connectivity ensures some information,
or some good, will eventually be transferred. But this is a one shot property: typically, after
a given time, no journey may exist for a couple of terminals and the transfer is no more
possible. Conversely, in the second way one may wish to maintain some "instantaneous'
connectivity: at each time, a path exists between each pair of terminals. We claim that
instantaneous, or path-based connectivity (see [20]) , may be better adapted to some situations,
like a set of mobile robots that cooperate for a given common goal, thus needing frequent
communications between some distinguished nodes of the network. Many works exist that
study the existence of journeys, see for instance the seminal work of [22]. Many works also
study some journey-based extensions of connected components, see [4, 3], or of spanning trees,
namely spanners, see [2, 7]. The path-based extensions of spanning tree are of less interest,
as it may consist either in computing the minimum spanning tree at each snapshot (without
building any persistent structure), or in computing the spanning tree of the intersection of
all snapshots (using only edges constantly present). Note that to the best of our knowledge,
no previous work considers the solving of direct extensions of Steiner trees. Still, the recent
work of Klobas et al [16] introduced a journey-based temporal version : when does it exist
a journey between all terminal vertices? However, their paper studies the dual problem
of finding a minimum temporal labelling allowing the existence of a temporal Steiner tree.
Although this problem is NP-Hard, The number of labels is bounded by 2n — 4, and these
labels may be assigned to a tree whose leafs are the terminals, plus one edge. When the
temporal labelling is given, we shall see that the number of edges (and of vertices) to ensure
instantaneous connectivity among the terminals may be much larger.

This paper first investigates the temporal counterpart of Steiner tree problem when the
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goal is to maintain instantaneous connectivity at minimal cost. Several possible extensions of
the Steiner Tree problem to the case of dynamic graphs are presented. Note that the study is
restricted to the case of unit costs. The obvious extension is to compute the Steiner trees for
all time steps. Its drawbacks are that one must keep a different set of intermediate vertices
at each time step, which is not of practical use; and it is computationally intensive. The
other proposed extensions build a Steiner set, that is, a subset of vertices that will guarantee
the connectivity of the terminal vertices throughout the lifetime of the graph. The second
extension builds at each time step a spanning tree whose vertices are the terminals plus all
the vertices of the Steiner set. We show that this problem cannot be reduced to successive
solving of classical Steiner tree problems. However, the drawback of this model is that it
retains too many edges that are not necessary at each time step to keep the terminal vertices
connected. Therefore, the total cost might exceed by far the cost for the other models. Our
last extension minimizes the size of the Steiner set. Note that the sum of the costs of the
edges used at each time step might be used as a second criterion in case of arbitrary costs.
This definition is more suitable for the applications, as the obtained solutions will be less
resource consuming in terms of vertices and edges used, and is used in the remaining of the
paper. However, we simply prove that the associated decision problem is NP-Complete even
when the costs are not considered, and there are only two terminals. A more intricated proof
shows it remains the case even with two time steps.

This calls for the design of exact algorithms that should be efficient for Steiner sets of
small size, or of approximation algorithms, that will be designed specifically for the dynamic
setting. This paper proposes an exact algorithm that computes all Steiner sets of a given size,
studies its complexity, and provides some experimental tests. The algorithm might be used
on-line: at each time step, all vertex sets that are so far Steiner sets, are computed. It might
be worth to discuss here about the distinction between temporal or dynamic graphs and
multi-layered graphs. Multi-layered graphs have been studied in a number of papers, see for
instance [5] where several kinds of subgraph searches (including connected components) are
investigated. They are similar to temporal graphs in the sense that they can also be defined
as a collection of static graphs with an identical set of vertices. However, these static graphs
are not ordered, contrary to the snapshots of temporal graphs. As we shall see in the next
section, definitions of Steiner problems based on maintaining instantaneous connectivity do
not need to consider some ordering of the snapshots. However, it is interesting to solve these
problems through on-line algorithms, so that at each time step, the collection of current
Steiner sets is given. That is why we introduced these extensions of the Steiner problems
through the setting of dynamic graphs (to our knowledge, there is no paper generalizing the
Steiner problem to multi-layered graphs).

Experiments with different randomly generated dynamic graphs show that our algorithm
is able to solve medium size instances. The number of solutions is highly dependent on the
type of graphs. The results confirm that Steiner sets are much more numerous on scale-free
graphs. The algorithm is also applied to a dynamic graph obtained from real data about
mobile ad hoc networks. The graph is small, but the time horizon is large. The algorithm is
able to find rapidly all Steiner sets, for different parameter values.

The main contributions of this paper are therefore:

We discuss how to extend the Steiner tree problem to dynamic graphs. Among the
possible extensions, we identify the more relevant one.

We show that unlike its static counterpart, the dynamic Steiner problem is NP-hard even
with two terminals.

We propose an exact algorithm that computes all Steiner sets of a given size, study its
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complexity and test it experimentally on generated and real-word instances.

2 The Dynamic Steiner Set problem

Let us first recall the static problem settings. Let G = (V, E) be a (static) graph. A non-
negative weight w, is associated to each edge e € E. For a given subset of vertices S C V,
called terminals, the objective is to find a tree of minimum weight covering all vertices of S.
If the case of unit costs, It is of course equivalent to minimize the number of vertices of the
tree.

