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ABSTRACT:

Shear wave excitation of an equilateral triangular solid bar shows the existence of horizontally polarized (SH) and
vertically polarized (SV) shear waves. The SH wave modes are Lamé solutions of the Neumann problem for
displacement and Dirichlet problem for stress in the equilateral triangle. It is shown that Lamé’s solutions are
obtained from superposition of three equal plane waves and their reflections. The Neumann SH modes have cutoff
wavenumber 4mn/(3a), where m = 1,2,3, ..., a being the side length of triangular cross section. The first Dirichlet
SH mode has a higher cutoff wavenumber 47+/7/(3a). The SV modes are related to the 30°-60°-90° and
30°-120°-30° sub triangles. Their cutoff wavenumbers lie between those of the first (m=1) and second (m =2)
Neumann SH modes. The standing wave condition in each sub triangle is related to three unequal plane waves which
decompose via symmetrical component analysis into two different sets of equal plane waves. A nonlinear product
solution based on the new plane wave set leads to modal SV wave solutions. Dispersion curves calculated using
COMSOL confirm the correct cutoff wavenumbers of both SH and SV waves. Normal displacement mode shapes are
calculated analytically and verified experimentally using laser vibrometer with good agreement for all modes.

© 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons
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[Editor: Michel Destrade]

I. INTRODUCTION

This work is part of a program aimed at developing a
guided ultrasonic wave inspection technique for nondestruc-
tive testing of seam-welded pipes. Based on various studies
of weld structure,! the weld cross section is made up of three
distinct regions: the fusion zone, the heat-affected zone, and
the base metal zone. Neutron diffraction studies® have
shown that the residual stress in the weld varies with depth
in a somewhat finitely periodic manner. This can also be
observed by performing surface micro-hardness tests. As the
weld structure is very complicated, one can assume the
shape of a V-weld to have an equilateral triangular cross
section with a number of layers from core to surface in order
to develop a simple analytical model for wave propagation.
This layered structure is reminiscent of the structure of an
optical fiber which supports a guided light wave as a result
of the small difference between the indexes of refraction of
core and cladding.® This suggests that a weld will similarly
cause an acoustic wave to be guided in view of the different
material properties of the three zones. This view is sup-
ported by the experimental and finite-element simulation
work of Fan* and Fan and Lowe’ showing that a shear wave
was localized in the weld as a result of the difference in
phase velocities between the weld and adjoining metal. As a
first step in the investigation, we will identify the guided
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shear modes of propagation using a simpler model consist-
ing of a homogeneous equilateral triangular bar subjected to
excitation from a shear wave transducer based on a ray
technique.

In the field of acoustics, exact solutions of elastic wave
propagation in solid bars were limited to circular® and ellip-
tical” cross-sections. Numerical methods were developed for
treatment of other cross-sections. Nigro® applied the Ritz
method to infinite bars of rectangular cross section. Nagaya’
applied the Fourier expansion collocation method to infinite
bars of polygonal cross section. Mukdadi er al.'® developed
a semianalytical finite element method for the case of lay-
ered elastic plates with rectangular cross section. The finite
element method was used for guided waves in plates and
structural waveguides.''™!? Castaings and Lowe'* developed
the SAFE finite-element method for the treatment of guided
waves along solid systems of arbitrary cross section coupled
to infinite media. The same technique was used to predict
energy concentration in large aspect ratio rectangular wave-
guides at high frequencies by Cegla.'® Lesage er al.'® gener-
alized Nagaya’s method to solid bars with curved
boundaries in order to compute dispersion curves for longi-
tudinal and flexural waves. A ray theory of waveguide
modes using the geometrical acoustics approximation for
wedge structures was formulated by Krylov.!” Rayleigh'®
gave solutions for the resonant frequencies of an isosceles
triangular membrane. Hudson'® calculated the dispersion
curves for elongational and flexural waves in a circular

©Author(s) 2023.
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cylindrical bar. In a previous publication,”® we considered
the propagation of acoustic waves subject to excitation from
a longitudinal wave transducer in an equilateral triangular
bar by adapting a plane wave superposition ray technique to
the case of acoustics which was verified experimentally as
well as by simulation in comsoL. The nature of the boundary
conditions in the case of compressional wave excitation
necessitates the presence of a vertically polarized SV shear
wave. Assuming SV shear wave incidence, the associated
longitudinal wave disappears for a 45° angle of incidence on
a free surface. In this paper, we present a plane wave super-
position ray technique appropriate for a shear wave trans-
ducer for the treatment of shear waves in an equilateral
triangular prismatic bar.

