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Submission Number: EB-22-00072

"Cournot vs. Bertrand competition in the international transport

market with environmental standards."

Marie-laure Cabon-dhersin

Université Rouen Normandie

Abstract

We revisit the classic comparison of Bertrand and Cournot competition by

studying how the form of competition between shipping companies affects

transport prices, international trade, consumer and producer surplus, and

social welfare in two countries that coordinate their environmental

policies. We show that the standard Bertrand-Cournot ranking only

prevails when pollution abatement technologies are sufficiently efficient.
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■♥t❡r♥❛t✐♦♥❛❧ tr❛❞❡ ❛❝❝♦✉♥ts ❢♦r ❛ s✐❣♥✐✜❝❛♥t ♣r♦♣♦rt✐♦♥ ♦❢ ❣❧♦❜❛❧ ❣r❡❡♥❤♦✉s❡ ❣❛s ❡♠✐s✲
s✐♦♥s✱ ♣r✐♠❛r✐❧② t❤r♦✉❣❤ t❤❡ tr❛♥s♣♦rt ♦❢ ❣♦♦❞s ✭❈r✐st❡❛ ❡t ❛❧✳✱ ✷✵✶✸❀ ❙❤❛♣✐r♦✱ ✷✵✶✻✮✳
❚❤❡ ❢❛✈♦r❡❞ ❛♣♣r♦❛❝❤ t♦ r❡❞✉❝✐♥❣ ❡♠✐ss✐♦♥s ✐s t♦ ❡st❛❜❧✐s❤ t❡❝❤♥✐❝❛❧ st❛♥❞❛r❞s t❤r♦✉❣❤
✐♥t❡r♥❛t✐♦♥❛❧ ♦r❣❛♥✐③❛t✐♦♥s s✉❝❤ ❛s t❤❡ ■♥t❡r♥❛t✐♦♥❛❧ ▼❛r✐t✐♠❡ ❖r❣❛♥✐③❛t✐♦♥ ✭■▼❖✮ ♦r
t❤❡ ■♥t❡r♥❛t✐♦♥❛❧ ❈✐✈✐❧ ❆✈✐❛t✐♦♥ ❖r❣❛♥✐③❛t✐♦♥ ✭■❈❆❖✮✳ ❚❤❡s❡ ♠❡♠❜❡r st❛t❡ ♦r❣❛♥✐③❛✲
t✐♦♥s ❤❛✈❡ s❤♦✇♥ ❛♥ ✐♥❝r❡❛s✐♥❣ ✐♥❝❧✐♥❛t✐♦♥ t♦ t❛❦❡ ❝♦♦r❞✐♥❛t❡❞ ❛❝t✐♦♥ ♦♥ ❡♥✈✐r♦♥♠❡♥t❛❧
r❡❣✉❧❛t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❧❛t❡st ♠❡❛s✉r❡s ♣r♦♣♦s❡❞ ❜② t❤❡ ■▼❖ ❛♥❞ ❊❯ ✉♥❞❡r t❤❡
▼❆❘P❖▲ ✼✸✴✼✽ ❝♦♥✈❡♥t✐♦♥ ✐♥❝❧✉❞❡ t❤❡ ❝♦♠♠♦♥ r❡❣✉❧❛t✐♦♥ ♦❢ s❤✐♣s✬ ❡♠✐ss✐♦♥s✳✶

❖✉r ❢♦❝✉s ✐s ♦♥ t❤❡ ❡✛❡❝ts ♦❢ ❡♥❞♦❣❡♥♦✉s tr❛♥s♣♦rt ♣r✐❝❡s✱ r❡s✉❧t✐♥❣ ❢r♦♠ ♣r✐❝❡ ❝♦♠✲
♣❡t✐t✐♦♥ ✭❇❡rtr❛♥❞ ❝♦♠♣❡t✐t✐♦♥✮ ♦r q✉❛♥t✐t② ❝♦♠♣❡t✐t✐♦♥ ✭❈♦✉r♥♦t ❝♦♠♣❡t✐t✐♦♥✮ ❜❡t✇❡❡♥
❝❛rr✐❡rs✱ ♦♥ t❤❡ ❡❝♦♥♦♠✐❝ ❛♥❞ ❡♥✈✐r♦♥♠❡♥t❛❧ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t✇♦ tr❛❞✐♥❣ ❝♦✉♥tr✐❡s✳ ■♥
❦❡❡♣✐♥❣ ✇✐t❤ t❤❡ ❝♦♥❞✐t✐♦♥s ✐♠♣♦s❡❞ ❜② ✐♥t❡r♥❛t✐♦♥❛❧ s❤✐♣♣✐♥❣ ♦r❣❛♥✐③❛t✐♦♥s✱ ✇❡ ❛ss✉♠❡
t❤❛t ❝♦✉♥tr✐❡s ✐♠♣♦s❡ ❡♥✈✐r♦♥♠❡♥t❛❧ st❛♥❞❛r❞s ♦♥ ❝❛rr✐❡rs ✐♥ ❛ ❝♦♦r❞✐♥❛t❡❞ ♠❛♥♥❡r✳✷

❚❤✐s ❛rt✐❝❧❡ ❝♦♠♣❧❡♠❡♥ts r❡❝❡♥t ✇♦r❦ ♦♥ ❡♥✈✐r♦♥♠❡♥t❛❧ r❡❣✉❧❛t✐♦♥s ❢♦r ✐♥t❡r♥❛t✐♦♥❛❧
s❤✐♣♣✐♥❣ ✭❆❜❡ ❡t ❛❧✳✱ ✷✵✶✹❀ ❚❛❦❛r❛❞❛ ❡t ❛❧✳✱ ✷✵✷✶✮ ❛♥❞ ✐s ♣❛rt ♦❢ ❛ ❜r♦❛❞❡r ❧✐t❡r❛t✉r❡ ♦♥
t❤❡ ❡✛❡❝ts ♦❢ ✐♥t❡r♥❛t✐♦♥❛❧ tr❛♥s♣♦rt ♦♥ tr❛❞❡ ✭❇❡❤r❡♥s ❛♥❞ P✐❝❛r❞✱ ✷✵✶✶❀ ❋r❛♥❝♦✐s ❛♥❞
❲♦♦t♦♥✱ ✷✵✵✶❀ ■s❤✐❦❛✇❛ ❛♥❞ ❚❛r✉✐✱ ✷✵✶✽✱ ✷✵✷✶❀ ▼✐③✉♥♦ ❛♥❞ ❚❛❦❛✉❝❤✐✱ ✷✵✷✵✮ ❛♥❞ ✐♥♥♦✲
✈❛t✐♦♥ ✭❑❛♥❡❤❛r❛ ❛♥❞ ❑❛♠❡✐✱ ✷✵✶✾❀ ❚❛❦❛✉❝❤✐✱ ✷✵✶✺❀ ❚❛❦❛✉❝❤✐ ❛♥❞ ▼✐③✉♥♦✱ ✷✵✷✷✮✳ ▼♦st
♦❢ t❤❡s❡ st✉❞✐❡s ❢♦❝✉s ♦♥ t❤❡ s❤✐♣♣✐♥❣ s❡❝t♦r ❜② ❛ss✉♠✐♥❣ ❛ ♠♦♥♦♣♦❧② ♦r ❝♦♠♣❡t✐t✐♦♥ ✐♥
q✉❛♥t✐t✐❡s ♦♥ t❤❡ ✐♥t❡rr❡❣✐♦♥❛❧ tr❛♥s♣♦rt ♠❛r❦❡t✱ ♥❡❣❧❡❝t✐♥❣ ✉♣str❡❛♠ ♣r✐❝❡ ❝♦♠♣❡t✐t✐♦♥✳
❚✇♦ r❡❝❡♥t ❛rt✐❝❧❡s ✭❚❛❦❛✉❝❤✐ ❛♥❞ ▼✐③✉♥♦✱ ✷✵✷✷❀ ▼✐③✉♥♦ ❛♥❞ ❚❛❦❛✉❝❤✐✱ ✷✵✷✵✮ ❤✐❣❤❧✐❣❤t
t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❛❝❝♦✉♥t✐♥❣ ❢♦r ♣r✐❝❡ ❝♦♠♣❡t✐t✐♦♥ ❜❛s❡❞ ♦♥ ❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ ♦❢ t❤❡
❡①✐st❡♥❝❡ ♦❢ t❤✐s ❢♦r♠ ♦❢ ❝♦♠♣❡t✐t✐♦♥✳ ■♥ t❤❡ ♣r❡s❡♥t ❛rt✐❝❧❡✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ t✇♦
❢♦r♠s ♦❢ ❝♦♠♣❡t✐t✐♦♥ ✐♥ t✉r♥ ❜② ❝♦♥❝❡♥tr❛t✐♥❣ ♦♥ t❤❡ ✧✉♣str❡❛♠✧ tr❛♥s♣♦rt ♠❛r❦❡t✱ ❛♥❞
❝♦♠♣❛r❡ t❤❡✐r ❡✛❡❝ts ✇❤❡♥ t❤✐s ♠❛r❦❡t ✐s s✉❜❥❡❝t t♦ ❡♥✈✐r♦♥♠❡♥t❛❧ r❡❣✉❧❛t✐♦♥✳