Let us see now how the Steiner Tree Problem can be extended to dynamic graphs. Let G
be an non-directed dynamic graph such that G = (Gy,...,Gp), with G; = (V,E;)) V1 <i< L
and E = J, E;. The successive G;s are called snapshots of G at each time step. As in the
static case, let us consider a subset S of special vertices, called terminals. The goal is still to
ensure connectivity between the terminals. Note that we limit our study to the case where
no travel time is associated to the edges. Hence there is no travel time associated to paths
either: the (instantaneous) connectivity requirement applies to each time step.

2.1 Direct extension: allowing a varying Steiner set

The direct way to extend the Steiner Tree problem to such dynamic graphs is of course to
compute, at each time step, the Steiner tree associated to S. This extension has one major
drawback: at each time step, the Steiner set is different. It is not really convenient, for
instance in a communication network, to change the intermediate nodes at each time step.
More deeply, we do not make any use of the knowledge of the dynamic graph as a whole,
considering each G; separately. Note also that this approach is very time consuming, as a
complete Steiner tree is recomputed at each time step. Hence in the remaining of the section,
we focus on computing a Steiner set that is fixed during all the time of study.

2.2 Second model: Fully Connected Minimum Steiner Set
2.2.1 Definition

» Definition 1 (Fully Connected Minimum Steiner Set). Let us consider some dynamic graph
G. For a given vertex set S C V of terminals, find E. C E;Vi <L and V' with SCV' CV
such that:

G} = (V', E}) is a connected graph Vi < L

[V'| is minimum

We look for a minimum subset V' of V' containing S, such that the subgraphs of all
snapshots induced by V' are connected (subgraph of G induced by X : subgraph containing
X and all edges linking vertices of X, denoted G[X]).

The subset V', still called the Steiner set, is a subset of nodes that keep the terminals
connected. But in fact the condition verified by each G is stronger: it keeps the connectivity
between all vertices of V', not only the terminals.

2.2.2 Remarks

Several elements are important to notice regarding the problem given by Definition 1.
1. When T = 1, this problem is the Steiner Tree problem.
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2. Enforcing the subset E; to be the same at each time step makes this problem solvable as
a static problem by intersecting all G

3. The vertices from the optimal Steiner tree of S at a given time step do not necessarily
belong to the optimal solution.

4. The union of the optimal Steiner trees at each time step is not optimal.

5. The intersection of the Steiner trees obtained by the solution of this problem at each
time step is not a connected graph.

6. Choosing V' =V is always a solution, but the worst possible in terms of cardinality.

(=)

Figure 1 A dynamic graph with 7 vertices and 3 time steps. The graph is represented at each
time step.

2.2.3 Example

Figure 1 presents an example of the evolution of a dynamic graph on 3 time steps.

Rectangular vertices (vertices 1 and 4) correspond to the terminal subset S. Vertices with
identification in red (vertices 1, 2, 4, 6 and 7) correspond to the subset V' of the optimal
solution of the Fully Connected Steiner Set Problem (Definition 1).

Blue circled vertices and blue edges are the optimal Steiner trees for the subset S at each
time step. Their size are 3, 4 and 3, respectively. The set {1,2,3,4,5, 7} resulting from their
union is not connected for the thierd snapshot.

The Steiner set for this example is V' = {1,2,4,6, 7}, its cardinality is 5.

This example illustrates the remarks presented in section 2.2.2. The blue vertex set
and the red vertex set are not equivalent, which is the point of remark 3. Intersecting the
Steiner trees at each time step (in other words, intersecting blue edges and vertices) gives an
independent set in this example. Therefore, no solution can be extracted from this, which is
the point of remark 5. The union of the optimal Steiner Sets at each time step (remark 4) is
not always connected in this specific example, and as stated by remark 6, taking all vertices
gives of course a solution of value 7 instead of 5.

2.2.4 lIssues

This Fully Connected Steiner Set problem cannot be simply reduced to the computation of a
Steiner tree on some static graph built from the dynamic graph. Therefore, it deserves a
specific study.

Unfortunately, the full connectivity constraint on each G’ is rather artificial with regard to
applications. Remember the initial goal of building Steiner sets is to keep only the terminals
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connected. One could wonder why enforce the connectivity of the whole Steiner Set as long
as the terminals are connected. An optimal solution of this problem might keep some edges
and vertices that will not be used to connect the terminals at each snapshot, thus significantly
increasing the overall cost (this remains true if costs are added to edges). This is the case in
the example presented before. For instance, 4 edges are necessary to ensure connectivity at
each snapshot. But during the first and third time steps, only two edges are necessary to
connect the two terminals.

Another issue is the difficulty to solve the problem in practice. Note however that the
problem is polynomial when the size of the searched Steiner set is bounded. Indeed, for a
fixed maximum size of the Steiner set, there is a polynomial number of sets to test (if we
consider the terminals to be part of the Steiner Set, the number of terminals does not matter).
And this test consists in searching for the L minimum spanning trees associated with the
induced subgraphs. First we should enumerate all connected subsets W of V' containing S
and find the minimum spanning tree of the graph induced by W at each time step. The
optimal solution is the subset W for which the sum of the weights at each time step is
minimum. This method is obviously not applicable is practice as their might be as much as
27~k sets W to check on a graph with n vertices and with S having k vertices.

2.3 Third model: The terminal set is connected, not the Steiner set
2.3.1 Definition

From the previous extension of the Steiner Problem, one major remark was that it seemed
artificial to keep the whole Steiner set connected because the objective is to connect the
terminals. This is how we came to another possible definition to extend the Steiner problem
to dynamic graphs: the Partially Connected Steiner Set.