An analog of the shear wave transducer in the field of
electromagnetics is the differentially fed equilateral triangu-
lar patch antenna (ETPA) loaded with shorting posts (Wang
et al*') The principal resonant modes of the simply fed
ETPA are the Lamé solutions of the linear eigenvalue prob-
lem in the equilateral triangle.”” New resonances designated
as zero modes,”! whose frequencies are distinct and do not
bear any harmonic relationship to the classical Lamé modes,
were observed. The spectrum of new resonances contained a
zero one mode with cutoff wavenumber approximately
equal to 7/ V3a followed by the first Lamé mode TM,
whose cutoff wavenumber is 47 /3a.

In the present work, the same phenomenon of zero
modes was detected in simulation using comsoL and in
experiment when the triangular prismatic bar was excited by
a shear wave transducer whose model consists of two out-
of-phase sources. As will be shown in this paper, the zero
modes are a result of standing wave conditions in the
30°-60°-90° and 30°-120°-30° sub triangles within the
equilateral triangle which are analysed via the method of
symmetrical components well known in the field of electric
power systems analysis.>>** A nonlinear product solution
for these modes is presented based on a plane wave superpo-
sition technique. Interest in how Lamé obtained his solution
prompted McCartin®~° to solve Laplace’s equation over
the equilateral triangle for both the Dirichlet and Neumann
problems by using separation of variables in two coordinates
defined over the cross section. The ray technique presented
in this paper accurately predicts the cutoff wavenumbers
and modal fields in McCartin’s solution. A nonlinear prod-
uct solution of six standing waves was used by Polya®’ to
find the fundamental frequency for Dirichlet’s problem in a
triangular membrane. His solution was obtained using
reflections in the plane from a 30°-60°-90° triangle and pre-
dicted a fundamental eigenvalue 471(\/7 /3a) that agrees
with the first Dirichlet mode of the equilateral triangle
(McCartin®) In this paper, we show that the fundamental
cutoff wavenumber of the 30°-60°-90° triangle is
Zn(\ﬁ / 3a) which is obtained via symmetrical components
analysis of the simplest standing wave condition in the half
equilateral triangle.

This paper starts with a description of the shear wave
transducer used in the experiment and a plane wave
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reconstruction model used to derive the cross-sectional
mode patterns that it generates as well as a description of
the experimental setup in Sec. II. This is followed by appli-
cation of the model to derive the triangular SH mode shapes
that are compared with experiment in Sec. III. The classical
Lamé solution of the Dirichlet problem for stress is also pre-
sented in Sec. III. The method of symmetrical components
is presented in Sec. IV as well as the nonlinear product solu-
tion for triangular SV waves and its comparison with experi-
ment. Conclusions follow in Sec. V.

Il. SHEAR-WAVE MODEL AND EXPERIMENT

In order to develop a model for shear wave propagation
and identify the guided modes, we consider the prismatic
waveguide with equilateral triangular cross section that is
fitted with a shear-wave transducer positioned at the cen-
troid of the triangular cross section as shown in Fig. 1. In
the model, we use two sources 180° out of phase with each
other and vibrate transverse to the surface generating a nor-
mal displacement function that is antisymmetric with
respect to the y axis thereby generating a state of shear in
the waveguide. This configuration is used in the experiment
and is the basis for the proposed plane wave superposition
technique.

A. Plane wave superposition ray technique

Acoustic guided wave problems are usually formulated
in terms of the governing Helmholtz wave equation for dis-
placement. The plane wave superposition technique pro-
vides an alternative approach to the solution of guided wave
problems without directly solving the governing differential
equation. We develop the plane wave superposition tech-
nique with reference to the geometry of the equilateral trian-
gle shown in Fig. 2. By using a coordinate transformation
through 120° rotation from the (x, y) coordinates on side AB,
we introduce the local coordinate systems (X', y') on side BC
and (x”, ¥") on side AC of triangle ABC assuming origin at
the centroid of the triangle as follows:

x’:—%(x—\/gy), (D

y ==L (s 9v3). o

: \28mm

Transverse
emitter
transducer

B -

FIG. 1. (Color online) Prismatic waveguide fitted with shear wave
transducer.
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FIG. 2. (Color online) Geometry of equilateral triangle.

