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Introduction

Conventional sintering is the oldest and the most currently employed sintering method [1][START_REF] German | History of sintering: empirical phase[END_REF].

This process implies a consolidation of a powder into a solid material by bounding interconnected particles to each other [START_REF] Olevsky | Theory of sintering: from discrete to continuum[END_REF]. This usually requires a thermal treatment performed in a furnace. During this treatment, the heat is generated by a source that can be combustion [START_REF] Chougule | Numerical Analysis of Combustion Furnace Performance by CFD[END_REF] or high temperature resistive heating elements such as MoSi2, FeCrAl, graphite, W [5-6], etc. Heat is then transmitted to the sample by thermal radiation, conduction and convection [START_REF] Adriana | A review on analytical techniques for natural convection investigation in a heated closed enclosure: Case study[END_REF]. The surface-to-surface radiation is mainly governed by the material emissivity that depends on the material chemical composition and the temperature. The thermal conduction has most of the time a very low contribution to heat transfer compared to the convection phenomena because the thermal conductivity of the gas like air or argon is very low [START_REF] Brain | New thermal conductivity measurements for argon, nitrogen and steam[END_REF]. Egorov et al. [START_REF] Egorov | Role of convective heat removal and electromagnetic field structure in the microwave heating of materials[END_REF] showed that the heat removal from a sample heated by microwaves is very high when the convection phenomenon is taken into account compared to the pure conduction case where the heat is slowly radially dissipated. The computational fluid dynamics (CFD) part of a conventional sintering furnace model is then a crucial point [START_REF] Adriana | CFD Study on Heat Transfer in a Muffle Furnace[END_REF][START_REF] Sable | Computational Analysis for Enhancement of Natural Convection Heat Transfer on Vertical Heated Plate by Multiple V-Fin Array[END_REF][START_REF] Kang | Modeling and simulation of load heating in heat treatment furnaces[END_REF][START_REF] Han | A numerical analysis of slab heating characteristics in a walking beam type reheating furnace[END_REF][START_REF] Prieler | Prediction of the heating characteristic of billets in a walking hearth type reheating furnace using CFD[END_REF][START_REF] Minea | Simulation of heat transfer processes in an unconventional furnace[END_REF][START_REF] Ovchinnikov | Analysis of Furnace Operational Parameters for Controllable Annealing of Thin Films[END_REF].

Nieckele et al. [START_REF] Nieckele | Numerical Modeling of an Industrial Aluminum Melting Furnace[END_REF] employed a finite volume model for the analysis of the heat transfer inside an industrial aluminum melting furnace. In this study, different configurations of a burner jet (single burner, parallel jet, divergent jet) were compared in order to find the optimal heating configuration that minimized the refractory walls' damage and provided a homogeneous heating. Similarly, Hachem et al. [START_REF] Hachem | Modeling of heat transfer and turbulent flows inside industrial furnaces[END_REF][START_REF] Hachem | Stabilized finite element solution to handle complex heat and fluid flows in industrial furnaces using the immersed volume method[END_REF] presented a turbulent model for the simulation of the heating of a complex industrial combustion furnace. This model based on the immersed volume method [START_REF] Hachem | Immersed volume method for solving natural convection, conduction and radiation of a hat-shaped disk inside a 3D enclosure[END_REF] showed the capability to predict the heating inhomogeneity in a large size furnace. These types of simulations are powerful tools for the optimization of sintering conditions such as the sample's location, the effect of the sample and furnace shape complexity, the dimensions' effects and the optimization of the energy consumption [START_REF] Minea Alina | Saving energy through improving convection in a muffle furnace[END_REF]. However, these models often focus on the fluid dynamics and thermal aspects of the phenomena involved in the furnace heating. The impact of the calculated temperature gradients on the sample sintering and the distortions they generate are usually not considered.