❙❡✈❡r❛❧ r❡❝❡♥t st✉❞✐❡s ❤❛✈❡ ❝❛❧❧❡❞ ✐♥t♦ q✉❡st✐♦♥ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ r❡s✉❧t t❤❛t ❝♦♠♣❡t✐✲
t✐♦♥ ♦♥ ♣r✐❝❡s ✐s ❛❧✇❛②s ♠♦r❡ ❡✣❝✐❡♥t t❤❛♥ ❈♦✉r♥♦t ❝♦♠♣❡t✐t✐♦♥ ✇❤❡♥ t❤❡ ❣♦♦❞s ♣r♦❞✉❝❡❞
❛r❡ ❤♦♠♦❣❡♥❡♦✉s✳ ❇❡rtr❛♥❞ ❝♦♠♣❡t✐t✐♦♥ ❧❡❛❞s t♦ ❧♦✇❡r ♣r✐❝❡s✱ ❜✉t ②✐❡❧❞s ❤✐❣❤❡r q✉❛♥t✐✲
t✐❡s✱ ❝♦♥s✉♠❡r s✉r♣❧✉s ❛♥❞ t♦t❛❧ ✇❡❧❢❛r❡ t❤❛♥ ♦❜t❛✐♥❡❞ ✉♥❞❡r ❈♦✉r♥♦t ❝♦♠♣❡t✐t✐♦♥ ✭❙✐♥❣❤
❛♥❞ ❱✐✈❡s✱ ✶✾✽✹❀ ❱✐✈❡s✱ ✶✾✽✺❀ ❈❤❡♥❣✱ ✶✾✽✺❀ ❉❛st✐❞❛r✱ ✶✾✾✼✮✳ ❚❤❡s❡ st❛♥❞❛r❞ ❝♦♥❝❧✉s✐♦♥s
❞♦ ♥♦t ❤♦❧❞ ❤♦✇❡✈❡r ✐♥ ✈❡rt✐❝❛❧❧② r❡❧❛t❡❞ ♠❛r❦❡ts ✭▼❛r✐❛ ❆❧✐♣r❛♥t✐ ❛♥❞ P❡tr❛❦✐s✱ ✷✵✶✹❀
❇❛s❛❦ ❛♥❞ ▼✉❦❤❡r❥❡❡✱ ✷✵✶✼✮✱ ♠✐①❡❞ ♠❛r❦❡ts ✭●❤♦s❤ ❛♥❞ ▼✐tr❛✱ ✷✵✶✵✮ ♦r ✐♥ t❤❡ ♣r❡s❡♥❝❡
♦❢ ❝♦♥✈❡① ❝♦st ❢✉♥❝t✐♦♥s ✭❉❡❧❜♦♥♦ ❛♥❞ ▲❛♠❜❡rt✐♥✐✱ ✷✵✶✻❜✱❛✮✳

❲❡ ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ❞❡❜❛t❡ ❜② s❤♦✇✐♥❣ t❤❛t ♣r✐❝❡ ❝♦♠♣❡t✐t✐♦♥ ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ♠♦r❡
❡✣❝✐❡♥t t❤❛♥ q✉❛♥t✐t② ❝♦♠♣❡t✐t✐♦♥✿ t❤❡ st❛♥❞❛r❞ ❇❡rtr❛♥❞✲❈♦✉r♥♦t r❛♥❦✐♥❣ ♦♥❧② ♣r❡✈❛✐❧s
✇❤❡♥ ♣♦❧❧✉t✐♦♥ ❛❜❛t❡♠❡♥t t❡❝❤♥♦❧♦❣✐❡s ❛r❡ s✉✣❝✐❡♥t❧② ❡✣❝✐❡♥t❀ t❤❡ ❡♠✐ss✐♦♥ st❛♥❞❛r❞s
❛❞♦♣t❡❞ ❛t ❡q✉✐❧✐❜r✐✉♠ ✉♥❞❡r ❇❡rtr❛♥❞ ❝♦♠♣❡t✐t✐♦♥ ❛r❡ ❧❡ss str✐♥❣❡♥t ✭✐♠♣❧②✐♥❣ ♠♦r❡
❡♥✈✐r♦♥♠❡♥t❛❧ ❞❛♠❛❣❡✮ t❤❛♥ ✉♥❞❡r ❈♦✉r♥♦t ❝♦♠♣❡t✐t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❤❡♥
❛❜❛t❡♠❡♥t t❡❝❤♥♦❧♦❣✐❡s ❛r❡ ♠♦❞❡r❛t❡❧② ❡✣❝✐❡♥t✱ t❤❡ ♦♣♣♦s✐t❡ r❡s✉❧t ❤♦❧❞s✿ t❤❡ str✐❝t❡r
♦♣t✐♠❛❧ ❡♥✈✐r♦♥♠❡♥t❛❧ st❛♥❞❛r❞s ✉♥❞❡r ❇❡rtr❛♥❞ ❝♦♠♣❡t✐t✐♦♥ ❧❡❛❞ t♦ ❤✐❣❤❡r tr❛♥s♣♦rt

✶❤tt♣s✿✴✴✇✇✇✳✐♠♦✳♦r❣✴❡♥✴❆❜♦✉t✴❈♦♥✈❡♥t✐♦♥s✴P❛❣❡s✴❆❝t✐♦♥✲❉❛t❡s✳❛s♣①
✷❚❤❡ ♥♦♥✲❝♦♦♣❡r❛t✐✈❡ s❝❡♥❛r✐♦✱ ✐♥ ✇❤✐❝❤ ❝♦✉♥tr✐❡s ❞♦ ♥♦t ❝♦♦r❞✐♥❛t❡ t❤❡✐r ❡♥✈✐r♦♥♠❡♥t❛❧ ♣♦❧✐❝✐❡s✱

❤❛s ❜❡❡♥ st✉❞✐❡❞ ❜② t❤❡ ❛✉t❤♦r ❜✉t ✐s ♥♦t ♣r❡s❡♥t❡❞ ✐♥ t❤✐s s❤♦rt ♣❛♣❡r✳ ❚❤❡ ❛♥❛❧②s✐s ✐s ❛✈❛✐❧❛❜❧❡
♦♥ r❡q✉❡st✳ ❲❡ s❤♦✇ t❤❛t ❝♦♦♣❡r❛t✐♦♥ ❛❧✇❛②s ♦✉t♣❡r❢♦r♠s ♥♦♥✲❝♦♦♣❡r❛t✐♦♥ ✐♥ t❡r♠s ♦❢ ❡❝♦♥♦♠✐❝ ❛♥❞
❡♥✈✐r♦♥♠❡♥t❛❧ ♦✉t❝♦♠❡s ✭❤✐❣❤❡r s♦❝✐❛❧ ✇❡❧❢❛r❡ ❛♥❞ str✐❝t❡r ❡♥✈✐r♦♥♠❡♥t❛❧ st❛♥❞❛r❞s✮ r❡❣❛r❞❧❡ss ♦❢ t❤❡
❢♦r♠ ♦❢ ❝♦♠♣❡t✐t✐♦♥ ❜❡t✇❡❡♥ ❝❛rr✐❡rs✳ ❚❤❡ r❡s✉❧ts ♦❢ t❤✐s ❛rt✐❝❧❡ st✐❧❧ ❤♦❧❞ ✐♥ t❤❡ ♥♦♥✲❝♦♦♣❡r❛t✐✈❡ s❝❡♥❛r✐♦✳



❝♦sts t❤❛♥ ✉♥❞❡r ❈♦✉r♥♦t ❝♦♠♣❡t✐t✐♦♥✱ ❝❛❧❧✐♥❣ ✐♥t♦ q✉❡st✐♦♥ t❤❡ st❛♥❞❛r❞ ❝♦♥❝❧✉s✐♦♥s✳
❋✐♥❛❧❧②✱ ✇❤❡♥ ❛❜❛t❡♠❡♥t t❡❝❤♥♦❧♦❣✐❡s ❛r❡ ✐♥❡✣❝✐❡♥t✱ ❛ ❞✐✛❡r❡♥t r❛♥❦✐♥❣ ♣r❡✈❛✐❧s✿ ❞❡s♣✐t❡
tr❛♥s♣♦rt ♣r✐❝❡s ❜❡✐♥❣ ❤✐❣❤❡r ✉♥❞❡r ❇❡rtr❛♥❞ ❝♦♠♣❡t✐t✐♦♥ ✭✐♠♣❧②✐♥❣ r❡❞✉❝❡❞ ✐♥t❡r♥❛t✐♦♥❛❧
tr❛❞❡ ❛♥❞ ❧♦✇❡r ❝♦♥s✉♠❡r s✉r♣❧✉s✮✱ t❤❡ ❇❡rtr❛♥❞✲◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ✇❡❧❢❛r❡ ✐s ❤✐❣❤❡r ❜❡✲
❝❛✉s❡ ❡♥✈✐r♦♥♠❡♥t❛❧ ♣♦❧✐❝✐❡s ❤❛✈❡ ❛ ❣r❡❛t❡r ♥❡❣❛t✐✈❡ ✐♠♣❛❝t ♦♥ ♣r♦❞✉❝❡r s✉r♣❧✉s ❛♥❞ t❤✉s
♦♥ ✇❡❧❢❛r❡ ✉♥❞❡r ❈♦✉r♥♦t t❤❛♥ ✉♥❞❡r ❇❡rtr❛♥❞ ❝♦♠♣❡t✐t✐♦♥✳

✷ ▼♦❞❡❧

❈♦♥s✐❞❡r t✇♦ s②♠♠❡tr✐❝ ❝♦✉♥tr✐❡s✱ 1 ❛♥❞ 2✱ ❛♥❞ ❢♦✉r ✜r♠s✿ ♦♥❡ ♣r♦❞✉❝❡r ❛♥❞ ♦♥❡ ❝❛rr✐❡r
✐♥ ❡❛❝❤ ❝♦✉♥tr②✳ ■t ✐s t❤❡ ❝❛rr✐❡rs✬ ❜❡❤❛✈✐♦r ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥✳ ❚❤❡ t✇♦ ♣r♦❞✉❝❡rs
❛r❡ ✐❞❡♥t✐❝❛❧ ❛♥❞ ♣r♦❞✉❝❡ ❛ ❤♦♠♦❣❡♥❡♦✉s ❣♦♦❞ ✐♥ t❤❡✐r r❡s♣❡❝t✐✈❡ ❝♦✉♥tr② ❛t ❝♦♥st❛♥t
♠❛r❣✐♥❛❧ ❝♦st✱ c✳ ❚❤❡② ♣r♦✈✐❞❡ qii ❢♦r t❤❡ ❞♦♠❡st✐❝ ♠❛r❦❡t ❛♥❞ ❛✐♠ t♦ ❡①♣♦rt qij t♦ t❤❡
❢♦r❡✐❣♥ ♠❛r❦❡t✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ t❛❦❡ (i, j) ∈ {1, 2}2✱ ✇✐t❤ i 6= j✳ ❚❤❡ ✐♥✈❡rs❡ ❞❡♠❛♥❞
✐♥ ❡❛❝❤ ❝♦✉♥tr② ✐s ❣✐✈❡♥ ❜②✿

p(Di) = A−Di

✇❤❡r❡ p(0)− c ≡ A > 0 ✇✐t❤ A ❜❡✐♥❣ ❛ ♠❡❛s✉r❡ ♦❢ ♠❛r❦❡t s✐③❡✱ ❛♥❞ Di = qii + qji ✐s t❤❡
t♦t❛❧ ❝♦♥s✉♠♣t✐♦♥ ♦❢ ✜♥❛❧ ❣♦♦❞s ✐♥ ❝♦✉♥tr② ✐✳