= (e V), 3)
1 3
v =B (x=y/V3). @)

As well known in waveguide work, a propagating wave hav-
ing the form f(x,y)e "% has a cross-sectional mode shape
f(x, y) that is completely determined by a superposition of
plane waves in the cross section of the guide regardless of
whether the wave is propagating or evanescent; i.e., the
mode shape is completely determined by waves in the cross
section at cutoff. In this case the transverse wavenumber is
nothing but the cutoff wavenumber which is an eigenvalue
of the transverse Laplacian operator in Helmholtz’s equa-
tion. In the case of longitudinal wave excitation, each sur-
face of the prismatic guide is acted upon by a set of two-
plane waves: one incident and one reflected longitudinal
wave set and one incident and one reflected vertically-
polarized shear wave set satisfying a condition of transverse
resonance producing a partial standing wave field over the
surface. Symmetry of the equilateral triangle requires that
the same wave picture be present on all three surfaces, so
that the total field is obtained by superposition of the three
partial wave fields.”® The two sources of the shear-wave
transducer model send out waves in opposite directions in
order to produce a state of shear. The correct ray picture of
the transverse plane waves producing a state of shear is one
in which the rays travel parallel to the sides of the triangle.
If we trace out the transverse ray path starting from any
point of a particular side of the triangle and ending on the
same side, the path length traced out by the ray is always a
constant equal to 3a/2 which means the triangle sides are
planes of constant phase. This means each side of the trian-
gle is a wavefront and hence can be represented by a plane
wave traveling between the midpoints of the sides of the tri-
angle. This is a A configuration of rays as seen in Fig. 2.
Since two sources are involved, there are two such sets of
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rays: one set travels clockwise while the other set is counter-
clockwise. This ray picture for a shear wave transducer is
used in the ensuing analysis.

Dispersion curves of the guided waves along z direction
are easily obtained from a FEM modal analysis (cosmoL®
software). The methodology used to compute these disper-
sion curves is well known.”® A 0.5mm length triangular
waveguide is meshed using 3D tetrahedral elements. The
element size / is small enough to ensure convergence of the
finite element analysis (mesh refinement does not affect
the result) and accurately simulate the wave propagation
(I < Zumin/ 10 with A,,;, the smaller wavelength along z direc-
tion). In order to simulate an infinite extended triangular
waveguide, Bloch-Floquet conditions are applied on the two
ends of the finite triangular guide.?® This length of the trian-
gular waveguide in the z direction is small enough to
remove band folding to the frequency-wavenumber region
of interest. Modal analysis of the triangular waveguide
shows the existence of dispersion curves of Lamb-like
waves (similar to the Lamb waves in a plate) as well as
shear-like waves at lower frequencies. In order to distin-
guish triangular modes from plate modes, we use the A sym-
bol to identify the modes of the triangular guide throughout
the remainder of the paper. Thus, SH* and SV2 designate
the triangular SH and SV waves, respectively. As shown in
Fig. 3, the first dispersion curve represents the A@ triangular
Lamb wave antisymmetric mode. The second dispersion
curve represents the Sé triangular Lamb wave symmetric
mode. These two modes have no cutoff frequency. The Sé
dispersion curve intersects the first SH triangular shear
mode dispersion curve whose cutoff wavenumber is
47/(3a). This is followed by the A{ antisymmetric triangu-
lar Lamb wave dispersion curve. The first SV vertically
polarized shear mode dispersion curve which has cutoff
wavenumber 7v/7 / V/3a intersects the AlA antisymmetric tri-
angular Lamb wave dispersion curve well above its cutoff
frequency of 112kHz. The second SV2 vertically polarized
shear mode dispersion curve with cutoff wavenumber
2m\/7/(3a) intersects the S triangular Lamb wave disper-
sion curve near its cutoff frequency at 127 kHz. The SVA
shear waves have a nonlinear product solution as explained
in Sec. IV.

B. Description of experimental setup

In the experimental setup shown in Fig. 4, an equilateral
triangular waveguide of axial length 20cm made of
DURAL AULG aluminum having a side length ¢ =28 mm
with shear wave velocity V,=3290m/s is placed on three
pins so as to avoid coupling from the supporting surface
underneath. One triangular face of the sample was fitted
with a Panametrics shear wave transducer (1in. diameter,
500 kHz central frequency). The transducer was driven by a
75 ns duration 200 V amplitude signal having a 200 Hz repe-
tition rate from a Sofranel broadband pulse generator. A
Polytec OFV505 laser velocimeter in association with a
VD09 digital velocity decoder was used to measure the