» Definition 2 (Partially Connected Minimum Steiner Set). Let us consider some dynamic
graph G. For a given vertex set S C V of terminals, find V' with S C V' C V, and
E! C E; Yi < L such that:

All vertices of S are part of the same connected component in the static graph G, = (V', E.),

Vi< L.

[V'| is minimum
The (partially connected) Steiner set V' is the subset of nodes that keep the terminals
connected for the whole time interval of study of the graph, at a minimum cost. V"’ itself is
not necessarily connected. This is an answer to a drawback of the previous definition.

2.3.2 Remarks and complexity issues

Most remarks from the previous definition remain valid. Again, when T = 1, this problem is
the Steiner Tree problem. We still cannot deduce an optimal solution from the solution of
static Steiner Problem at each time step. However, the problem does not directly extend to
the case of weights on the edges. Indeed, if one minimizes the sum of weights of the Steiner
trees chosen at each snapshot, then the optimal solution is simply to take V' =V and the
optimal Steiner trees at each snapshot. It is then equivalent to the direct extension given in
Section 2.1.

Clearly, there is a compromise to accept between the size of the Steiner set and the overal
cost of the chosen edges. Anyway, it seems natural to first compute the minimum size of a
Steiner tree, and then to compute the solutions with minimum cost for a fized value of the
cardinality of V.
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Finding the (partially connected) Dynamic Minimum Steiner Set, denoted DMSS, is
NP-hard in the static case, even for bipartite[12] or for chordal graphs[21]. On the other
hand, one might consider the case of a small number of terminals. Even with arbitrary costs,
the problem with two terminals is easy in the static case as the Steiner tree reduces to a
single path.

In figure 1, there are two terminals. It is easy to see that {6,7} U {1,4} is the Steiner set
of minimum cardinality 4 Remember for the fully connected Steiner set variant, the optimal
value is 5 for the same example. Note that it is easy to build examples for which the optimal
cost for the second model is arbitrary larger than the optimal cost for the third model. In
the next section, we consider the case of the Partially Connected Minimum Steiner tree, with
two terminals, and we show that this problem is NP-hard. It is noted DMSS2 for (Partially
Connected) Dynamic Minimum Steiner Set with 2 terminals.

3 Partially Connected Dynamic Minimum Steiner Set with 2 Terminals

3.1 Definition

» Definition 3 (Partially Connected Minimum Steiner Set with 2 Terminals). Let us consider
some dynamic graph G. For a given vertex set S C'V of terminals, with |S| = 2, find V' with
ScV'CV, and E, C E; Vi < L such that:

All vertices of S are part of the same connected component in G, = (V', E})

the cardinality of V' is minimum

3.2 Remarks

This problem is very easy when T = 1 as this is a shortest path problem in a graph where
all edges have weight 1. But it is not so easy in the dynamic context, and some extreme
examples can be given.

Figure 2 presents a dynamic graph on 4 time steps. The terminal vertices are the squared
ones. They are directly connected by an edge at each time step, therefore no extra vertex is
necessary to connect them.

Figure 3 presents a dynamic graph on n time steps. In each G;, there is exactly one
path of length 2 between the two terminals going through a different vertex at each time
step. In this case, every vertex of the graph must be in the Steiner Set to keep the terminals
connected.

Figure 4 presents a dynamic graph on 4 time steps. At each time step, the terminals are
connected by two distinct paths: one of length 3 and one of length at most 2. If we consider
the vertices on the shortest path at each time step for the Steiner Set, we need 3 vertices to
keep the terminals connected. But if we connect the terminals at each time step by a longer
path (one of length 3), we only need 2 extra vertices for the Steiner set. This example also
shows that the shortest path at each time step does not help getting an optimal solution, and
that intersecting the graphs G; does not help either. Indeed, the path of length 3 present at
each time step goes through the same two vertices but not the same edges.

Even though this problem is easy to describe, it is difficult to solve. This is what we
prove in Section 3.3.

3.3 NP-Completeness for DMSS2 decision problem

Let us consider the associated decision problem. Note that for simplicity, we introduce the
set Vi as the considered Steiner set minus the two terminals, denoted by a and b.
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(a) G1 (b) G2 (c) Gs (d) G4

Figure 2 Dynamic graph on 4 time steps. The terminal vertices are the squared vertices.

5] 5] =] =]
O -0 OO -0 OO® - OO -~
=] =] =] =]

(a) G1 (b) Gz (C) G3 (d) Gn

Figure 3 Dynamic graph on n time steps. The terminal vertices are the squared vertices.

R e

(a) G1 (b) G2 (c) Gs (d) G4

Figure 4 Dynamic graph on 4 time steps. The terminal vertices are the squared vertices.
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» Definition 4 (DMSS2 decision problem). Let G = (G;)1<i<r be a dynamic graph such that:
Gi=(V,E),i<L
Ui<rE; = E
Let a € V and b € V be two vertices called terminals. Let Vs C V — {a,b} be a vertex set
such that:
Vi < L there is a path between a and b in G; using only vertices from Vi
Question: for a given non-negative integer p, is there a vertex set Vg of size p?

The NP-completeness of DMSS2 decision problem is proven with a reduction from the
vertex cover problem (VC). This problem is defined as follows.

» Definition 5 (VC). Let G = (V, E) be a graph, and let V. C'V be a vertex set such that
V(u,v) € E, u €V, orv e V..

Question: for a given non-negative integer k, is there a vertex set (a cover set) V. of
size k?