❲❡ ❛ss✉♠❡ t❤❛t ♠❛r❦❡ts ❛r❡ s❡❣♠❡♥t❡❞ ❛♥❞ t❤❛t ♣r♦❞✉❝❡rs ❝♦♠♣❡t❡ ✐♥ q✉❛♥t✐t✐❡s✳
❚❤❡② ♣❛② ❛ ♣❡r✲✉♥✐t tr❛♥s♣♦rt ♣r✐❝❡✱ pT ✱ ❛♥❞ ✉s❡ ❛ tr❛♥s♣♦rt❛t✐♦♥ s❡r✈✐❝❡ t♦ ❡①♣♦rt t❤❡✐r
♣r♦❞✉❝t qij✱ ✇❤✐❝❤ ✐s tr❛♥s♣♦rt❡❞ ❢r♦♠ ❝♦✉♥tr② i t♦ ❝♦✉♥tr② j✳ ❚❤❡ ✜♥❛❧ ❣♦♦❞s ♣r♦✜t ♦❢
✜r♠ i ✐s ❣✐✈❡♥ ❜②✿

πi = (A−Di)qii + (A−Dj)qij − pT qij ✭✶✮

❋r♦♠ t❤❡ ♣r♦✜t ♠❛①✐♠✐③❛t✐♦♥ ♦❢ ♣r♦❞✉❝❡r i✱ ✇❡ ♦❜t❛✐♥ t❤❡ ♦✉t♣✉t ❢♦r ❞♦♠❡st✐❝ ❝♦♥✲
s✉♠♣t✐♦♥✱ qii ❛♥❞ ❡①♣♦rts✱ qij✳ ❲❡ ❞❡❞✉❝❡ t❤❡ ❞❡♠❛♥❞ Di ✐♥ ❡❛❝❤ ❝♦✉♥tr②✳

qii =
A+ pT

3
, qij =

A− 2pT

3
❛♥❞ Di =

2A− pT

3
✭✷✮

❙✉❜st✐t✉t✐♥❣ ✭✷✮ ✐♥t♦ ♣r♦❞✉❝❡r i✬s ♣r♦✜t ✭❊q✳✶✮✱ ✇❡ ♦❜t❛✐♥

πi = q2ii + q2ij ✭✸✮

❚❤❡ t♦t❛❧ q✉❛♥t✐t② ♦❢ ❣♦♦❞s ❡①♣♦rt❡❞ ❜② t❤❡ ♣r♦❞✉❝❡rs✱ QT ✱ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣r✐❝❡ ♦❢
tr❛♥s♣♦rt✱ pT ✱ ❡♥❞♦❣❡♥♦✉s❧② ❞❡t❡r♠✐♥❡❞ ❜② ♣r✐❝❡✴q✉❛♥t✐t② ❝♦♠♣❡t✐t✐♦♥ ❛♠♦♥❣ ❝❛rr✐❡rs✳

QT = qij + qji = 2
A− 2pT

3
✭✹✮

■♥ ♦✉r ♠♦❞❡❧✱ ✐♥t❡r♥❛t✐♦♥❛❧ tr❛♥s♣♦rt❛t✐♦♥ ✐s ❛ ❤♦♠♦❣❡♥❡♦✉s s❡r✈✐❝❡✳ ❚❤❡ t✇♦ ❝❛rr✐❡rs
✭❡❛❝❤ ♦♥❡ ❜❛s❡❞ ✐♥ ♦♥❡ ❝♦✉♥tr②✮ ❝♦♠♣❡t❡ ❡✐t❤❡r ✐♥ ♣r✐❝❡s ✭❇❡rtr❛♥❞ ❝♦♠♣❡t✐t✐♦♥✮ ♦r ✐♥
q✉❛♥t✐t✐❡s ✭❈♦✉r♥♦t ❝♦♠♣❡t✐t✐♦♥✮✳ ❯♥❞❡r ❇❡rtr❛♥❞ ❝♦♠♣❡t✐t✐♦♥✱ t❤❡ ❝❛rr✐❡rs s❡t t❤❡✐r
tr❛♥s♣♦rt ♣r✐❝❡ pT ✳ ❯♥❞❡r ❈♦✉r♥♦t ❝♦♠♣❡t✐t✐♦♥✱ t❤❡ ❝❛rr✐❡rs s❡t t❤❡ ✈♦❧✉♠❡ ♦❢ ❣♦♦❞s
t❤❡② ✇✐❧❧ tr❛♥s♣♦rt✱ qT ✳ ❆t t❤❡ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ t♦t❛❧ ❞❡♠❛♥❞ ❢♦r tr❛♥s♣♦rt❛t✐♦♥ s❤♦✉❧❞
❜❡ s❛t✐s✜❡❞✱ s✉❝❤ t❤❛t✿ qij + qji = qTi + qTj ✳ ❚❤❡ t✇♦ s❤✐♣♣✐♥❣ ❝♦♠♣❛♥✐❡s tr❛♥s♣♦rt
❞♦♠❡st✐❝❛❧❧② ♣r♦❞✉❝❡❞ ❣♦♦❞s t♦ t❤❡ ❢♦r❡✐❣♥ ❝♦✉♥tr② ❛♥❞ ❞✐str✐❜✉t❡ ❣♦♦❞s ✐♠♣♦rt❡❞ ❢r♦♠
t❤❡ ❢♦r❡✐❣♥ ❝♦✉♥tr②✳ ❚❤❡ ✐♠♣❧✐❡❞ ❛ss✉♠♣t✐♦♥ ✐s t❤❛t t❤❡ s❤✐♣♣✐♥❣ ❝♦♠♣❛♥✐❡s ❝❛♥ ❝♦✈❡r ❛❧❧



t❤❡ ❡①♣♦rt ❞❡♠❛♥❞ ✭♥♦ ❝❛♣❛❝✐t② ❝♦♥str❛✐♥ts✮ ❛♥❞ t❤❛t t❤❡ ♣r♦❞✉❝❡rs ❞♦ ♥♦t ❡①❝❧✉s✐✈❡❧②
✉s❡ ❡✐t❤❡r ♦❢ t❤❡ s❤✐♣♣✐♥❣ ✜r♠s✳✸

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ♦♥❧② s♦✉r❝❡ ♦❢ ♣♦❧❧✉t✐♦♥ ✐s ✐♥t❡r♥❛t✐♦♥❛❧ s❤✐♣♣✐♥❣✿ ❡❛❝❤ ✉♥✐t ♦❢
tr❛♥s♣♦rt❡❞ ❣♦♦❞s ❝r❡❛t❡s ♦♥❡ ✉♥✐t ♦❢ ❡♠✐ss✐♦♥s✳ ❚❤❡ t♦t❛❧ ❛♠♦✉♥t ❡♠✐tt❡❞✱ E ≡ qij+qji✱
❛✛❡❝ts ❜♦t❤ ❝♦✉♥tr✐❡s ❡q✉❛❧❧②✳ ❚❤❡ ❞❛♠❛❣❡ ❢✉♥❝t✐♦♥ ✐s ❛ss✉♠❡❞ t♦ ❜❡ q✉❛❞r❛t✐❝✱ ✇✐t❤
t❤❡ s❡✈❡r✐t② ♦❢ t❤❡ ❞❛♠❛❣❡ ❝❛♣t✉r❡❞ ❜② d ≥ 1✱ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ♠❛r❣✐♥❛❧ ❡♥✈✐r♦♥♠❡♥t❛❧
❞❛♠❛❣❡ ❝✉r✈❡ ✹✿ D(E) = d/2E2✳ ❚♦ ❧✐♠✐t ❡♥✈✐r♦♥♠❡♥t❛❧ ❞❛♠❛❣❡✱ t❤❡ ❣♦✈❡r♥♠❡♥ts
♦❢ t❤❡ t✇♦ ❝♦✉♥tr✐❡s ❝❛♥ s❡t ❡♥✈✐r♦♥♠❡♥t❛❧ st❛♥❞❛r❞s✱ ē✱ ❞❡✜♥❡❞ ❛s ❛ ❝❛♣ ♦♥ t❤❡ ❧♦❝❛❧
tr❛♥s♣♦rt ❝♦♠♣❛♥②✬s ❡♠✐ss✐♦♥s✳ ❚❤❡ ❞❛♠❛❣❡ ❢✉♥❝t✐♦♥ ❝❛♥ t❤❡r❡❢♦r❡ ❜❡ ❡①♣r❡ss❡❞ ❛s✿
D(E) = d/2(ē1 + ē2)

2✳
❚❤❡ s❤✐♣♣✐♥❣ ❝♦♠♣❛♥✐❡s ❤❛✈❡ t♦ ❦❡❡♣ t❤❡✐r ❡♠✐ss✐♦♥s ❜❡❧♦✇ t❤❡ ❝❛♣ ❛♥❞ ❝♦✈❡r t❤❡

❛ss♦❝✐❛t❡❞ ❝♦st ♦❢ ♣♦❧❧✉t✐♦♥ ❛❜❛t❡♠❡♥t✳ ■❢ ❣♦✈❡r♥♠❡♥t i s❡ts t❤❡ ❡♠✐ss✐♦♥ st❛♥❞❛r❞s ēi
❛♥❞ ❝❛rr✐❡r i tr❛♥s♣♦rts ❛ q✉❛♥t✐t② ♦❢ ❣♦♦❞s qTi ✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣r✐❝❡ ✐t s❡ts ❢♦r
s❤✐♣♣✐♥❣✱ ❝❛rr✐❡r i ❤❛s t♦ ❛❜❛t❡ ❡♠✐ss✐♦♥s ❜② (qTi − ēi)✳ ❋♦❧❧♦✇✐♥❣ ❋❛♥t✐ ❛♥❞ ❇✉❝❝❡❧❧❛
✭✷✵✶✼✮✱ t❤❡ t♦t❛❧ ❝♦st ♦❢ ♣♦❧❧✉t✐♦♥ ❛❜❛t❡♠❡♥t ✭CA✮ ❢♦r ❝❛rr✐❡r i ✐s ❛ss✉♠❡❞ t♦ ❜❡✱