Omar Asfar and Bruno Morvan
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FIG. 3. (Color online) Dispersion curves from comsoL simulation showing
the SHP, SV4, and SV2' shear modes.

normal velocity amplitude up to 1.5MHz. The laser was
translated parallel to the guide end face with 0.5 mm space
step along the x direction and a 0.866 mm space step along
the y direction giving 812 temporal signal acquisitions
(Fig. 5). The output of the laser is transmitted to a Le Croy
HRO66Z1 WaveRunner digital storage oscilloscope. In
order to enhance the signal to noise ratio, the registered
oscillogram at each position is the mean of 512 successive
measurements. As an example, Fig. 6 shows an A-scan sig-
nal measured at position x = 14mm and y=12.12 mm near
the center of the triangular end surface. The first wave
packet seen on this figure extending approximately from
0.15 to 0.4ms (inside the red dotted box in Fig. 6) corre-
sponds to the waves traveling from the source and guided
along the waveguide. The following signals are due to
waves that bounced back and forth many times between
waveguide ends. The spreading of signals in Fig. 6 is due to
the broad frequency range of the excitation. In order to sepa-
rate and identify the several modes of propagation, a

FIG. 4. (Color online) Photograph of the experimental setup including the
triangular waveguide (D) on whose back end a Panametrics shear wave
transducer (E) is mounted. A Sofranel pulse generator (C) is used to obtain
a broadband excitation of the waves in the waveguide. Measurements of the
normal surface displacement are performed at the front end of the wave-
guide with a Polytec laser vibrometer (A) whose output is transmitted to a
digital oscilloscope (B) (LeCroy HRO66ZI WaveRunner).

J. Acoust. Soc. Am. 154 (2), August 2023
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FIG. 5. (Color online) 812 laser measurements are done on the end face of
the waveguide with 0.5 mm step along x direction and 0.866 mm step along
the y direction.

temporal Fourier transform (FT) is performed on each oscil-
logram by only selecting the first part of the signal (red box
in Fig. 6) so that the reflections on the waveguide ends are
not taken into account. The normal displacement over the
triangular end is extracted from the FT at each frequency.
These experimental modal deformations of the triangular
waveguide ends are compared with theoretical normal dis-
placements in the remainder of the paper.

lll. CASE OF HORIZONTALLY-POLARIZED-
TRIANGULAR SHEAR WAVES

In the equilateral triangular guide, the displacement
field of SH® shear waves is derived from a y-directed vector
potential i/, giving rise to the two displacement components
uy = =0, /0z and u, = Oy, /Ox. As was shown in Ref. 20
the x-component is an even function of x while the z-compo-
nent is an odd function of x. An SH® wave is by nature not
coupled to a longitudinal wave requiring that only tangential
displacement components be present over the side surfaces
of the guide extending in the z direction. The presence of a
normal displacement on any of the side surfaces of the guide
changes the wave to the SV* type which in general couples
to a longitudinal wave unless its angle of incidence is 45° in
which case it becomes a pure SV2 wave. We first discuss the
linear SH® modes before taking up the analysis of the more
involved SV modes.

In view of the nature of the shear wave transducer, we
determine the SH” shear wave cross-sectional variation by
assuming the existence of two sets of A configurations of

Amplitude (V)
1) o o o
N © N b O

'
o
S

FIG. 6. (Color online) An A-scan signal measured at position x =14 mm
and y = 12.12 mm in the vicinity of the center of the end surface.
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plane waves: a counterclockwise set and a clockwise set
180° out of phase. In solving for the normal displacement,
we note that the plane waves of each set do not reverse sign
upon reflection as a consequence of the boundary condition
on displacement. They rather have an added path phase shift
which depends on the transverse wavenumber of the mode.
For the mode satisfying the transverse wavenumber K; =
4mmn/(3a) with m any integer, we have the following two
sequences of plane waves with a path phase shift 2mmn/3
responsible for the z-polarized displacement’s cross-
sectional variation,

Clockwise e K% ¢ ((Ks/2)v/3y)2mm/3) ,

ei((KS /2)(x—V3y)+2mn/3) ,
Anticlockwise — ¢, —e_i((KS/Z)(x_‘/gY)+2m“/3),

— ¢ (/DY) -2mn/3).