In order to prove that the DMSS2 decision problem is NP-complete, we first need to show
that there is a polynomial reduction from a Vertex Cover instance to a DMSS2 instance
(Lemma 6). Then we need to show that a valid VC instance gives a valid DMSS2 instance
(Lemma 7) and that a valid DMSS2 instance gives a valid VC instance (Lemma 8) using the
polynomial reduction. An instance of a given decision problem is said valid if the answer to
the question is YES for this instance.

» Lemma 6. There is a polynomial reduction from VC to DMSS2.

Proof. Let us build a DMSS2 instance on a dynamic graph GPY¥ from a VC instance on
graph G = (V, E).

For each vertex u in G, there is a vertex v in the dynamic graph GPY;

GPYN has two extra vertices a and b;

For each edge e = (u,v) in G, there is a corresponding time step i, in GPYY and GiYN

has 4 edges: (a,u), (u,b), (a,v), (v,b).
Vertices a and b in GPYY are the terminal vertices. Figure 5 displays an example of such
transformation.

If graph G has n vertices and m edges, GPY " has m time steps, n + 2 vertices, and each
GPYN has 4 edges.

The DMSS2 instance is built in polynomial time (O(m 4 n)) from the VC instance. <

» Lemma 7. If a VC instance is valid, then the corresponding DMSS2 instance is also valid.

Proof. Consider a vertex cover V. of size p, and let V; be the vertex set of GPYY with the
same vertices. Therefore V; also has size p.

Let us consider some time step i. The corresponding graph GPY ¥ contains exactly two
paths of length 2 between a and b using some vertex u and some vertex v. By construction
of GPYN | (u,v) is an edge of G. Hence either u € V. or v € V. (or both). Therefore, in
GPYN either u € V, or v € V (or both). As at least one of them is in Vj, there exists in
GPYN a path between a and b using only vertices from V.

This is true for each time step in GPYY, so V; is a solution of the DMSS2 instance. <«

» Lemma 8. If a DMSS2 instance is valid, then the corresponding VC instance is also valid.
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(a) VC. graph G. (b) DMSS2. GPYYN (c) DMSS2. GPYN

G]6J6

o

(d) DMSS2. GPY¥Y (e) DMSS2. GPY N (f) DMSS2. GPYN

Figure 5 Transforming a VC instance with 5 edges to a DMSS2 instance with 5 time steps. The
sets Vo = Vg = {v1,v4} are in blue.

Proof. Consider the set V, of GPYY of size p, and let V. be the vertex set of G with the
same vertices. Therefore V, also has size p.

Let e = (u,v) be an edge of G. For the corresponding time step 4., G{ZYN has two paths
of length exactly 2 between a and b, with u and v the two vertices on those paths. As Vj is
a solution of the DMSS2 problem, it means that either u or v (or both) are in V. Therefore,
as V. and V; contain the same vertices, u or v (or both) are in V.

This is true for all edges of G, hence V, is a solution of the Vertex Cover problem. <«

Figure 5 shows an example where both instances are valid for p = 2. The associated sets
V. and Vj are in blue. In Figure 5a, the blue vertices are a vertex cover. Indeed, each edge
of the graph is adjacent to at least one blue vertex. In Figures 5b to 5f, the blue vertices,
plus the terminal vertices, form a Steiner Set. Indeed, at each time step of the graph, vertex
a and vertex b are connected by a path going only through blue vertices.

» Theorem 9. The decision problem DMSS2 is NP-complete.

Proof. Clearly, DMSS2 is in NP as a proof of YES answer is obtained by providing one
Steiner set and one tree per snapshot containing all terminal vertices and some other vertices
from the Steiner set.

The remaining of the proof follows directly from lemmas 6, 7 and 8. |

Remember that 3 variants were presented in the previous section; we can remark that in
the first variant Steiner sets are independently computed for each snapshot. Hence with 2
terminals it can be done through L breadth first searches, and the problem is polynomial.
In the second variant, the whole Steiner set (including the two terminals) must be connected
at each snapshot. The same proof than for partially connected DMSS can be used. Indeed,
it suffices to modify slightly the reduction (see lemma 6) as follows: in GPYY all vertices
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but @ and b form a clique. Thus, the solution corresponding to the vertex cover set remains
the same as it still needs to contain at least one extremity of each edge of G to connect a
and b. Because of the clique edges, the restriction of GiD YN to the solution set is connected
for all 7, so this vertex set is indeed a solution of the fully connected DMSS. So this variant
is also NP-complete even with two terminals.

3.4 NP-Completeness for two time-steps

The dynamic Steiner optimization problem with two terminals is NP-hard. But in the

reduction, the number of time-steps of the resulting dynamic graph is m, so at least O(n).

What happens when the life-time is strictly smaller? In particular, the problem should be
easier when the life-time is bounded by a constant. We now prove that the problem is still
NP-hard, even when the lifetime is 2.

» Definition 10 (DMS52x2 decision problem). Let G = (G1,G2) be a dynamic graph with
G1=(V,E)) , Go = (V,Ey). Leta €V and b € V be two vertices called terminals. Let
Vs C V' \{a,b} be a vertex set such that:

Vi = 1,2 there is a path between a and b in G; using only vertices from V;
Question: for a given non-negative integer p, is there a vertex set Vg of size p?

The NP-completeness of DMSS2x2 decision problem is proven with a reduction from
the SAT problem. We first show that there is a polynomial reduction from a SAT instance
to a DMSS2x2 instance (Lemma 11). Then we show that a valid SAT instance gives a
valid DMSS2x2 instance (Lemma 12) and that a valid DMSS2x2 instance gives a valid SAT
instance (Lemma 13) using the polynomial reduction.