CAi =

{

γ
2
(qTi − ēi)

2 ✐❢ qTi > ēi
0 ✐❢ qTi ≤ ēi

✇❤❡r❡ t❤❡ ♣❛r❛♠❡t❡r γ(> 0) ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ❡✣❝✐❡♥❝② ♦❢ ❛❜❛t❡♠❡♥t
t❡❝❤♥♦❧♦❣✐❡s✳ ❚❤❡ t✇♦ s❤✐♣♣✐♥❣ ❝♦♠♣❛♥✐❡s ❤❛✈❡ ❝♦♥st❛♥t ♠❛r❣✐♥❛❧ tr❛♥s♣♦rt❛t✐♦♥ ❝♦sts✱
✇❤✐❝❤ ❛r❡ ♥♦r♠❛❧✐③❡❞ t♦ ③❡r♦ ❤❡r❡ ❢♦r s✐♠♣❧✐❝✐t②✳

■t ❢♦❧❧♦✇s t❤❛t ❝❛rr✐❡r i✬s ♣r♦✜t ✐s

πT
i = pT qTi −

γ

2
(qTi − ēi)

2 ✭✺✮

❈♦✉♥tr② i✬s s♦❝✐❛❧ ✇❡❧❢❛r❡ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s t❤❡ s✉♠ ♦❢ ❝♦♥s✉♠❡r s✉r♣❧✉s ✭❈❙✮ ❛♥❞
♣r♦❞✉❝❡r s✉r♣❧✉s ✭P❙✮✱ ♠✐♥✉s t❤❡ ❡♥✈✐r♦♥♠❡♥t❛❧ ❞❛♠❛❣❡✿

SW i = CSi + PSi −D(E) ✭✻✮

✇❤❡r❡ CSi =
1
2
D2

i ❛♥❞ PSi = πi + πT
i ✳

❚❤❡ ❝♦✉♥tr✐❡s ❛r❡ ❛ss✉♠❡❞ t♦ ❝♦♦r❞✐♥❛t❡ t❤❡✐r ❡♥✈✐r♦♥♠❡♥t❛❧ ♣♦❧✐❝✐❡s✳ ❚♦ ❞♦ t❤✐s✱ t❤❡
❣♦✈❡r♥♠❡♥ts ♠❛①✐♠✐③❡ t❤❡ ❛❣❣r❡❣❛t❡ s♦❝✐❛❧ ✇❡❧❢❛r❡✿

SWc =
2

∑

k=1

SWk = SW1 + SW2 ✭✼✮

❚❤❡ t✇♦ ♠♦❞❡❧s ♦❢ ❝♦♠♣❡t✐t✐♦♥ ❜❡t✇❡❡♥ ❝❛rr✐❡rs ❛r❡ ❝♦♥s✐❞❡r❡❞ s❡♣❛r❛t❡❧② ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ t❤r❡❡✲st❛❣❡ ❣❛♠❡✳ ■♥ t❤❡ ✜rst st❛❣❡✱ t❤❡ ❣♦✈❡r♥♠❡♥ts ❝♦♦♣❡r❛t✐✈❡❧② s❡t ♦♣t✐♠❛❧
❡♠✐ss✐♦♥ st❛♥❞❛r❞s✳ ■♥ t❤❡ s❡❝♦♥❞✱ t❤❡ ❝❛rr✐❡rs ❝♦♠♣❡t❡ ♦♥ ♣r✐❝❡ ✭✐♥ t❤❡ ✜rst ❝♦♠♣❡t✐t✐♦♥
♠♦❞❡❧✮ ♦r ✐♥ q✉❛♥t✐t✐❡s ✭✐♥ t❤❡ s❡❝♦♥❞ ❝♦♠♣❡t✐t✐♦♥ ♠♦❞❡❧✮✳ ■♥ t❤❡ ❧❛st st❛❣❡✱ t❤❡ ✜♥❛❧✲
❣♦♦❞s ✜r♠s s✐♠✉❧t❛♥❡♦✉s❧② s❡t t❤❡✐r ❧❡✈❡❧s ♦❢ ❧♦❝❛❧ s✉♣♣❧② ❛♥❞ ❡①♣♦rts✳ ❲❡ ✉s❡ t❤❡
s✉❜❣❛♠❡ ♣❡r❢❡❝t ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❛s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❝❡♣t ❛♥❞ s♦❧✈❡ t❤❡ ❣❛♠❡ ❜②
❜❛❝❦✇❛r❞ ✐♥❞✉❝t✐♦♥✳

✸❚❤❡ ❞❡♠❛♥❞ ❢♦r s❤✐♣♣✐♥❣ ✐s ♦♥❧② ❞✐str✐❜✉t❡❞ ❡q✉❛❧❧② ❜❡t✇❡❡♥ t❤❡ t✇♦ ✜r♠s✱ ❜② s②♠♠❡tr②✱ ❛t t❤❡
❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ❣❛♠❡✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ qij = qTi ✳

✹❚♦ ❡♥s✉r❡ t❤❡ ❡♠✐ss✐♦♥s ❛❜❛t❡♠❡♥t t❡r♠ ✐s ♣♦s✐t✐✈❡ ❛t ❡q✉✐❧✐❜r✐✉♠✱ ✇❡ ❛ss✉♠❡ t❤❛t d ≥ 1✳



✸ ❆♥❛❧②s✐s

❲❡ ✐♥✈❡st✐❣❛t❡ t❤❡ t✇♦ ❝❛♥♦♥✐❝❛❧ ❝♦♠♣❡t✐t✐♦♥ ♠♦❞❡❧s✱ ❇❡rtr❛♥❞ ♣r✐❝❡ ❝♦♠♣❡t✐t✐♦♥ ❛♥❞
❈♦✉r♥♦t ♦✉t♣✉t ❝♦♠♣❡t✐t✐♦♥✳ ❚❤❡ ❧❛st st❛❣❡ ♦❢ t❤❡ ❣❛♠❡ ✭t❤❡ ❝❤♦✐❝❡s ♦❢ t❤❡ ✜♥❛❧✲❣♦♦❞s
✜r♠s✮ ✐s t❤❡ s❛♠❡ ✐♥ ❜♦t❤ ♠♦❞❡❧s✳

✸✳✶ ❇❡rtr❛♥❞ ❈♦♠♣❡t✐t✐♦♥

❙❡❝♦♥❞ st❛❣❡ ✲ ♣r✐❝✐♥❣ ❞❡❝✐s✐♦♥s✳ ■♥ t❤❡ s❡❝♦♥❞ st❛❣❡✱ s✐♥❝❡ t❤❡ t✇♦ ❝❛rr✐❡rs ♣r♦✈✐❞❡ ❛
❤♦♠♦❣❡♥❡♦✉s s❡r✈✐❝❡✱ t❤❡ ❞❡♠❛♥❞ ❢♦r ❡❛❝❤ ❝❛rr✐❡r✬s s❡r✈✐❝❡s i✱ qTi ✱ ✐s ❛ ❞✐s❝♦♥t✐♥✉♦✉s
❢✉♥❝t✐♦♥ ♦❢ ✐ts ♣r✐❝❡

qTi (p
T
i ; p

T
j ) =















0 ✐❢ pTi > pTj

1
2
Q(pTi ) ✐❢ pTi = pTj

Q(pTi ) ✐❢ pTi < pTj

❲❡ ❞❡♥♦t❡ Q(pTi ) t❤❡ t♦t❛❧ q✉❛♥t✐t② ♦❢ ❣♦♦❞s tr❛♥s♣♦rt❡❞ ✇❤❡♥ ❝❛rr✐❡r i s❡ts ♣r✐❝❡ pTi ✳
❊❛❝❤ ❝❛rr✐❡r✬s ♣r♦✜t✱ πT

i ✱ ❝❛♥ ♥♦✇ ❜❡ ❡①♣r❡ss❡❞ ❛s

πT
i (p

T
i ; p

T
j ) =















0 ✐❢ pTi > pTj

pT 1
2
Q(pT )− γ

2
(1
2
Q(pT )− ēi)

2 ✐❢ pTi = pTj = pT

pTQ(pT )− γ
2
(Q(pT )− ēi)

2 ✐❢ pTj > pTi = pT

❲❡ ❢♦❧❧♦✇ ❉❛st✐❞❛r✬s ✭✶✾✾✺✮ ❛♣♣r♦❛❝❤✱ ✇❤❡r❡❜② ✐❢ ✜r♠s ❢❛❝❡ ❝♦♥✈❡① ❝♦sts ❛♥❞ ❛r❡ ❝♦♠✲
♠✐tt❡❞ t♦ s❛t✐s❢②✐♥❣ t❤❡ ❢✉❧❧ ❞❡♠❛♥❞ ♦❢ ❛ ❤♦♠♦❣❡♥❡♦✉s ❣♦♦❞✱ ❇❡rtr❛♥❞ ❝♦♠♣❡t✐t✐♦♥ ②✐❡❧❞s
❛ ❝♦♥t✐♥✉✉♠ ♦❢ ♣r✐❝❡s ❛❜♦✈❡ t❤❡ ❝♦♠♣❡t✐t✐✈❡ ♣r✐❝❡ ❛s ◆❛s❤ ❡q✉✐❧✐❜r✐❛ ✐♥ ♣✉r❡ str❛t❡❣✐❡s✳
❇② ❧♦✇❡r✐♥❣ ✐ts ♣r✐❝❡✱ ❛ ❝❛rr✐❡r ✐♥❝r❡❛s❡s ✐ts r❡✈❡♥✉❡ ❜② tr❛♥s♣♦rt✐♥❣ ♠♦r❡ ❣♦♦❞s✳ ❇✉t
s✐♥❝❡ t❤❡ ❝♦sts ♦❢ ♣♦❧❧✉t✐♦♥ ❛❜❛t❡♠❡♥t ❛r❡ ❝♦♥✈❡①✱ t❤❡✐r ✐♥❝r❡❛s❡ ✇✐❧❧ ♦✉t✇❡✐❣❤ t❤❡ ✐♥❝r❡❛s❡
✐♥ r❡✈❡♥✉❡✱ ♠❛❦✐♥❣ t❤✐s ❞❡✈✐❛t✐♦♥ ♥♦♥♣r♦✜t❛❜❧❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ✐♥
♣✉r❡ str❛t❡❣✐❡s ✐♥✈♦❧✈❡s ❛❧❧ ✜r♠s s❡tt✐♥❣ t❤❡ s❛♠❡ ♣r✐❝❡ pT