We begin the construction of the cross-sectional mode
shape f(x, y) of this mode by finding the partial wave fields on
the three sides of triangle ABC. Thus, the four waves acting on
the surface represented by side AB are ¢i(K:/2)(+V3y)=2mn/3)
(K /2) (—=/3y)+2mmn/3) ’ _ o il((Ks/2)(x+v/3y)~2mn/3) ’ and

— e i((K/2) (=3 +2mm/3) which combine to give

F(x,y) 5 = 4sin (K2x> cos (@K - 2an> . (5)

On side BC, the four waves acting on the surface are e K
ei((Ks/z)(x+\/§Y)_2mn/3)’ _eist7 and _e_i((Ks/Z)(x+\/§)’)_2mn/3)’

which combine to give
. (K .
f(x,y)pc = 2sin (7 (x++3y) — 2mn/3> — 2sin (K,x).
(6)

On side AC, the four waves acting on the surface are e K
ei((K:/Z)(x—\/gy)+2mn/3)’ _eist’ and _e—i((Ks/z)(x—\/iy)+2mn/3)’

which combine to give

K )
f(x,y)4c = 2sin (7 (x—V3y) + 2mn/3) — 2sin (K,x).
)
Adding the three partial wave fields from Egs. (5)—(7) and

dividing by 4 (because there are four waves on each sur-
face), we obtain the following normal displacement:

K 3Ky 2 . . ,
u, = 2sin ) cos (Q - ﬂ) e~ —sin (Kyx)e .
2 2 3
(®)

This solution satisfies the boundary condition of the vanish-
ing of the normal derivative of u, on all three surfaces of the
waveguide for m = 1,2,3,.... This may be verified by
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FIG. 7. (Color online) Dimensionless theoretical normal displacement for
the triangular SH® (m=1) over triangular cross section with cutoff at
78.33kHz.

transforming coordinates using Eqgs. (1)—(4) and taking the
derivative with respect to the normal on sides BC and AC.
The mode pattern for m =1 and a =28 mm is shown in Fig.
7 and the corresponding experimental mode shape is shown
in Fig. 8. The above plane wave solution is in agreement
with the solution of the antisymmetric Neumann problem
for displacement.*®

We now consider the classical Lamé solution of
McCartin® for the antisymmetric Dirichlet problem satis-
fied by the shear stress o,.. These solutions with origin at
the midpoint of side AB are characterized by three inte-
gers [, m, and n subject to the condition /+m+n =20,
and are given by the following cross-sectional mode
shape:

y(mm)

X(mm)

FIG. 8. (Color online) Dimensionless experimental normal displacement
for the triangular SHIA mode with m =1 over triangular cross section mea-
sured at 76 kHz.
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0y: = sin (nl _ %) @—Z (m— n)x>
tsin <nm - \7”; > (2” (n— z)x>

~|—sin<nn—ﬁ) ( (I— )). ©)

Only two of the integers /, m, and n are independent and the
cutoff wavenumber (eigenvalue of the transverse Laplacian)
is given by

4 |12 +m? + n?
K" = — | ——M. 10
s 3a 2 (10)

The normal displacement u, is the integral with respect to y
of ¢, and is hence given by

u, = \2/37;1 cos (nl) cos <?/_nlz> sin <2(m 3—an)nx>

. % o () o < \/ZZ) (2(n 3—al)nx>

V3a nny\ . <2(l - m)nx)
+—27m cos (nn) cos < \/§a> sin % ,
(11)

where the propagation factor e~ is understood and sup-
pressed for brevity.

The normal displacement pattern over the cross section
of a bar of side length 28 mm is shown in Fig. 9 for the first
mode of Ref. 25 with cutoff frequency at 207.25 kHz and
the experimentally measured mode shape shown in Fig. 10
is measured below cutoff at 192 kHz. This is because we are
measuring at the bar edge where complex solutions are pre-
sent and the fact that the bar is short in length enables

10
20
5
15
€
£ 0
>10
5
5
-10
0
-10 5 0 5 10

X (mm)
FIG. 9. (Color online) Dimensionless theoretical normal displacement for
the first Dirichlet Lamé mode (m=1, n=2, [ =—3) over triangular cross

section with cutoff at 207.25 kHz.
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y(mm)

X(mm)

FIG. 10. (Color online) Dimensionless experimental normal displacement
for the first Dirichlet Lamé mode (m=1, n=2, I=-3) over triangular
cross section measured at 192 kHz.

evanescent waves to be measured. The theoretical second
Dirichlet Lamé mode shape with cutoff at 282.435kHz is
shown in Fig.11 and the measured mode shape is shown
below cutoff at 244kHz in Fig. 12. The theoretical third
Dirichlet Lamé mode shape with cutoff at 341.447kHz is
shown in Fig. 13 and the measured mode shape below cutoff
at 274 kHz is shown in Fig. 14.