» Lemma 11. There is a polynomial reduction from SAT to DMSS2x2.

Proof. Let us build a DMSS2x2 instance on a dynamic graph GPYN = (G = (V, E,), Gy =
(V, E3)) from a SAT instance. The SAT instance formula is given as a conjunctive normal
form, with n variables and ¢ clauses. Graph G is first built as a level graph, one level per

variable and two vertices by level. Then each initial vertex is replaced by a chain of ¢ vertices.

Some additional vertices are added in a straightforward way. Graph Gs is also built as a
level graph, one level per clause and c vertices by level. Vertices c; are then used to separate
these levels. The remaining vertices are connected to a to insure connexity. Thus, a shortest
path in G is associated to an interpretation of the formula (i.e. a boolean assignment for
each variable), and a shortest path of G5 to one litteral per clause. More formally:

for each vertex variable x; and clause C}, there are two vertices Uf and 175 in V;

for each clause Cj; except C), (j =1 — (n — 1)), there is a vertex ¢; in V;

GPYN has two extra vertices a and b, also denoted cg and c.;

FE contains the following edges:

(a,v1);(a,0}) ;Vi=1—nVj=1—c—1, (vf,vf“); (1’)3,17{“) ;

Vi=1-—mn-—1,(vf, Uil+1>§ (Uz'cvﬁil-&-l); ('Df’vil+1)§ (05, 17111+1> ;

(e, c1); (V5,¢1) 3 Vi=1—=c—1,(cj,¢j41)-

FE5 contains the following edges:

Vj=1—c¢, Yz; € Cj, (cj_l,vf); (v ¢);

Vi=1—=c¢, Vz; € Cj, (cj_l,ﬁg); (ﬁf,pj);

Vj=1=¢Va;,z; ¢ Cj,(a,v)); (a,v]).

Vertices a and b in GPYY are the terminal vertices. Figure 6 displays an example of such
reduction. GPYN has 2 time-steps, 2nc + ¢ + 1 vertices. E; has (2n + 1)(c — 1) 4 4n edges;

11
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Figure 6 Example of reduction from instance 1 of SAT. Dashed lines represent a path with some
inner vertices. X is the set of all vertices not present elsewere in G2, all linked to a. In blue, both
paths of a valid solution.

E5 has 2en+ Y ;8i < 3en (s; is the number of litterals in clause C;). Finally, the question
for DMSS2x2 is: is it a vertex set Vj of size p = nc+ (¢ — 1)?
The DMSS2x2 instance is built in polynomial time O(nc) from the SAT instance. <

Figure 6 shows a simple example of reduction. The SAT instance has 3 variables and 5
clauses. Its formula is:

(Il —|—£E2)(.CC1 —|—$3)(i‘1 +J'_JQ +l‘3)(1_71 +f3)$2. (1)

The obtained instance of DMSS2x2 has 36 vertices. Both instances are valid. From the paths
P, and P, of a solution V; for DMSS2x2, one can easily get the corresponding solution for
SAT: z, is false, zo and x3 are true.

» Lemma 12. If a SAT instance is valid, then the corresponding DMSS2x2 instance is also
valid.

Proof. Consider a solution of the SAT instance, that is an interpretation I that satisfies the
formula. Let us consider the path P; from a to b in G so that: if z; € I, then vg belongs
to Py for all j; and if z; € I, then 17? belongs to P; for all j. The number of vertices of P;
(a and b excluded) is exactly nc + ¢ — 1 (and there are exactly 2" shortest paths). Let us
now consider Go. As I is a solution of the SAT instance, it contains at least one litteral per
clause Cj, say Z;,. So in Ga, one can build an elementary path P from a to b including the
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corresponding vertex of this litteral (vf or Ef ) for all C;, plus the ¢;. By construction, all
vertices of P belong to P;. So we have built a feasible solution for DMSS2x2 of size exactly
p=nc+c—1. |

» Lemma 13. If a DMSS2x2 instance is valid, then the corresponding SAT instance is also
valid.

Proof. From the construction of GPYY  we know that all paths of G contain at least

nc + ¢ — 1 vertices (as usual, a and b excluded), and all elementary paths of Ga contain
exactly 2c — 1 vertices. Let us consider a set Vi of GPY ™ of size p = nc+ ¢ — 1, supposed to
be a valid solution, and denote P, and P, the corresponding paths. As V; is a valid solution,
Py contains exactly nc + ¢ — 1 vertices, and all vertices of P, must be included into P;.

Let us build an interpretation I of the SAT instance as follows: if some vf belongs to
Ps, then z; belongs to I. If some 17{ belongs to P, then z; belongs to I. Note that it is
impossible to have both vg and Ef "in Vs for some i, as they belong to P, and by construction,
for a given ¢ either all vf or all 17{ belong to P;. By construction of G, the path P» contains
at least one vertex associated to one litteral of each clause. However, it is possible that for a
given ¢ it contains no vertex of the form vf , and no vertex of the form 17{ . In that case, one
may add to [ either x; or x;, indifferently. That way, interpretation I satisfies all clauses, so
it is a valid SAT instance.

<
» Theorem 14. The decision problem DMSS2x2 is NP-complete.
Proof. Clearly, DMSS2x2 is in VP as DMSS2 is.
The remaining of the proof follows directly from lemmas 11, 12 and 13. |

Note that in the proposed reduction, both snapshots G; and G5 are connected. Further-
more, one may observe that all vertices of Vs U {a, b}, if V5 is a valid solution of DMSS2x2,
are connected. This is true in particular for the vertices of X that are all directly connected
to a in G5. This choice was not mandatory to prove theorem 14, but was done to prove
easily the following result.