N
∈ [pTmin, p̄

T ] ✭s❡❡ ❛❧s♦ ●♦r✐
❡t ❛❧✳ ✭✷✵✶✹✮❀ ❉❡❧❜♦♥♦ ❛♥❞ ▲❛♠❜❡rt✐♥✐ ✭✷✵✶✻❛✱❜✮❀ ❚❛❦❛✉❝❤✐ ❛♥❞ ▼✐③✉♥♦ ✭✷✵✶✾✱ ✷✵✷✷✮✮✳
❉❛st✐❞❛r ✭✷✵✵✶✮ ❤❛s s❤♦✇♥ t❤❛t t❤❡ ❝♦❧❧✉s✐✈❡ ♣r✐❝❡ pT

∗

❝❛♥ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤✐s s❡t ♦❢ ◆❛s❤
❡q✉✐❧✐❜r✐❛✳

▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❞❡✜♥❡ t❤❡ ✉♣♣❡r ❜♦✉♥❞ p̄T ♦❢ t❤❡ ✐♥t❡r✈❛❧ ❛s t❤❡ ❝r✐t✐❝❛❧ ♣r✐❝❡ ❛t
✇❤✐❝❤ ❛ ❝❛rr✐❡r ✐s ✐♥❞✐✛❡r❡♥t t♦ ♦♣❡r❛t✐♥❣ ✐♥ t❤❡ ♠❛r❦❡t ❛❧♦♥❡ ♦r ✇✐t❤ ✐ts r✐✈❛❧✳ ❆❢t❡r ❛
❢❡✇ ❛❧❣❡❜r❛✐❝ ♠❛♥✐♣✉❧❛t✐♦♥s✱ ✇❡ ♦❜t❛✐♥

p̄T (ēi) =
γ(A− 2ēi)

2(1 + γ)
✭✽✮

❲❡ ❛❧s♦ ❞❡✜♥❡ t❤❡ ♠✐♥✐♠✉♠ ✉♣♣❡r ❜♦✉♥❞ pTmin ❛s t❤❡ ♠✐♥✐♠✉♠ ♣r✐❝❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤
tr❛♥s♣♦rt✐♥❣ ❣♦♦❞s ✐♥ t❤❡ s❡❝♦♥❞ st❛❣❡✳ ■♥ ♦✉r ♠♦❞❡❧✱ t❤❡ ♠✐♥✐♠✉♠ ♣r✐❝❡ ✐s ❡q✉❛❧ t♦ t❤❡
❛✈❡r❛❣❡ ✈❛r✐❛❜❧❡ ❝♦st✿

pTmin(ēi) = γ
(1/2Q(pTmin)− ēi)

2

Q(pTmin)
=

((3 + 2γ)A− 6γēi)− 3
√

A2 + 4(A− 3ēi)ēiγ

4(3 + γ)
> 0 ✭✾✮



❋✐♥❛❧❧②✱ ✇❡ ❞❡✜♥❡ pT
∗

(ēi)✱ t❤❡ ♣r✐❝❡ t❤❛t ♠❛①✐♠✐③❡s ❝❛rr✐❡r i✬s ♣r♦✜t ✇❤❡♥ ❜♦t❤ ❝❛rr✐❡rs
♦♣❡r❛t❡ ✐♥ t❤❡ ♠❛r❦❡t✳ ❚❤✐s ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ❝♦❧❧✉s✐✈❡ ♣r✐❝❡ ❛♥❞ ✐s ❣✐✈❡♥ ❜②

pT
∗

(ēi)
❞❡❢

= argmax
pT

{πi(p
T , Q(pT )/2)} =

(3 + 2γ)A− 6γēi
4(3 + γ)

✭✶✵✮

■t ✐s ✐♠♣♦rt❛♥t t♦ ✉♥❞❡rst❛♥❞ ❤♦✇ t❤❡s❡ ♣r✐❝❡s ❞❡♣❡♥❞ ♦♥ ♦♥❡ ❛♥♦t❤❡r✳

▲❡♠♠❛ ✶✳ ❋♦r ❛ ❣✐✈❡♥ ēi > 0✱



















pTmin(ēi) < p̄T (ēi) < pT
∗

(ēi) ✐❢ γ < 3

pTmin(ēi) < p̄T (ēi) = pT
∗

(ēi) ✐❢ γ = 3

pTmin(ēi) < pT
∗

(ēi) < p̄T (ēi) ✐❢ γ > 3

Pr♦♦❢ ✿ ▲❡♠♠❛ ✶ ❢♦❧❧♦✇s ♦❜✈✐♦✉s❧② ❢r♦♠ ❡q✉❛t✐♦♥s ✭✽✮✱ ✭✾✮✱ ✭✶✵✮✳ �

■♥ Pr♦♣♦s✐t✐♦♥ ✶ ❜❡❧♦✇✱ ✇❡ ❧♦♦❦ ❢♦r t❤❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ✐♥ tr❛♥s♣♦rt❛t✐♦♥ ♣r✐❝❡s
✉♥❞❡r ❇❡rtr❛♥❞ ❝♦♠♣❡t✐t✐♦♥ ✭❇◆✮✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ❬❚❛❦❛✉❝❤✐ ❛♥❞ ▼✐③✉♥♦ ✭✷✵✷✷✮✲❧✐❦❡ r❡s✉❧t❪ ■♥ t❤❡ s❡❝♦♥❞ st❛❣❡✱ ❢♦r ❛ ❣✐✈❡♥
ēi = ēj✱











✐❢ γ ≤ 3, pT
BN

(ēi) = p̄T (ēi) ✐s ❛ ♣❛②♦✛✲❞♦♠✐♥❛♥t ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠,

✐❢ γ ≥ 3, pT
BN

(ēi) = pT
∗

(ēi) ✐s ❛ ♣❛②♦✛✲❞♦♠✐♥❛♥t ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠.

Pr♦♦❢ ✿ ❲❡ ✉s❡ ❛ ♣❛②♦✛✲❞♦♠✐♥❛♥❝❡ ❝r✐t❡r✐♦♥ t♦ s❡❧❡❝t ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡s✳ ■❢ t❤❡ ❝♦❧✲
❧✉s✐✈❡ ♣r✐❝❡ pT

∗

✐s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ s❡t ♦❢ ❡q✉✐❧✐❜r✐❛✱ ❜♦t❤ ❝❛rr✐❡rs ✇✐❧❧ ❝❤♦s❡ ✐t ❜❡❝❛✉s❡ ✐t
❣❡♥❡r❛t❡s t❤❡ ❤✐❣❤❡st ♣r♦✜ts ❢♦r ❛❧❧ ✈❛❧✉❡s ♦❢ ēi = ēj✳ ▲❡♠♠❛ ✶ s❤♦✇s t❤❛t t❤✐s ✐s t❤❡ ❝❛s❡
❢♦r γ ≥ 3✳ ❋♦r ❧♦✇ γ ✭< 3✮✱ t❤❡ ♣r✐❝❡ p̄T ✇✐❧❧ ❜❡ ❛❞♦♣t❡❞ ❜❡❝❛✉s❡ ✐t ②✐❡❧❞s ❤✐❣❤❡r ♣r♦✜ts
t❤❛♥ ♦t❤❡r ♣r✐❝❡s ❢♦r ❜♦t❤ ❝❛rr✐❡rs✳ ❋♦r ❞❡t❛✐❧s✱ s❡❡ ❈❛❜♦♥✲❉❤❡rs✐♥ ❛♥❞ ❉r♦✉❤✐♥ ✭✷✵✶✹✱
✷✵✷✵✮✳ �

❆t t❤❡ ❡♥❞ ♦❢ t❤✐s st❛❣❡ ♦❢ t❤❡ ❣❛♠❡✱ ❜② s②♠♠❡tr②✱ t❤❡ t♦t❛❧ s✉♣♣❧② Q(pT ) ✐s ❞✐✈✐❞❡❞
❡q✉❛❧❧② ❜❡t✇❡❡♥ t❤❡ t✇♦ ❝❛rr✐❡rs ❛♥❞ qTi = qij✳ Pr♦❞✉❝❡r i s❤✐♣s ✐ts ❣♦♦❞s ❛❝❝♦r❞✐♥❣ t♦

tr❛♥s♣♦rt❡r i✬s ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡✱ pT
BN

(ēi)✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ ❧♦❝❛❧ ❡♠✐ss✐♦♥s st❛♥❞❛r❞s✱

ēi✳ ❙✉❜st✐t✉t✐♥❣ pT = pT
BN

(ēi) ✐♥t♦ ❡q✉❛t✐♦♥ ✭✶✮✱ ❡q✉❛t✐♦♥ ✭✷✮ ❜❡❝♦♠❡s✿

qBN
ii =

A+ pT
BN

(ēj)

3
, qBN

ij =
A− 2pT

BN
(ēi)

3
❛♥❞ DBN

i =
2A− pT

BN
(ēj)

3
✭✶✶✮

❋✐rst st❛❣❡ ✲ ❡♥✈✐r♦♥♠❡♥t❛❧ ❞❡❝✐s✐♦♥s
■❢ ✇❡ s✉♣♣♦s❡ t❤❛t ❣♦✈❡r♥♠❡♥ts s❡t t❤❡✐r ❡♠✐ss✐♦♥ st❛♥❞❛r❞s ❝♦♦♣❡r❛t✐✈❡❧② ✐♥ t❤❡ ✜rst
st❛❣❡✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❡ ❇❡rtr❛♥❞✲◆❛s❤ ✭❇◆✮ ❡q✉✐❧✐❜r✐✉♠ ❜② ♠❛①✐♠✐③✐♥❣ t❤❡ s✉♠ ♦❢