The aim of this paper is to establish, on the one hand, a multiphysics analysis of a muffle furnace able to predict all the heat transfer phenomena (conduction, convection, surface to surface radiation)

and the sintering of a powder sample. The developed model was validated experimentally using a dilatometer furnace. On the other hand, different complex gear sample shapes and large sample dimensions were investigated by the simulations in order to determine the main conditions promoting temperature and densification inhomogeneity. The developed fluid dynamic thermomechanical FDTM model's aim is to be a simulation tool applicable to a wide variety of conventional sintering techniques including all the main physics involved. This model can also be used as a good basis for special sintering technologies such as microwave sintering, where the temperature gradients generated are very sensible [START_REF] Egorov | Role of convective heat removal and electromagnetic field structure in the microwave heating of materials[END_REF][START_REF] Manière | Inherent heating instability of direct microwave sintering process: Sample analysis for porous 3Y-ZrO 2[END_REF] and require comprehensive multiphysics models to analyze them.

Fluid dynamics thermo-mechanical model

The FDTM model is based on the Navier-Stokes equations to describe the conductionconvective heat transfer in the gas area taking into account also the contribution of the surface-tosurface radiation. A classical heat transfer model is also employed for the solid parts where for the porous sample volume a sintering model based on the continuum theory of sintering [START_REF] Olevsky | Theory of sintering: from discrete to continuum[END_REF] is coupled with the other heat transfers physics. The governing equations of the FDTM model implemented in the commercial finite element software "Comsol Multiphysics" are detailed in the sections 2.1 and 2.2. The boundary conditions and the PID regulation are detailed in sections 2.3 and 2.4

respectively. Section 2.5 is dedicated to the description of each of the sintering configurations explored and to our study strategy. In all the used equations, tensors and vectors are represented in a bold font style and their components in a normal font style.

Heat transfer and sintering of the solid parts

Heat transfer for the solid parts is classically described by the equation:

𝜌𝐶 𝑝 𝜕𝑇 𝜕𝑡 + ∇(-𝜅∇T) = 𝑄 (1). 
In the porous sample volume, an additional phenomenon is taking place. It is the pressureless sintering. This phenomenon is also included in the FDTM via the continuum theory of sintering equations [START_REF] Olevsky | Theory of sintering: from discrete to continuum[END_REF][START_REF] Olevsky | Fundamental Aspects of Spark Plasma Sintering: II. Finite Element Analysis of Scalability[END_REF] with:

the local equilibrium equation:

∇. 𝝈 = 0 (2) 
the strain ratestress law describing the porous material behavior:

𝝈 = 𝜎 𝑒𝑞 𝜀̇𝑒 𝑞 (𝜑𝜺̇+ (𝜓 - 1 3 𝜑) 𝑡𝑟(𝜺̇)𝕚) + 𝑃 𝑙 𝕚 (3) 
with the shear and bulk moduli and the sintering stress expressions [START_REF] Olevsky | Theory of sintering: from discrete to continuum[END_REF][START_REF] Skorohod | Rheological basis of the theory of sintering[END_REF]:

𝜑 = (1 -𝜃) 2 (4) 
𝜓 = 2(1-𝜃) 3𝜃 3 (5) 𝑃𝑙 = 3𝛼 𝑟 0 (1 -𝜃) 2 (6). 
The equivalent strain rate and the strain rate tensor invariants are defined by:

𝜀ė 𝑞 = 1 √1-𝜃 √𝜑𝛾̇2 + 𝜓𝑒̇2 (7) 
with the strain rate tensor invariants expression:

𝑒̇= 𝜀ẋ + 𝜀ẏ+𝜀ż (8) 𝛾̇= √2(𝜀̇𝑥 𝑦 2 + 𝜀̇𝑥 𝑧 2 +𝜀̇𝑦 𝑧 2 ) + 2 3 (𝜀̇𝑥 2 +𝜀̇𝑦 2 +𝜀̇𝑧 2 ) - 2 3 (𝜀̇𝑥𝜀̇𝑦 + 𝜀̇𝑥𝜀̇𝑧 + 𝜀̇𝑦𝜀̇𝑧) (9) 
The equivalent strain ratestress behavior can be non-linear when a high external pressure is applied [START_REF] Manière | Identification of the Norton-Green Compaction Model for the Prediction of the Ti-6Al-4V Densification During the Spark Plasma Sintering Process[END_REF] and can be described by a Norton law. For pressureless sintering of powders, the material behavior is most of the time linear [START_REF] Olevsky | Theory of sintering: from discrete to continuum[END_REF], the only exception is for the nanometric powder that can generate high sintering stress and, in turn, the non-linearity of the constitutive behavior [START_REF] Li | Modelling "Nano-Effects[END_REF]. In our case, we assume that the powder is not nanometric and a regular linear viscous behavior dominates:

𝜎 𝑒𝑞 𝜀̇𝑒 𝑞 = 2𝜂(𝑇) (10). 
The volume change and porosity evolution are related to each other by the mass conservation equation:

𝜃 (1-𝜃) ̇= 𝜀̇𝑥 + 𝜀̇𝑦+𝜀̇𝑧 (11) 
.

Heat transfer in the areas occupied by gas

The fluid dynamics modelling of the furnace in the gas area is a central point for the accuracy of the conventional sintering modeling. Indeed, the convection phenomena significantly accelerate the heat transfer in the furnace with a potential non-homogeneous distribution of the temperature. The Navier-Stokes convective problem is defined by the three main governing equations [START_REF] Minea | Simulation of heat transfer processes in an unconventional furnace[END_REF][START_REF] Hachem | Immersed volume method for solving natural convection, conduction and radiation of a hat-shaped disk inside a 3D enclosure[END_REF]:

the mass conservation equation:

∂ρ ∂t + ∇. (𝜌𝒖) = 0 (12) 
the momentum equation taking into account pressure, viscous response and body forces:

𝜌 ∂𝐮 ∂t + 𝜌𝒖∇𝒖 = -∇𝑝 + ∇. (𝜇(∇𝐮 + (∇𝐮) 𝑇 ) - 2 3 𝜇(∇. 𝐮)𝕚) + 𝑭 𝒈 (13) 
the energy balance equation:

𝜌𝐶 𝑝 ( 𝜕𝑇 𝜕𝑡 + (𝒖. ∇)𝑇) + ∇(-𝜅∇T) = 𝑄 + 𝑄 𝑝 + 𝑄 𝑣𝑑 (14) 
.

The main difference of Eq. ( 14) compared to the heat equation in solid (1) is the convective term (𝒖. ∇)𝑇 and in the second member, the pressure work 𝑄 𝑝 and viscous dissipation 𝑄 𝑣𝑑 heat source terms that are commonly very low for this kind of an application and therefore neglected.

Boundary/interface conditions

The external boundary insulation/air is subjected to a surface to ambient thermal radiation and a convective flux loss (see fig. 1b) that can be described by the equations:

𝜑 𝑟𝑠𝑎 = 𝜎 𝑠 ϵ(𝑇 𝑎𝑖𝑟 4 -𝑇 4 ) (15) 
𝜑 𝑐𝑠𝑎 = ℎ 𝑐𝑜𝑛𝑣 (𝑇 𝑎𝑖𝑟 -𝑇) [START_REF] Ovchinnikov | Analysis of Furnace Operational Parameters for Controllable Annealing of Thin Films[END_REF]. 

with the simplification of ideal gray body:

𝛼 𝑎 = 𝜖 = 1 -𝜌 𝑟 (18) 
the net inward radiative heat flux expression 𝜑 𝑟𝑠𝑠 is:

𝜑 𝑟𝑠𝑠 = ϵ(𝐺 -𝑒 𝑏 (𝑇)) (19) 
.

The mechanical part of the simulation is associated only with the powder sample where for the two points the displacement (along the specimen height axis) is fixed (w=0) to ensure an equivalent to the no penetration condition in the support and an unrestricted volume deformation. 