» Theorem 15. The decision problem associated to variant two: Fully Connected Minimum
Steiner Set, with 2 terminals and 2 snapshots, is NP-complete.

Proof. The proof is immediate. Indeed, in the second variant there is an additional condition
on the Steiner set: its vertices must be connected through other vertices of the Steiner set.
This property is verified for the reduction used in the above proof: in G1, the chosen vertices
form a path. In G2, some of the chosen vertices form a path from a to b, and the others are
directly connected to a. Therefore the proof directly applies to this variant. <

4  Algorithmic issues

This section focuses on efficiently solving the optimization problem associated with DMSS:
costs on the edges are not considered, only the cardinality of the Steiner set matters. We first
consider the problem of finding a Steiner set of given cardinality. Throughout this section,
s is the number of terminals, k is the cardinality of the Steiner sets, and ¥’ = k — s is the
number of vertices to add to the terminal vertices.

Our objective is to design efficient (polynomial) algorithms when k is fixed.

13
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4.1 Basic ideas

For a given time step 4, there might be a very large number of vertex sets of cardinality &’
that allow the terminals to be connected. These sets will be called candidates for time step i.
An obvious upper bound of this number is the number of vertex subsets of cardinality k'
among V — S, that is (",,°). The (dynamic) Steiner sets we are looking for belong to this
set but, hopefully, are much less numerous. Still, for dynamic graphs with a high number
of edges in the underlying graph and a slow dynamic, this bound might be close. Note
however that the problem on such graphs should not be very interesting from the applications
point of view. Furthermore, a Steiner set of the given cardinality will be found with high
probability by a simple, and fast, breadth first search on the intersection graph (intersection
of all snapshots). We shall discuss in the next section on these questions relative to the
instance types.

A Steiner set of cardinality & must by definition connect the terminals for each time step.
Therefore, the algorithmic possibilities are straightforward. Let us discard the naive idea
that consists in computing independently all candidate subsets for all time steps, and then
computing their intersection. It is much more efficient to use an iterative process: suppose
we have a set of candidates PSS for time steps 1,...,i. At iteration ¢ + 1, only the solutions
in PSS which are also candidates for time step ¢ + 1 are kept. The process starts with all
candidates for ¢ = 1. It ends when ¢« = L with all Steiner sets of cardinality k. This principle
is used in the algorithm below. In the remaining of the section, we shall precise the different
steps and give some complexity issues.

Algorithm 1 FindSteinerFixedSize(G,k)

Input: G = (Gi)icqa,...;1y = (V. Ei); k< |V|
Output: all Steiner sets of cardinality k.

PSS + FindCandidates(G1,k)
for i from 2 to L do

PSS + Update(PSS,i);

If (PSS = 0) then STOP.
end
Return: PSS

4.2 Algorithm details and complexity

Method FindCandidates(G1,k) computes all candidates for G1. Unfortunately, there is no
other way than enumerating all subsets of V' — S of cardinality k’. For each subset K,
determining wether it is a candidate can be done in two steps. First, build the subgraph of
G1 generated by SU K. Second, perform some search from any vertex of S on this subgraph.
Subset K is candidate if and only if all other vertices of S are found during this search.

Method Update(PSS,i) uses the same procedure as FindCandidates, but only on the
elements of PSS, and on Gj;.

So the core procedure of the algorithm is a search on a small subgraph. Its complexity is
O(m') where m/ is the number of edges of the subgraph. This number is bounded by &2 and
by m, the number of edges of the underlying graph.

In the worst case (see above), the number of candidates remains very high throughout

(n—s)*"

the iteration process, it is majored by (",,°), hence by "7
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» Theorem 16. The worst case complexity of algorithm 1 as a function of the number
of time steps L, the number of vertices n, the number of terminals s, and the size of the

computed Steiner sets k, is O(T x (n — s)¥=% x (kkfz),) When k and s are fized parameters,

the complexity is O(T x nF~*).

Proof. The first part is immediate from the number of iterations, the maximum number of
candidates at each iteration, and the complexity of the search for each candidate.

The best case is obtained when no Steiner set exists for G1. In that case, the algorithm tests
all candidates for G; then stops. <

These recent years, many studies focused on revisiting classical problems in the light of
parameterized complexity, and this is of course true for Steiner problems. The main results
for Steiner, with a presentation of the basics of parameterized complexity, are summarized in
[14]. When the parameter is the number of terminals s, the minimum cardinality problem
is FPT (Fixed Parameter Tractable). But it is W[2]-hard if the parameter is the size of
the Steiner set (the problem is still F'PT if the graph is planar). This means no algorithm
solves the problem in time f(k) - [I|°("), where |I] is the instance size and f is an arbitrary
function depending only of k, and this of course remains true in the dynamic case. Theorem
16 however shows that DM SS is in the X P class when k (or &' = k — s) is considered, but
leaves open whether it is F'PT for parameter s.

4.3 Some additional remarks on the algorithms

The worst case complexity is the same as that of the naive method that computes all
candidates at each iteration. It is expected that the average and experimental complexity
will be much better.

If the snapshot graphs are sparse, it is expected that the number of kept candidates
diminishes very fast as the number of iterations increases, and eventually equals 0. Then the
algorithm stops and returns the empty set. One expects also for these instances that most
of the work is done during first step. Finally, Note that a preprocessing phase accelerates
greatly the tests (see next section): a graph search checks if a Steiner tree exists in the
underlying graph. If not, the result is of course the empty set.