❡❛❝❤ ❝♦✉♥tr②✬s s♦❝✐❛❧ ✇❡❧❢❛r❡ ✭❡q✉❛t✐♦♥ ✼✮✱ ✇✐t❤ r❡s♣❡❝t t♦ ēi✳ ❯s✐♥❣ ❊q✉❛t✐♦♥s ✭✽✮✱ ✭✶✵✮
❛♥❞ ✭✶✶✮✱ ✇❡ ♦❜t❛✐♥

{

∂SWc(p̄T (ēi),p̄
T (ēj),ēi,ēj)

∂ēi
= Aγ(8+5γ)+8γ3ēj−36d(1+γ)2(ēi+ēj)−2γ(9+γ(7+5γ))ēi

18(1+γ)2
= 0 ❢♦r 0 < γ ≤ 3

∂SWc(pT
∗

(ēi),p
T ∗

(ēj),ēi,ēj)

∂ēi
=

Aγ(17+2γ)+4γ2(3+γ)ēj−16d(3+γ)2(ēi+ēj)−2γ(36+γ(7+2γ))ēi
8(3+γ)2

= 0 ❢♦r γ ≥ 3

❚❤❡ s②♠♠❡tr✐❝ s♦❧✉t✐♦♥ ē1 = ē2 = ēBN ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❢♦r ❛ ❝♦♦♣❡r✲
❛t✐✈❡ ❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ t✇♦ ❝♦✉♥tr✐❡s✬ ❡♥✈✐r♦♥♠❡♥t❛❧ st❛♥❞❛r❞s✿

{

ēBN = γ 8+5γ
D1

A ❢♦r 0 < γ ≤ 3

ēBN = γ 17+2γ
D2

A ❢♦r γ ≥ 3
✭✶✷✮

✇❤❡r❡ D1 = 72d(1 + γ)2 + 2γ(9 + γ(7 + γ)) ❛♥❞ D2 = 32d(3 + γ)2 + 2γ(36 + γ)✳
❚❤❡ ❇❡rtr❛♥❞✲◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ s♦❝✐❛❧ ✇❡❧❢❛r❡ ✐s t❤❡r❡❢♦r❡✱

{

SWBN = 4d(32+γ(56+27γ))+γ(32+3γ(8+γ))
4D1

A2 ❢♦r 0 < γ ≤ 3

SWBN = 4d(119+12γ(6+γ))+γ(119+4γ)
4D2

A2 ❢♦r γ ≥ 3
✭✶✸✮

✸✳✷ ❈♦✉r♥♦t ❝♦♠♣❡t✐t✐♦♥

❙❡❝♦♥❞ st❛❣❡ ✲ q✉❛♥t✐t② ❞❡❝✐s✐♦♥s ❆t t❤❡ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ t♦t❛❧ ❞❡♠❛♥❞ ❢♦r tr❛♥s♣♦rt❛t✐♦♥
s❤♦✉❧❞ ❜❡ s❛t✐s✜❡❞✱ s✉❝❤ t❤❛t qij + qji = qTi + qTj = QT ✳ ❚❤❡ ♠❛r❦❡t✲❝❧❡❛r✐♥❣ ❝♦♥❞✐t✐♦♥ ❢♦r
tr❛♥s♣♦rt❛t✐♦♥ s❡r✈✐❝❡s ②✐❡❧❞s t❤❡ ✐♥✈❡rs❡ ❞❡♠❛♥❞ ❢✉♥❝t✐♦♥ ❢♦r tr❛♥s♣♦rt❛t✐♦♥ s❡r✈✐❝❡s✿

pT =
2A− 3(qTi + qTj )

4
✭✶✹✮

■♥ t❤❡ s❡❝♦♥❞ st❛❣❡✱ ❡❛❝❤ ❝❛rr✐❡r i ❝❤♦♦s❡s t♦ tr❛♥s♣♦rt t❤❡ q✉❛♥t✐t② ♦❢ ❣♦♦❞s t❤❛t
♠❛①✐♠✐③❡s ✐ts ♣r♦✜t

max
qTi

πT
i = pT qTi −

γ(qTi − ēi)
2

2

❚❤❡ ❈♦✉r♥♦t✲◆❛s❤ ✭❈◆✮ ❡q✉✐❧✐❜r✐✉♠ ✐s t❤❡♥

qTi
CN

=
2A(4γ + 3)− 12γēj + 8γēi(2γ + 3)

(4γ + 9)(4γ + 3)

❛♥❞

QT CN
=

4

4γ + 9
(A+ γ(ēi + ēj)) ✭✶✺✮

❚❤❡♥✱ ✐♥s❡rt✐♥❣ ❡q✉❛t✐♦♥ ✭✶✺✮ ✐♥t♦ ❡q✉❛t✐♦♥ ✭✶✹✮ ②✐❡❧❞s

pT
CN

=
(4γ + 3)A− 6γ(ēi + ēj)

2(4γ + 9)
✭✶✻✮

❋✐rst st❛❣❡ ✲ ❡♥✈✐r♦♥♠❡♥t❛❧ ❞❡❝✐s✐♦♥s
▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r ❤♦✇ t❤❡ ❣♦✈❡r♥♠❡♥ts ❞❡t❡r♠✐♥❡ t❤❡✐r ❝♦♦♣❡r❛t✐✈❡ ❡♥✈✐r♦♥♠❡♥t❛❧

♣♦❧✐❝✐❡s✱ ēCN ✳ ❚❤❡ t✇♦ ❣♦✈❡r♥♠❡♥ts ♠❛①✐♠✐③❡ ❊q✉❛t✐♦♥ ✭✼✮✳ ❚❤❡ s②♠♠❡tr✐❝ s♦❧✉t✐♦♥
ē1 = ē2 = ēCN ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ❝♦♦♣❡r❛t✐♦♥
♦♥ ❡♠✐ss✐♦♥ st❛♥❞❛r❞s✿



ēCN = γ
(4γ + 25)

D3

A ✭✶✼✮

✇❤❡r❡ D3 = 4d(4γ + 9)2 + γ(4γ + 81)✳
❚❤❡ ❛ss♦❝✐❛t❡❞ ❡q✉✐❧✐❜r✐✉♠ s♦❝✐❛❧ ✇❡❧❢❛r❡ ✐s

SWCN =
4d(275 + 24γ(9 + 2γ)) + γ(275 + 16γ)

8D3
A2 ✭✶✽✮

✹ ❈♦♠♣❛r✐s♦♥ ♦❢ ❇❡rtr❛♥❞ ❛♥❞ ❈♦✉r♥♦t ❝♦♠♣❡t✐t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ ♦✉t❝♦♠❡s ♦❢ t❤❡ t✇♦ ❝♦♠♣❡t✐t✐♦♥ ♠♦❞❡❧s✳

Pr♦♣♦s✐t✐♦♥ ✷✳ ❈♦♠♣❛r✐♥❣ t❤❡ ♦♣t✐♠❛❧ ❡♥✈✐r♦♥♠❡♥t❛❧ st❛♥❞❛r❞s ✉♥❞❡r ❇❡rtr❛♥❞ ❛♥❞
❈♦✉r♥♦t ❝♦♠♣❡t✐t✐♦♥✱ ✇❡ ❤❛✈❡

(i) ēBN ≥ ēCN ✐✛

{

0 < γ ≤ 3/2, ∀d ≥ 1
γ ≥ 3, ❛♥❞ d ≥ d1(γ) ≥ 1

(ii) ēBN ≤ ēCN ✐✛

{

3/2 ≤ γ ≤ 3, ∀d ≥ 1
γ ≥ 3, ❛♥❞ 1 ≤ d ≤ d1(γ)

✇✐t❤ d1(γ) =
3γ(47+12γ)

4(−141−34γ+8γ2)

Pr♦♦❢ ✿ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ēBN ❛♥❞ ēCN ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ ❡q✉❛t✐♦♥s ✭✶✷✮
❛♥❞ ✭✶✼✮ ❢♦r γ ≤ 3 ❛♥❞ t❤❡♥ ❢♦r γ ≥ 3✳ ❋♦r γ ≤ 3✱ ēBN − ēCN = (3 − 2γ) γA

D1D3

(4d(66 +

(47 − 4γ)γ) + γ(66 + γ(49 + 4γ)))✳ ❚❤✉s✱ s✐❣♥{ēBN − ēCN}❂s✐❣♥{3 − 2γ}✳ ❋♦r γ ≥ 3✱
ēBN − ēCN = γA

D2D3

(−9γ(47+12γ)+12d(−141−34γ+8γ2))✳ f(γ, d) ✐s ♣❧♦tt❡❞ ✐♥ ❋✐❣✳✭✶❛✮

❛t t❤❡ t❤r❡s❤♦❧❞ ✈❛❧✉❡ d1✱ f(γ, d1) = ēCN
c − ēBN

c = 0✳ P♦✐♥ts t♦ t❤❡ ❧❡❢t ✭r✐❣❤t✮ ♦❢ f = 0
❝♦rr❡s♣♦♥❞ t♦ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ γ ❛♥❞ d ✇❤❡r❡ ēBN < (>)ēCN ✳ �

❆s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✳✶❛✱ t❤❡ ❡♥✈✐r♦♥♠❡♥t❛❧ ♣♦❧✐❝② ✐s str✐❝t❡r ✉♥❞❡r ❇❡rtr❛♥❞ ❝♦♠♣❡t✐✲
t✐♦♥ ✭❣r❡② ❛r❡❛ ✐♥ ❋✐❣✳✶❛✮ ✇❤❡♥ ❛❜❛t❡♠❡♥t t❡❝❤♥♦❧♦❣✐❡s ❛r❡ s♦♠❡✇❤❛t ✐♥❡✣❝✐❡♥t ✭✐♥t❡r✲
♠❡❞✐❛t❡ ✈❛❧✉❡s ♦❢ γ✮✱ ♦r ✇❤❡♥ ❛❜❛t❡♠❡♥t t❡❝❤♥♦❧♦❣✐❡s ❛r❡ ✈❡r② ✐♥❡✣❝✐❡♥t ❛♥❞ ♣♦❧❧✉t✐♦♥
❞❛♠❛❣❡ ✐s ❧♦✇ ✭❤✐❣❤ γ ❛♥❞ ❧♦✇ d✮✳ ❇② s❡tt✐♥❣ ❡♠✐ss✐♦♥ st❛♥❞❛r❞s ē✱ ❣♦✈❡r♥♠❡♥ts ❤❛✈❡ t♦
str✐❦❡ t❤❡ ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥ r❡❞✉❝✐♥❣ ♣♦❧❧✉t✐♦♥ ❜② s❡tt✐♥❣ str✐❝t❡r st❛♥❞❛r❞s ✭❧♦✇❡r ē✮✱ ❛♥❞
♣r❡s❡r✈✐♥❣ ❝♦♥s✉♠❡r ❛♥❞ ♣r♦❞✉❝❡r s✉r♣❧✉s❀ str✐❝t❡r st❛♥❞❛r❞s ✐♥❝r❡❛s❡ ❛❜❛t❡♠❡♥t ❝♦sts
❢♦r ❝❛rr✐❡rs ❛❧❧ t❤❡ ♠♦r❡ t❤❡ ♠♦r❡ ✐♥❡✣❝✐❡♥t ❛❜❛t❡♠❡♥t t❡❝❤♥♦❧♦❣✐❡s ❛r❡✱ ✇❤✐❝❤ ❞r✐✈❡s
✉♣ ♣r✐❝❡s ❛♥❞ r❡❞✉❝❡s ❝♦♥s✉♠❡r s✉r♣❧✉s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ s❤❡❞s ❧✐❣❤t ♦♥ t❤❡
❞✐✛❡r❡♥t ❡✛❡❝ts✳

Pr♦♣♦s✐t✐♦♥ ✸✳ ❯♥❞❡r t❤❡ ❝♦♦r❞✐♥❛t❡❞ ❡♥✈✐r♦♥♠❡♥t❛❧ ♣♦❧✐❝✐❡s✱ t❤❡r❡ ❛r❡ ✈❛❧✉❡s ♦❢ ❛❜❛t❡✲
♠❡♥t t❡❝❤♥♦❧♦❣② ❡✣❝✐❡♥❝② ✭γ✮ ❛♥❞ ✈❛❧✉❡s ♦❢ t❤❡ ❞❛♠❛❣❡ ♣❛r❛♠❡t❡r ✭d✮ ❢♦r ✇❤✐❝❤✿

✭❆✮ pT
CN

> pT
BN

, QT CN
< QTBN

, CSCN < CSBN , PSCN > PSBN , SWCN < SWBN

✭❇✮ pT
BN

> pT
CN

, QTBN
< QT CN

, CSBN < CSCN , PSBN > PSCN , SWBN < SWCN

✭❈✮ pT
BN

> pT
CN

, QTBN
< QT CN

, CSBN < CSCN , PSBN > PSCN , SWCN < SWBN



❚❤❡s❡ r❡❣✐♦♥s ❛r❡ ❞r❛✇♥ ✐♥ ❋✐❣✳✶❜ ✐♥ ✭γ, d✮ s♣❛❝❡✳

Pr♦♦❢ ✿
❚❤❡ ♣r✐❝❡ ♦❢ tr❛♥s♣♦rt ✉♥❞❡r ❈♦✉r♥♦t ❛♥❞ ❇❡rtr❛♥❞ ❝♦♠♣❡t✐t✐♦♥ ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞

✉s✐♥❣ ❡q✉❛t✐♦♥s ✭✶✷✮✱ ✭✶✼✮✱ ✭✽✮✱ ✭✶✵✮ ❛♥❞ ✭✶✻✮✿

✭✐✮ ✇❤❡♥ 0 < γ ≤ 3✱ pT
CN

− pT
BN

= 3A(3−2γ)(48d2(1+γ)(9+4γ)+γ2(27+2γ(11+γ))+4dγ(54+γ(61+6γ)))
D1.D3

✱

✇❤♦s❡ s✐❣♥ ✐s ❣✐✈❡♥ ❜② {3− 2γ}✳

✭✐✐✮ ✇❤❡♥ γ ≥ 3✱ pT
BN

− pT
CN

= 9A32d2(3+γ)(9+4γ)+γ2(54+19γ)+4dγ(108+61γ)
D2.D3

> 0, ∀d ≥ 1✳

❋r♦♠ ❊q✳✭✷✮ ❛♥❞ ✭✹✮✱ ✐t ✐s ❡❛s② t♦ ✈❡r✐❢② t❤❛t QT CN
−QTBN

❛♥❞ CSCN −CSBN ❛r❡ t❤❡

s❛♠❡ s✐❣♥ ❛s pT
BN

− pT
CN

✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ PSBN ❛♥❞ PSCN ✐s✿

PSBN
− PSCN = (πBN + πTBN

)− (πCN + πT CN
)

= pT
BN

−pT
CN

9
(A− pT

CN
− pT

BN
) + γ

2
(qT

BN
− ēBN + qT

CN
− ēCN )(qT

CN
− ēCN

− qT
BN

+ ēBN )

= pT
BN

−pT
CN

9
(A− pT

CN
− pT

BN
)

︸ ︷︷ ︸

>0

+ γ
2
(qT

BN
− ēBN + qT

CN
− ēCN )

︸ ︷︷ ︸

>0

(2/3pT
BN

+ ēBN
− 2/3pT

CN
− ēCN )

︸ ︷︷ ︸

TermA

✭✐✮ ✇❤❡♥ γ ≤ 3✱ s✐♥❝❡ sign{TermA} = sign{A(2γ−3)
D2.D6

(96d2(1+γ)(9+4γ)+4dγ(42+75γ+

16γ2)−γ2(12+15γ))} ❛♥❞ sign{pT
BN

−pT
CN

} = sign{2γ−3}✱ t❤✉s PSBN−PSCN > (<)0
❢♦r γ > (<)3/2✳
✭✐✐✮ ✇❤❡♥ γ ≥ 3✱ s✐♥❝❡ sign{TermA} = sign{2A(3 + γ)(9 + 4γ)(γ2(−33+ 2γ) + 64d2(3 +
γ)(9 + 4γ) + 4dγ(75 + 8γ(11 + γ)))} ✐s ♣♦s✐t✐✈❡ ∀d ≥ 1✱ PSBN − PSCN > 0✳
❍❡♥❝❡✱ PSBN > PSCN ✇❤❡♥ γ > 3/2✱ ∀d ≥ 1✳
■t ❢♦❧❧♦✇s ❢r♦♠ ❊q ✭✶✸✮ ❛♥❞ ✭✶✽ t❤❛t t❤❡ s✐❣♥ ♦❢ SWBN − SWCN ✐s ❣✐✈❡♥ ❜②✿

(3− 2γ) ✇❤❡♥ 0 < γ ≤ 3

❛♥❞

−3γ2(87 + 17γ) + 48d2(−87 + 8γ(1 + 2γ)) + 12dγ(−174 + γ(−9 + 8γ)) ✇❤❡♥ γ ≥ 3

❚❤✐s ❧❛st ❡q✉❛t✐♦♥ ②✐❡❧❞s t❤❡ ❝r✐t✐❝❛❧ t❤r❡s❤♦❧❞

d2(γ) = γ
174 + (9 + 8γ)γ + γ

√

3400 + 16γ(59 + 4γ)

8(−87 + 8γ(1 + 2γ))

❢♦r ✇❤✐❝❤ SW c
BN − SWCN = 0✳ ❋♦r d T d2(γ) ≥ 1✱ SWBN T SWCN ✇❤❡♥ γ ≥ 3✳ �

❚❤❡ r❛♥❦✐♥❣ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦✉t❝♦♠❡s ♦❢ t❤❡ t✇♦ ❝♦♠♣❡t✐t✐♦♥ ♠♦❞❡❧s ❞❡♣❡♥❞s
♠❛✐♥❧② ♦♥ t❤❡ ❡✣❝✐❡♥❝② ♦❢ ♣♦❧❧✉t✐♦♥ ❛❜❛t❡♠❡♥t t❡❝❤♥♦❧♦❣✐❡s✱ ❛♥❞ ✈❡r② ❧✐tt❧❡ ♦♥ t❤❡ s❡✈❡r✐t②
♦❢ t❤❡ ❡♥✈✐r♦♥♠❡♥t❛❧ ❞❛♠❛❣❡✳ ■♥ r❡❣✐♦♥ ❆ ✭s❡❡ ❋✐❣✳✶❜✮✱ t❤❡ st❛♥❞❛r❞ ❇❡rtr❛♥❞✕❈♦✉r♥♦t
r❛♥❦✐♥❣ ♣r❡✈❛✐❧s ✇❤❡♥ ❛❜❛t❡♠❡♥t t❡❝❤♥♦❧♦❣✐❡s ❛r❡ ❡✣❝✐❡♥t ✭γ < 2/3✮ ❢♦r ❛❧❧ ✈❛❧✉❡s ♦❢ d✳
❆❜♦✈❡ ❛ ❝❡rt❛✐♥ ❧❡✈❡❧ ♦❢ d̄ ≈ 1.74✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✇❡❧❢❛r❡ ✉♥❞❡r ❈♦✉r♥♦t ❝♦♠♣❡t✐t✐♦♥
❡①❝❡❡❞s t❤❡ ✈❛❧✉❡ ✉♥❞❡r ❇❡rtr❛♥❞ ❝♦♠♣❡t✐t✐♦♥ ❢♦r ✐♥t❡r♠❡❞✐❛t❡ ✈❛❧✉❡s ♦❢ γ ∈ [3/2, 3]
r❡❣❛r❞❧❡ss ♦❢ t❤❡ ❧❡✈❡❧ ♦❢ ❡♥✈✐r♦♥♠❡♥t❛❧ ❞❛♠❛❣❡ ✭r❡❣✐♦♥ ❇✮✳ ❲❤❡♥ ♣♦❧❧✉t✐♦♥ ❛❜❛t❡♠❡♥t
✐s r❡❧❛t✐✈❡❧② ✐♥❡✣❝✐❡♥t ✭γ > 3/2✮✱ t❤❡ ❇❡rtr❛♥❞ ♣r✐❝❡ ❛t ❡q✉✐❧✐❜r✐✉♠ ✐s ❤✐❣❤❡r t❤❛♥ t❤❡
❈♦✉r♥♦t ♣r✐❝❡✿ t❤❡ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❝♦♥✈❡①✐t② ♦❢ t❤❡ ❝♦st ♦❢ ♣♦❧❧✉t✐♦♥ ❛❜❛t❡♠❡♥t ✉♥❞❡r
❇❡rtr❛♥❞ ❝♦♠♣❡t✐t✐♦♥ ♣✉s❤❡s ❝❛rr✐❡rs t♦✇❛r❞ t❤❡ ❝♦❧❧✉s✐✈❡ ♣r✐❝❡✱ ✇✐t❤ ❛ ❝♦rr❡s♣♦♥❞✐♥❣
❞❡❝r❡❛s❡ ✐♥ ✐♥t❡r♥❛t✐♦♥❛❧ ❡①❝❤❛♥❣❡s ❛♥❞ ❛ ❣r❡❛t❡r ❞❡❝r❡❛s❡ ✐♥ ❝♦♥s✉♠❡r s✉r♣❧✉s t❤❛♥
✉♥❞❡r ❈♦✉r♥♦t ❝♦♠♣❡t✐t✐♦♥✳