IV. CASE OF VERTICALLY POLARIZED-TRIANGULAR
SHEAR WAVES

We have already shown that SH waves in the equilateral
triangle are obtained from superposition of two sets of three
equal plane waves equi-spaced 120° apart and their reflec-
tions for the first SH{ mode. The McCartin solutions™ are
likewise obtained from superposition of three standing

X (mm)

FIG. 11. (Color online) Dimensionless theoretical normal displacement for
the second Dirichlet Lamé mode (m =1, n =3, | = —4) over triangular cross
section with cutoff at 282.435 kHz.
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y(mm)

X(mm)

FIG. 12. (Color online) Dimensionless experimental normal displacement
for the second Dirichlet Lamé mode (m =1, n=3, /= —4) over triangular
cross section measured at 244 kHz.

waves. We next examine the standing wave condition in the
30°-60°-90° and 30°-120°-30° sub triangles and show that
they result from three unequal wavenumber vectors that are
not equi-angularly spaced and decompose those wavenum-
ber vectors by using the method of symmetrical compo-
nents?>* into three different sets of three equal vectors
each: the first set is a zero sequence set of three equal and
parallel vectors that are zero if the original three vectors are
balanced, i.e., they add to zero, the second set is a positive
sequence set of three equal vectors that are spaced 120°
counterclockwise apart, and the third set is a negative
sequence set of three equal vectors equi-spaced 120° clock-
wise apart. For an antisymmetric solution, the equilateral tri-
angle in Fig. 15 is divided in half by the nature of the shear
wave transducer. If we assume the right half to have a posi-
tive z-displacement, the left half would have a negative

-10 -5 0 5 10
X (mm)

FIG. 13. (Color online) Dimensionless theoretical normal displacement for
the third Dirichlet Lamé mode (m =2, n=3, [=—5) over triangular cross
section with cutoff at 341.447 kHz.
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FIG. 14. (Color online) Dimensionless experimental normal displacement
for the third Dirichlet Lamé mode (m=2, n=3, [=—5) over triangular
cross section measured at 274 kHz.

z-displacement with zero displacement on the median CE.
Considering the right half triangle of Fig. 15, the simplest
standing wave condition is one in which the total phase
angle is 7 in every direction as assumed by Polya.”’ Taking
the three directions from base to apex, the standing waves in
those directions are characterized by three wavenumber pha-
sors K;, K, and K3 such that K;=mn/AD=(4n/
V3a)/ —150°,  K,=n/AB=(2n/a)/0°, Ki=n/AC
= (27'5 / \/§a) £90°. These three unequal phasors are bal-
anced, i.e., they add to zero. Using symmetrical components
analysis,”** we only have the positive sequence of equal
phasors Kt and negative sequence of equal phasors K~ both
spaced 120° apart. The transformation to the new system of
phasors is effected by the transformation

Ky | 1 1 1 K,
Kol =31 v 7K |, (12)
K~ Ly 9] LK

FIG. 15. Standing wave condition in half equilateral triangles.
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where y = ¢2™/3_ This gives the three positive sequence pha-

sors in the order (red-yellow-blue) K = (2n/3a)/ — 180°,
Ky = (2n/3a)£ — 60°, K = (2rn/3a)£60°. The negative
sequence phasors in the order (red-blue-yellow) are
given by K; = (21v/7/3a) 2 —139.1°, K5 = (21/7/3a)
/ —19.1°, Ky = (21v/7/3a) £100.9°. In this manner, the
phasors of the 30°-60°-90° sub triangle are broken down into
two sets of equal phasors in the equilateral triangle. In what fol-
lows, we show how a product solution based on the positive
sequence phasors gives a solution satisfying all three boundary
conditions in the equilateral triangle for the SVIA and SV2A
modes. The negative sequence waveforms are a by-product of
the product solution based on the positive sequence.