Algorithm 1 returns all Steiner sets of size k. To return Steiner sets of minimal size k*,
two approaches are possible. The direct one is to use a dichotomy search and repeatedly
call the algorithm. The number of calls is then O(log k) where k is an upper bound of
k™ = k* — s (at most n — s). The second approach consists in keeping at each step the
candidates that are minimal for the inclusion (that is, removing any vertex removes the
subset from the candidate set). Updating this set at each time step is more complicated,
and it is not clear wether this approach is faster.

Finally, let us consider the problem of Steiner sets of fixed size and minimal cost. Due to
the nature of the problem, a last step must be added to algorithm 1: for each final Steiner set,
compute its weight. This implies to compute L minimum spanning trees (on a graph with &
vertices) for each Steiner set, which costs at most O(T x k? x log k) with Prim or Kruskal
algorithms. Note that this complexity is polynomial in all parameters, and independent of n

(but of course the number of Steiner sets is not independent of n, and not always polynomial).

5 Experimental study

In this section, we present an experimental study of our algorithm, both on randomly
generated graphs and on real-world networks.
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5.1 Generated graphs

The experimental study on randomly generated graphs was performed using the GraphStream
Java library?[9]. The virtual machines used for this experiment have 8 core processors with
64 GB of RAM.

5.1.1 Experimental settings

In order to run experiments on our algorithm, we generated dynamic graphs using a method
previously presented in [20] to test connected component computation. First we generate
the underlying graph, then we add dynamicity to the edges using a Markovian process.

The underlying graph is generated using generators from the GraphStream library. We
test three different types of graphs that present specific features:

1. Random graphs, corresponding to the Erdés-Rényi model[10]. It is the most common
way of randomly generating a static graph. GraphStream Random Graph generator is
used. This generator adds a vertex and randomly connects it to the other vertices of the
graph. This operation is repeated for each vertex added.

2. Regular graphs, which are generated using GraphStream Grid generator. This generator
generates a torus with the given number of vertices, all with the same degree.

3. Scale-free graphs, which are used to model many social networks or web networks.
Graphstream Barabasi-Albert generator is used. This generator adds a vertex to the
graph and connects it to one or several vertices randomly chosen using Barabasi-Albert’s
[1] preferential attachment rule. This operation is repeated for each vertex added.

Once the underlying graph is generated, the dynamic is introduced through a Markov

model (edge-Markovian dynamic graphs, introduced by [8]): edges appear and disappear

independently, and from the model two parameters are derived. The presence is equal to
the stationary probability of edge presence, often noted m; (m; € [0,1]). The stability of
the dynamic graph may be defined as the average number of steps during which one edge

remains present. A presence of 0.9 was chosen in our experiments (each edge is present 90%

of the time), for a stability equal to 9.

Once the dynamic graph is generated, the terminal vertices are selected randomly in the
vertex set.

Two experiments were run on randomly generated graphs. The first one aims at
analyzing the behavior of the algorithm (both through the number of solutions found
and the computation time) as it is computing time step by time step. The second experiment
aims at analyzing the outcome of the algorithm depending on the number of vertices of the
graph. Table 1 presents the parameters of the generated graphs for each experiment, where
n is the number of vertices, k the size of the Steiner set, s the number of terminals and L
the lifetime of the dynamic graph.

5.1.2 Experiment on the behavior of the algorithm with regard to the
number of iterations

The curves are only presented for s = 3, but the results for other values are summarized in
table 2.

Figure 7 presents the evolution of the number of solutions when the number of iterations
(time steps) increases. The decrease is very fast for grids, and to a lesser extend for random

2 http://graphstream-project.org
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First experiment Second experiment
Graph type Random, Scale-free, Regular Random, Scale-free, Regular
n 49 36 ;49 ;64 ; 81 ; 100
k 10 10
S 3;4;5:6
Presence 0.9 0.9
Stability 9 9
Average degree | 4 4
T 50 50
Table 1 Graphs generation settings
o) O  Scale-Free
106 - o 5 Random
oo V  Regular
oo
10° 2
\
%0
104 - v oo
9]
S oo
5 Vv 00000
3 103 - v ®o000
kS 0000000
éloz 0000000,
g \4 0000 000
101 .
\4
\4
10° - V
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0 N 0 2 A A A A A e e e e
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Figure 7 Evolution of the median number of Steiner sets with regard to the number of time

Time Step

steps, with 3 terminal vertices.
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Figure 8 Evolution of the median computation time as it is being computed, with 3 terminal
vertices.

graphs. Indeed, it is very difficult to keep large persistent connected components (vertex sets
than remain connected) for these two classes of graphs, see[20]. So the number of Steiner
sets rapidly reaches 0. For scale free graphs however, the number of Steiner sets decreases
but much slower, and remains around 100 even for nearly 50 iterations. In these graphs,
there are some hubs with large degree that are very good candidates for the Steiner set.

Figure 8 provides the evolution of the total computation time. It is quite logically a
concave function that is constant as soon as the number of solution is 0. The theoretical
results on the algorithm complexity are confirmed by figure 9 that shows the computation
time per iteration varies linearly with the number of tested solutions.

5.1.3 Experiment on the runtime depending on the number of vertices
of the graph

k—s’as

Figure 10 shows that the complexity curve fits well with the regression function n
predicted by the algorithm analysis.