Proportional integral derivative temperature regulation

The 2 mm diameter heating element is small enough to neglect the current density gradient in it and then the regulation is made not on the current but directly on a homogeneous heat source in the wire. The proportional integral derivative (PID) regulation defines in our case a variable heat source term associated with the resistive heating elements that regulate the furnace temperature. The heat source term 𝑄 𝑃𝐼𝐷 is [START_REF] Manière | Fully Coupled Electromagnetic-Thermal-Mechanical Comparative Simulation of Direct vs. Hybrid Microwave Sintering of 3Y-ZrO2[END_REF]:

𝑄 𝑃𝐼𝐷 = 𝐾 𝑝 𝑒(𝑡) + 𝐾 𝐼 ∫ 𝑒(𝑡)𝑑𝜏 𝑡 0 + 𝐾 𝐷 𝑑𝑒(𝑡) 𝑑𝑡 ( 20 
)
where 𝑒(𝑡) represents the temperature difference between the prescribed set temperature Tset and the furnace temperature simulated Tfurnace. The tuning of the PID coefficients 𝐾 𝑝 , 𝐾 𝐼 , 𝐾 𝐷 allow the control of the quality of the temperature regulation. However, because the heat flow resulting from the convection in the furnace can be unstable, an estimation of the average furnace temperature in done within a 20 mm diameter circle (see fig. 1). This allows the stabilization of the PID regulation and, at the same time, the estimation of a more representative furnace temperature. In these conditions, the following PID coefficients: 𝐾 𝑝 = 00, 𝐾 𝐼 = 20, 𝐾 𝐷 = 1000 provide a good regulation quality.

Process modes, simulation strategy, and material properties

All the process modes investigated in this paper are reported in fig. 2. The first mode (fig. 1 and fig. 2a) corresponds to a dilatometer (Unitherm model 1161) experiment performed on a 10 mm diameter and 10 mm height Ti-6Al-4V sample. This first example is employed to validate our FDTM model in a real case where the sintering shrinkage and the temperature are recorded in two points. In the configurations reported in fig. 2b. 2c. 2d, the FDTM model is employed to simulate the temperature convection and densification efficiency in the different large and complex shape specimens. A 120 mm gear shape is studied in the configuration reported in fig. 2b. This complex shape case helps us understand how efficient the convection heating is when the gas path has a complex tortuosity. Indeed, the hot gas has to penetrate through the small 20 mm diameter gear central hole to heat the internal gear boundary. This tortuosity is increased in the configuration shown in fig. 2c where a second gear shape is placed on the top of the first one with a small 4 mm aperture to allow the gas to penetrate into the internal area of the bottom gear. The last configuration is a big closed volume of the powder material where the hot gas cannot penetrate in the internal area of the sample. In all these modes/configurations, an alumina-silica fibrous material (80%Al2O3-20%SiO2) is employed for the insulation materials. For the dilatometer sintering case, the central insulation tubes are made from the fully dense alumina. The samples' material is Ti-6Al-4V with an initial relative density of 0.66; the Ti-6Al-4V powder consists of 50 µm agglomerated particles. The chamber is filled with argon in order to prevent the oxidation of the Ti-6Al-4V samples. All the temperature dependent material properties employed in the simulations are reported in Table . 1. All the simulations and the dilatometry are considered to temperatures far below the Ti-6Al-4V melting point of 1878 K. This prevent dealing with special high temperature phenomena such as local melting or the gravity distortions that can happen when the temperature is very closed to the melting point.

In order to improve the calculation time for this comprehensive multiphysics model, an axisymmetric analysis is employed. This approximation is applicable to the utilized dilatometer geometry where all the parts are concentric cylindrical shapes. Concerning the gear shape, only the details at the teeth shapes of the gear are not represented because of this axisymmetric approximation. The model thereby focuses on the impact of the general shape of the gear on the physical parameters' spatial distributions. With this approximation, the calculation duration is about 10 hours.