A. SV wave from bisection of equilateral triangle

We start by presenting the product solution for the half
equilateral triangle responsible for the SV2' wave since the
analysis is more straightforward when using the ray tech-
nique and develop a general formula for stress that is also
satisfied by the SV# that comes from trisection of the equi-
lateral triangle. In view of the free surface boundary condi-
tion that the shear stress must vanish on the surface, the
reflected shear-stress wave must change sign at each reflec-
tion. Transverse resonance requires that rays performing a
closed circuit from starting point to end point must emerge
in phase. Since a ray undergoes three reflections in a A con-
figuration, then a total phase shift of 37 radians is involved
which requires an additional path phase shift of an odd num-
ber of = radians for the rays to emerge in phase. A resonant
condition producing an eigenmode is therefore satisfied by a
ray traveling between the midpoints of the sides of the trian-
gle with a total path length of 3a/2 if the transverse wave-
number is K,=2mmn/3a, with m an odd integer. We begin
the formulation by considering the partial wave field of the
stress tensor on the surface represented by side AB of the tri-
angle. There are two components of shear stress o,, and o,
which have the same y-dependence, and both satisfy a
Dirichlet boundary condition at y = —a/ 2/3. For purposes
of comparison with experiment, we choose to work with the
z-y plane shear stress component ¢, without loss of general-
ity. Since the displacement in the experiment is produced by
two transversal transducers, 6., will be antisymmetric with
respect to the y axis on side AB while g, will be symmetric.
This is based on the assumption that the two transversal
transducers are spaced along a line parallel to the x axis.
The o, shear stress picture over the cross section of the tri-
angle is assumed to be due to the following two sets of three
plane waves with normalized amplitudes referred to origin
at the centroid:

Clockwise e & ei(<1<s/2) (x+/3y)+2mn/3) ’

¢ ((Ks/2)x=V3y)=2mm/3)

Anticlockwise — ™ fe’i((KY/2><“""ﬁy)’2m“/3),

_ o—i((K/2) (4 VEy)+2mn/3)
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The first set represents the positive sequence of phasors
of the left half triangle, while the second set represents the
positive sequence of the right half triangle. A propagation
factor ¢/~ is understood and dropped for brevity. Now
each surface has four waves acting on it and we can con-
struct the partial fields for each surface. A solution satisfy-
ing the boundary condition o, = 0 on side AB is thus given

by
0.y(AB) = 2sin <%x> cos (@Kvy + 9), (13)

where 0 = 2mmn/3. Similarly, the solution satisfying the
boundary conditions 6., =0 on side BC and ¢.,» =0 on side
AC are given, respectively, by

0.y (BC) =2 (sin {% (x+3y) + 0} — sin(Kyx — 30)> ,

(14)
0. (AC) =2 (Sin [% (x—v/3y) — 0} —sin (Kx + 30)> .
(15)

We note here that unlike the case of the triangular SH
waves, a solution by superposition of the three partial fields
given by Egs. (13)—(15) does not satisfy all boundary condi-
tions. For this reason, we take a product of the three partial
fields as our solution of the shear wave problem. By expand-
ing the product of Eqs. (13)—(15), we see that the solution
may be broken down into three components having trans-
verse wavenumbers K, 2K, and VK, as follows:

oy =1+ os(o0sin (5 )eos [+

2
—%sin (K,x) cos (30), (16)

1
afy =— Zsin (Ksx) cos (V3K,y + 50)

—%sin (K;x) cos (\/ngy - 0)

+isin (2K x) cos (30), (17

a3, = é {2 sin (%x) cos (3\/2§Ksy + 30) }
_% {Zsin (5§Yx> cos <\/§2Kvy + 0> }

+% {2 sin (2K,x) cos (V3K.y + 50) } (18)

We note that each of the terms inside braces in Egs.
(16)—(18) represents the sum of three partial waves having
respectively the cutoff wavenumbers K, 2K, and VK. In
order to find the normal displacement u,, we note that the
same expressions in Egs. (16)—(18) give the normal
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FIG. 16. (Color online) Dimensionless theoretical normal displacement for
the SV2 and SV waves over triangular cross section.

displacement if the cosine functions in y are changed into
sine while keeping the same amplitude ratios. Adding the
three components of normal displacement, the mode shape
of the SV is shown in Fig. 16 and agrees with the experi-
mental mode shape shown in Fig. 17. This mode shape was
observed in the experiment to be dominant over a consider-
able bandwidth from 114 and up to 192kHz. In order to
determine the cutoff frequency of the SV2 wave, we note
that the pure SV wave occurs when its incident ray is at
45° to the normal of any of the surfaces of the waveguide
such that the wavenumber k; of the incident plane wave is
related to the cutoff wavenumber KS(3) of the third compo-
nent of the triangular SV2' wave by

KS(3) = kycos 6,/ cos (30°), (19)

y(mm)