The main conclusion from this experimental study is that the algorithm can be applied
with medium size instances despite the high theoretical complexity. Another conclusion
concerns the number of possible Steiner sets. This number is highly dependent on the type
of underlying graph (footprint) and might decrease very fast with the number of iterations if
the graph is not scale free. These results were obtained for a moderate dynamic: a present
edge has a probability 0.9 to remain present from one iteration to the next.
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Figure 9 Median computation time per iteration according to the number of tested vertex subsets,
with 3 terminal vertices.

Table 2 Number of solutions

Graph Type | S | Maximum Value | Minimum Value | First snapshot with
(date t = 0) Minimum Value

3 1867447,5 65,5 47

4 256 030,0 5,0 47
Scale-free

5 2626,5 0,0 13

6 2405,5 0.0 17

3 435853,5 0.0 32

4 33258,5 0.0 17
Random ’

5 1373,5 0.0 8

6 85,0 0.0 3

3 42909,5 0.0 11

4 7587,5 0.0 9
Regular

5 10.0 0.0 4

6 0.0 0.0 0

Scale-Free | 0,976
Random 0,999
Regular 0,998

Table 3 R? values of the regression functions from Figure 10.
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Figure 10 Median computation time according to the number of vertices in the graph, compared

k—S

with a regression function of the form n*~°, which is n® here.

5.2 Real graphs
5.2.1 Experimental settings

The CRAWDAD VT/MANIAC dataset[13], accessible through the IEEE Dataport comes
from the CRAWDAD collection. This dataset encompasses routing and topology traces
gathered during the Mobile Ad hoc Networks Interoperability And Cooperation (MANIAC)
Challenges that took place in 2007 and 2009 in conjunction with the IEEE Globecom IEEE
and PerCom conferences. These traces provide insights into the communication patterns,
node mobility, and network structure characteristic of MANETs (Mobile Adhoc Networks)
in real-world scenarios.

The dataset comprises log files providing information for each monitored device. These
files can be interpreted as routing tables for each device on a per-second basis. Based on this
information, a dynamic graph has been constructed, where nodes represent mobile stations
and edges depict connections between two mobile stations. The edges are labeled with a list
of timestamps indicating the dates when these connections are effective. In the presented
results, the experiment involves 14 mobile stations for a duration of about 20 minutes. It
translates into a graph with 14 nodes, 74 edges (for the footprint), and 1244 timesteps. On
average, edges are present for 592 seconds (less than 10 minutes) during the experiment,
which is 48% of the time. When present, edges remain up for 114 seconds (less than 2
minutes) on average (9.1% of the time). In comparison to the artificial graphs used in the
previous experiment, the presence is lower here (48%) than before (90%).

If for some snapshot, the terminals can not be connected, the number of Steiner sets is
of course 0. Hence it is useful to verify this first. An efficient algorithm to compute open
Eternal Connected Components oECC' is available, see[20]. After running this algorithm,
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Figure 11 Real dataset: percentage of Steiner sets found for different values of k (s = 4).

an oECC with 9 vertices has been found. If all terminal vertices are inside this ECC), it
guarantees the existence of at least one Steiner set (of size n — s). Conversely, no Steiner set
exists if the terminal set is not included into an o EC'C. Note however that a vertex outside

the oECC' may still belong to some Steiner set, due to the open nature of the component.

We decided to look only for vertices of the oECC to build the terminal set, whereas the
Steiner set candidates are included into V.

5.2.2 Results and discussion

Figure 11 shows the percentage of Steiner sets among all possible vertex sets of same size,
for all possible terminal sets of size s = 3 (one line may represent different terminal sets,

with the same behavior). The same kind of "banana" curve has been obtained for s = 4,5, 6.

Note the large value of the mean, hence the large number of cases where the terminal set is
already connected (x-axis = 3, y-axis = 100%), due to the nature of the graph: a bit less
than 50%. Conversely, there is almost always at least one solution (except in some cases
when k = s+ 1 = 4). The results are similar for larger values of s.

So it is nearly always possible to find a Steiner set in this example, for any value of s and
k except specific cases with k —s =1 or k —s = 0. The finding is very fast (a few seconds at
most) even if the time horizon is very large.

6 Conclusion

In this paper, we presented several possible extensions of the Steiner Tree problem to the
case of dynamic (or temporal) graphs. The goal is to maintain instantaneous connectivity
between all terminal vertices for all snapshots. The chosen extension minimizes the size of
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the Steiner set. It can be further extended to minimize the sum of the costs of the edges used
at each time step as a the second criterion. We proved that the associated decision problem
is NP-Complete even when the costs are not considered, and there are only two terminals.
The proof is rather straightforward thanks to a reduction to Vertex Cover. However, we also
prove that this remains true even when the lifetime is 2, through another and a bit more
complicated reduction from SAT.

This paper proposed an exact algorithm that computes all Steiner sets of a given size,
studied its complexity, and provided some experimental tests. The algorithm may be used
on-line. First, randomly generated dynamic graphs of different types have been used. The
algorithm was able to solve small to medium size instances. The number of solutions, hence
the computation time, is highly dependent on the type of graphs. The results confirmed
Steiner sets are much more numerous on scale free graphs. Second, the algorithm has been
applied to a dynamic graph obtained from real data considering MANET’s. The underlying
graph is small, but the time horizon is large. The algorithm was able to find rapidly all
Steiner sets, for different parameter values. Of course the efficiency will be very versatile
according to the type of applications, that use graphs of very different kinds and very different
sizes.
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