Results and discussion

Dilatometer simulation/experiment results

During the dilatometer experiment the temperature was recorded at the sample and in the furnace. The sample shrinkage was also recorded allowing the determination of the sample densification curve. This experiment enables the study of the heat transfer and of the mechanical aspects of the FDTM simulation at the same time. In the FDTM model, a heat source added to the heating elements is used to control the furnace temperature by a PID formula. The initial moments of the heating are reported in fig. 3. As expected the heating elements start to heat first (fig. 3a), then the gas density decreases with the temperature (see Table 1) and the hot gas area starts to move up.

The convection phenomenon starts. Because the heating elements are located at the furnace inner lateral boundary, a circular convection motion is observed (fig. 3b). During the heating cycle, the distribution of the temperature (fig. 4) shows a lag of the central tube heating. The heating in the furnace area is quickly homogenized by the convection phenomenon, but the heating of the central tube area is limited by the thermal conduction across the alumina tube thickness. This configuration is employed to easily control the powder sample area atmosphere but it results in a heating lag of the sample that is significantly reduced at about 900 K (fig. 5a), -a temperature where the sintering shrinkage of the sample starts (fig. 5b). The convection phenomena in the central tube are not significant because the related space is very narrow and, for the same reason, the temperature distribution is very homogeneous. 
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Convection in the large size sample configurations

The velocity field distribution resulting from the convection phenomena in the large size powder sample simulations are reported in fig. 6. Similarly to the dilatometer case, a circular gas motion is volume that decreases the downward flow magnitude compared to the first gear case (fig. 6a).

Another noticeable point is the velocity field magnitude in the internal gear area (fig.6b. 6c). These areas have a narrow inlet and almost no outlet path, the gas motion in these areas is then limited to a very slow circular flow. 

The gear shape configurations

The overall temperature distribution of the first gear shape configuration is reported in fig. The Biot number can be estimated at the gear solid/gas internal and external interface from the temperature field using the method describe in Ref [START_REF] Davies | BIOT NUMBER, A-to-Z Guide to Thermodynamics[END_REF]. This number gives an indication of the relative importance of convection and conduction at the solid/gas interface. The Biot number is 1.5 and 0.035 on the sample internal and external solid/gas interface respectively. This difference indicates the heat transfer by convection is higher on the external solid/gas interface where the average gas velocity magnitude is about 5E-2 m/s compare to the internal sample gas area where the gas velocity fall to 3E-4 m/s. Similarly, the overall temperature distribution and sample relative density evolution are reported in fig. 9 and fig. 10 for the two-gear configuration, respectively. For this configuration, the first/second heating stage transition also happens between 2000-5000 s. During the first heating stage, the areas of heating lag are located in both gear/gas internal areas. The bottom gear gas area is colder than the one of the top gear because the gas penetrates this area through a very small 4 mm aperture on the edge. Despite this lag, the sample temperature during sintering is still homogeneous with temperature and densification differences of 20 K and 1% respectively. Similarly to the previously considered gear configuration, no sample shape distortions are observed. Beside the gas motion impact on the temperature and densification gradients, the scale effect can have a significant impact on the sintering of a green body. In order to understand the heating/densification homogeneity from small to very large scale, a parametric thermal-mechanical (TM) simulation study have been investigated and reported figure 13. To prevent a very time consuming study, the simulations are investigated only on the sample with a surface imposed constant temperature. A 5 K/min cycle is imposed up to a temperature of 1600 K, the maximum and minimum temperature and densification differences are compared for a cylindrical sample whose size is homothetically increased from a radius of 10 mm to 1 m. The simulated curves suggest a homogeneous heating and sintering for sample radius up to 150 mm. A significant increase of the thermal/sintering inhomogeneity up to radius of about 400 mm for the densification and 700 mm for the temperatures is observed. After these respective radius, the densification and the heating became 