FIG. 17. (Color online) Dimensionless experimental normal displacement
for the nonlinear SVZA wave over triangular cross section at 140 kHz.
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where k; = w/Vj, 0y is the angle the incident S V2A ray makes
with the normal to the waveguide surface, and the A config-
uration in the cross section contributes the 30° angle. The
SV2A wave is not fully developed until the third component
propagates giving rise to a cutoff frequency

_ m\/7Vs
Véa
For m=1, V,=3290m/s, and a =28 mm, this gives a

cutoff frequency of 126.9145 kHz in agreement with simula-
tion in comsoL and experiment.

fe

(20)

B. SV wave from trisection of equilateral triangle

If we divide the equilateral triangle into three 30°-120°-
30° sub triangles as shown in Fig. 18, the standing wave
condition can be described by a function satisfying the
boundary condition on side AB of triangle in the form
cosKyy which vanishes at y= —a/2\/3 so that
K, = \/§n/aL90°. Referring to Fig. 18, the phasors perpen-
dicular to the sides of this sub triangle for the same func-
tional dependence are K,=m/as —120° and K3;=m/a
£ — 60°. These vectors are also balanced so that symmetri-
cal component analysis only gives a positive sequence
set Ky =n/v/3a/90°, Ky =n/v/3a/ —30°, K =n/\/3a
£ — 150° and a negative sequence set Ky =27/v/3a£90°,
Ky =2n/\/3as —30°, Ky =2n/\/3as — 150°. As we did
with the SV2A wave, we attempt a product solution based on
the positive sequence of plane waves with wavenumber
K,=mn/ V3a and change the phase shift in Eqs. (13)—(15)
from 2n/3 to 0 = /2 + / (4\/37) The theoretically calcu-
lated normal displacement is the same pattern as that of the
SV2 mode shown in Fig. 16 but at a cutoff frequency of
109.9kHz in good agreement with simulation. The corre-
sponding experimentally measured normal displacement is
shown in Fig. 19 at 116 kHz.

FIG. 18. (Color online) Standing wave condition in 30°-120°-30° sub
triangle.
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FIG. 19. (Color online) Dimensionless experimental normal displacement
for the triangular SVIA mode over triangular cross section measured at
116 kHz.

V. CONCLUSIONS

In this paper we proposed and used a plane wave recon-
struction technique to find exact solutions that satisfied all
stress-free boundary conditions in a prismatic waveguide of
equilateral triangular cross section for horizontally polarized
and vertically polarized shear waves. It was found that cut-
off frequencies were in good agreement with their corre-
sponding values found in the experiment as was also
confirmed by simulation in comsoL that was used to calcu-
late the dispersion curves shown in Fig. 3. The normal dis-
placement shapes of the SH2 and SV* modes as well as the
modes of the classical Lamé solution®*® were confirmed
experimentally. However, the measured mode shapes in the
experiment were observed below their theoretical cutoffs as
evanescent modes which were possible to observe due to the
fact that the waveguide specimen was short in length com-
pared to the wavelength near cutoff. The normal displace-
ment mode shape of the S V2A wave in the experiment shown
in Fig. 17 agrees with the theoretical mode shape shown in
Fig. 16. Also, the measured normal displacement mode
shape of the SV# mode shown in Fig. 19 is in good agree-
ment with the theoretical mode shape shown in Fig. 16. This
mode shape seems to be dominant over a wide frequency
range in the experiment and is also similar to the mode
shape of the first Dirichlet classical Lamé solution®® occur-
ring at a higher frequency. Moreover, these two modes have
essentially the same stress pattern over the cross section of
the bar as shown in Fig. 20 despite the fact that cutoff wave-
numbers of the SV2 and the first Dirichlet Lamé mode are in
the ratio 1 : 2.

This study revealed that SH* waves are obtained from
superposition of three equal plane waves and their reflec-
tions in an equilateral triangle and that SV waves are
obtained from a nonlinear product solution based on sym-
metrical components analysis of the simplest standing wave
conditions in the 30°-60°-90° and 30°-120°-30° sub
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FIG. 20. (Color online) Dimensionless theoretical stress contours of SV
waves and first Lamé solution over triangular cross section.

triangles within the equilateral triangle. Identification of the
modes of a waveguide structure is a first step towards more
involved studies of mode coupling in complex structures
such as a V-weld in a plate. In this case the V-weld will
have one stress-free boundary condition. The other two con-
tinuity boundary conditions along the two sides of the weld
will be those of a surface wave which attenuates spatially in
the adjoining metal. This will be the subject of future theo-
retical and experimental research.
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