0 2 4 6 8 10 12 14

2

4

6

8

10

12

γ

d e
BN < eCN

e
CN < eBN e

CN < eBN

d1(γ)

d=1

γ=3/2

✭❛✮

1 2 3 4 5

1.0

1.2

1.4

1.6

1.8

2.0

2.2

2.4

γ

d

A B C

γ=3/2

d=1

γ=3

d
˜≈1.74

d2(γ)

✭❜✮

❋✐❣✉r❡ ✶✿ ❘❛♥❦✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ♦✉t♣✉ts ✐♥ (γ, d) s♣❛❝❡

❚❤✐s s✉r♣r✐s✐♥❣ r❡s✉❧t ❝♦♠❡s ❢r♦♠ ❛♥ ✧❡♠✐ss✐♦♥ st❛♥❞❛r❞ ❡✛❡❝t✧✳ ❋r♦♠ ❊q✉❛t✐♦♥s
✭✽✮✱ ✭✶✵✮ ❛♥❞ ✭✶✻✮✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡ ♣r✐❝❡ ❢✉♥❝t✐♦♥s ❛r❡ ❞❡❝r❡❛s✐♥❣ ✐♥ ē ❛♥❞
∂pT

BN

∂ē
≤ (>)∂p

T CN

∂ē
❢♦r ❛❧❧ γ ≥ (<)3/2✳ ❆ ♠❛r❣✐♥❛❧ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ❡♠✐ss✐♦♥ ❝❛♣ ✭❛

str✐❝t❡r ♣♦❧✐❝②✮ ✐♥❝r❡❛s❡s ♣r✐❝❡s ♠♦r❡ ✉♥❞❡r ❇❡rtr❛♥❞ t❤❛♥ ✉♥❞❡r ❈♦✉r♥♦t ❝♦♠♣❡t✐t✐♦♥
✇❤❡♥ γ > 3/2✳ ❚❤❡ ❡♠✐ss✐♦♥ st❛♥❞❛r❞s ♣❧❛② ❛ ❞❡t❡r♠✐♥✐♥❣ r♦❧❡ ✐♥ ❡①♣❧❛✐♥✐♥❣ t❤❡ ❞✐✛❡r❡♥❝❡
✐♥ ♣r✐❝❡ ❜❡t✇❡❡♥ ❇❡rtr❛♥❞ ❛♥❞ ❈♦✉r♥♦t✳

❍♦✇❡✈❡r✱ t❤❡ r❛♥❦✐♥❣ ♦❜t❛✐♥❡❞ ❢♦r ✐♥❡✣❝✐❡♥t ❛❜❛t❡♠❡♥t t❡❝❤♥♦❧♦❣✐❡s ✭r❡❣✐♦♥ ❈✮ ❣♦❡s
❛❣❛✐♥st t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ✇✐s❞♦♠ ✐♥ t❤❡ ✜❡❧❞❀ ❡✈❡♥ t❤♦✉❣❤ t❤❡ ❇❡rtr❛♥❞ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡
✐s ❝♦❧❧✉s✐✈❡ ✭❛♥❞ ❤✐❣❤❡r t❤❛♥ ✉♥❞❡r ❈♦✉r♥♦t ❝♦♠♣❡t✐t✐♦♥✮✱ ❡q✉✐❧✐❜r✐✉♠ ✇❡❧❢❛r❡ ✐s ❤✐❣❤❡r
✉♥❞❡r ❇❡rtr❛♥❞ t❤❛♥ ✉♥❞❡r ❈♦✉r♥♦t ❝♦♠♣❡t✐t✐♦♥✿ t❤❡ ♦♣t✐♠❛❧ ❡♠✐ss✐♦♥s st❛♥❞❛r❞s ❛r❡
str✐❝t❡r ✉♥❞❡r ❈♦✉r♥♦t ❝♦♠♣❡t✐t✐♦♥ ✭ē ✐s ❧♦✇❡r✮ ❛t ❤✐❣❤ ✈❛❧✉❡s ♦❢ γ ✭Pr♦♣♦s✐t✐♦♥ ✶✮✱ ✐♥✲
❝r❡❛s✐♥❣ t❤❡ ❝♦st ♦❢ ♣♦❧❧✉t✐♦♥ ❛❜❛t❡♠❡♥t ❢♦r t❤❡ ❝❛rr✐❡rs ❛♥❞ r❡❞✉❝✐♥❣ t❤❡✐r ♣r♦✜ts✳ ❚❤❡
❡♥✈✐r♦♥♠❡♥t❛❧ ❜❡♥❡✜ts ✉♥❞❡r ❈♦✉r♥♦t ❝♦♠♣❡t✐t✐♦♥ ❛r❡ t❤❡r❡❢♦r❡ ❣r❡❛t❡r✱ ❜✉t ❛t t❤❡ ❝♦st
♦❢ ❛ ❧♦✇❡r ♣r♦❞✉❝❡r s✉r♣❧✉s t❤❛♥ ✉♥❞❡r ❇❡rtr❛♥❞ ❝♦♠♣❡t✐t✐♦♥✳

✺ ❈♦♥❝❧✉s✐♦♥

❚❤✐s ❛rt✐❝❧❡ s❤♦✇s t❤❛t ❛ ♣♦❧✐❝② ♦❢ ❝♦♦r❞✐♥❛t❡❞ ❡♠✐ss✐♦♥ st❛♥❞❛r❞s ❛♣♣❧✐❡❞ t♦ t❤❡ tr❛♥s✲
♣♦rt ♠❛r❦❡t ❧❡❛❞s t♦ r❡s✉❧ts t❤❛t ❣♦ ❛❣❛✐♥st r❡❝❡✐✈❡❞ ✇✐s❞♦♠✿ str✐❝t❡r st❛♥❞❛r❞s ✐♥❝r❡❛s❡
♣r✐❝❡s ♠♦r❡ ✉♥❞❡r ❇❡rtr❛♥❞ t❤❛♥ ✉♥❞❡r ❈♦✉r♥♦t ❝♦♠♣❡t✐t✐♦♥✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ ❝♦♥✈❡①✐t② ♦❢
❝❛rr✐❡rs✬ ❛❜❛t❡♠❡♥t ❝♦sts✱ ❛❣❣r❛✈❛t❡❞ ❜② str✐❝t❡r ❡♥✈✐r♦♥♠❡♥t❛❧ st❛♥❞❛r❞s ❛♥❞ ✐♥❡✣❝✐❡♥t
❛❜❛t❡♠❡♥t t❡❝❤♥♦❧♦❣✐❡s ✭❤✐❣❤ γ✮✱ t❤❡ ❝❛rr✐❡rs ❤❛✈❡ ♥♦ ✐♥t❡r❡st ✐♥ ❧♦✇❡r✐♥❣ t❤❡✐r ♣r✐❝❡s ✉♥✲
❞❡r ❇❡rtr❛♥❞ ❝♦♠♣❡t✐t✐♦♥✳ ❚❤✐s ✐s ✈❡r② ♠✉❝❤ ❛ ❉❛st✐❞❛r✐❛♥ ♣r♦♣❡rt② ♦❢ ♣r✐❝❡ ❝♦♠♣❡t✐t✐♦♥
✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ❣♦♦❞s✱ ❛ ♣r♦♣❡rt② t❤❛t ❡①♣❧❛✐♥s ❤✐❣❤ ♣r✐❝❡s ✭❛❜♦✈❡ t❤❡ ❝♦♠♣❡t✐t✐✈❡
♣r✐❝❡✮ ✉♥❞❡r ❇❡rtr❛♥❞ ❝♦♠♣❡t✐t✐♦♥✱ ✇❤❡r❡❛s t❤✐s ❢♦r♠ ♦❢ ❝♦♠♣❡t✐t✐♦♥ ✐s tr❛❞✐t✐♦♥❛❧❧② ❝♦♥✲
s✐❞❡r❡❞ ♠♦r❡ ❡✣❝✐❡♥t t❤❛♥ q✉❛♥t✐t②✳ ❚✇♦ ✐♥t❡r❡st✐♥❣ ❡①t❡♥s✐♦♥s ♦❢ t❤✐s ✇♦r❦ ✇♦✉❧❞ ❜❡
✭✐✮ t♦ ❡♥❞♦❣❡♥✐③❡ t❤❡ ❢♦r♠ ♦❢ ❝♦♠♣❡t✐t✐♦♥ ❝❤♦s❡♥ ❜② t❤❡ ✜r♠s ❛t t❤❡ st❛rt ♦❢ t❤❡ ❣❛♠❡ ✐♥
t❤❡ ♠❛♥♥❡r ♦❢ ❙✐♥❣❤ ❛♥❞ ❱✐✈❡s ✭✶✾✽✹✮ ✭s❡❡ ❛❧s♦ ❳✉ ❡t ❛❧✳ ✭✷✵✷✷✮ ♦♥ t❤✐s t♦♣✐❝✮✱ ❛♥❞ ✭✐✐✮
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