Conclusions

A fluid dynamics thermo-mechanical model able to predict the convection, radiation and the sintering phenomena involved in the conventional sintering process has been developed. This model has been successfully validated experimentally by a dilatometer test that allowed the comparison of the modeled and real temperature distribution and the sintering shrinkage of the sample. The simulations reveal a circular convection motion that quickly homogenizes the temperature in the furnace areas. When complex shapes or large dimension samples are used, the sample area is heated in lag. The gas areas present inside the complex shape samples are slowly heated in the initial stages of the heating due to the tortuosity of these areas. However, our study shows that these gas areas help homogenize the sample heating during sintering. Among those considered, the configuration that presents the most pronounced inhomogeneity is the cylindrical sample. This sample has a large closed volume that prevents the convection phenomena to increase the temperature of the central area that can be heated only by thermal conduction. The homogeneity of the heating of this type of the sample's shape depends on the duration of the heating and on the dimensions of the sample. The bigger is the sample dimensions, the slower the heating rate should be in order to ensure the homogeneity. The developed model is perfectly suited to determine the optimal sintering conditions for any sample configuration.
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 1 Fig.1 Dilatometer model description, a) configuration, b) boundary condition c) mesh.

Fig. 2

 2 Fig.2 Four configurations: a) dilatometer validation test, b) gear shape, c) two gear configuration, d) large cylinder configuration.

Fig. 3 Fig. 4

 34 Fig.3 Dilatometer initial heating, a) temperature, b) convection velocity field.
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 5 Fig.5 Simulation/experiment comparison, a) furnace/sample temperature curves, b) sample relative density evolution.

  observed. The gas moves up in the area closed to the heating elements and moves down in the central areas. Because of the circular geometry, all the rising gas flow generated in the heating area (on the edge) is concentrated in the central area having a reduced volume. The downward central flow is therefore of a higher magnitude. This geometrical influence on the velocity field magnitude can be clearly seen for the first gear configuration (fig.6a) where the central furnace area is mainly empty. In the other configurations (fig.6b. 6c) this central area is occupied by the powder sample

Fig. 6

 6 Fig.6 Convective velocity distribution for the a) gear, b) two gears and c) cylinder configurations.

  [START_REF] Adriana | A review on analytical techniques for natural convection investigation in a heated closed enclosure: Case study[END_REF]. Two main stages of the furnace heating are thus revealed. During first stage, the main argon area heat fast while the heating of the sample (including the argon volume inside the sample) is in lag. During the heating ramp, between 2000-5000 s, the transition to a second stage of the heating occurs where all the main furnace area including the sample's volume is homogeneously heated. During this second stage, the only gradient remaining is located at the thermal insulation where the external boundary remains at a low temperature. The relative density and temperature fields in the sample during sintering (8000 s) are reported in fig.8. The relative density curves show that the sintering shrinkage of the sample starts during the second heating stage when the temperature field is homogeneous. Consequently, the temperature and densification fields in the sample are very homogeneous with temperature differences of 20 K and densification differences of 1 %. The sample shape manifests no distortions and is uniformly densified.
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 78 Fig.7 Temperature distribution for the gear configuration.

Fig. 9 Fig. 10 3 . 4 .Fig. 12

 9103412 Fig.9 Temperature distribution for the two gear configuration.

  

Table .

 . 

1: Materials properties, where T, θ, P, R are the temperature (K), porosity, pressure (Pa) and gas constant (8.314 J/(mol.K)), respectively.
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superficial and the sample center is neither heated nor sintered because the sample size in too large.

These heating/sintering behaviors can be improved for the large size by slower heating profiles. The use of both the FDTM and TM simulation tools are suited for complex shape and the scalability optimization studies of conventional sintering. ❖ A muffle furnace heat transfer analysis is combined with modeling of sintering.

❖ Complex sample shape, flow tortuosity effects on the furnace sintering are revealed.

❖ The densification homogeneity dependence on sintered sample dimensions is determined.