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Abstract. In this work, we study the Brinkman-Forchheimer equations for unsteady
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1. Introduction

Transport phenomena in porous media are ubiquitous to the extent that it is hardly
difficult to find applications without some sort of porous material included. It also
spans wide range of scales from small scale applications in confine spaces like bio-organic
tissues to large scale applications in subsurface oil and gas reservoirs. With this large
number of scales involved, the governing equations that describe conservation laws are,
in a sense, simpler than those governing fluid flows. Some remarks, however, worth
mentioning. Probably the most important is the fact that the governing laws in porous
media have been adapted based on the assumption of the validity of the continuum
hypothesis.

This implies that field variables represent continuous functions of space and time and
hence enable the conservation laws to be written in the form of partial differential
equations [14, 15]. These conservation laws have been postulated based on upscaling the
conservation laws at the fluid continuum level using theory of volume averaging, method
of homogenization, theory of mixtures, etc. Unfortunaetly, the governing equations
based on these theories are usually difficult to solve and they are generally unclosed
because they contain terms at the pore scale which are hard to implement. Therefore,
to obtain field equations that are workable, researchers suggested terms to the governing
equations in addition to some properties of the porous material. In other words, some
ad hoc terms are introduced to extend the governing equations to encounter more
applications. Then, it remainsto experimentalists and theoreticians to validate these
terms. As an example, the simplest Darcy law, [4], suggests that the mass flux and
pressure gradient are proportional and the relationship between them is linear. This
linear relationship has later been found to be valid for values of Reynolds number less
than one. As Reynolds number becomes greater than one, this linear relationship is no
longer valid. To account for such nonlinearities, Forchheimer [5, 6] suggested a quadratic
term of the velocity to be included when considering momentum balance. Furthermore,
Brinkman [1, 2] considers another term to account for the possible no slip condition once
a confining wall exists. This produced the widely used Darcy-Brinkman-Forchheimer
equations. The main feature of this equation is that it is nonlinear which apparently
poses great difficulty to find analytical solution.

The Brinkman model is believed accurate when the flow velocity is too large for Darcy’s
law to be valid, and additionally the porosity is not too small. In this article, we
are concerned with structural stability for the following Brinkman-Forchheimer (BF in
short) equations.

ou —yAu + au + blul*u+Vp=f in Qp,
divu =0 in Qrp, (1)

u=0 on Xy,
u(0) =up in €,

where Qp = Qx]0, T[, X7 = I'x]0, T[. w and p represent respectively fluid velocity and
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pressure. The constant v > 0 is the Brinkman coefficient, a > 0 is the Darcy coefficient,
b is the Forchheimer coefficient and « € [1, 2] is a given number. 2 is a bounded domain
of R? with sufficiently smooth boundary T'. A is the Laplace operator, || - || and (u,v)
denote respectively the norm and inner product on L?((2) .

2. The existence of solutions for the (BF) equations

The aim of this subsection is to give a variational formulation of problem (1) and to
prove the existence of weak solutions. We introduce the spaces

V ={v e HiQ), divo =0} and H = {v € L*(Q), divv = 0}.
The variational formulation of (1) can be writen as: Given f € L?(0, T, L*(Q2)) and
ug € V, find w € L*(0, T, V)N L=(0, T, H{Q)), O,u € L2(0, T, L*()) satisfying
(1) such that for almost all ¢t and v € V,

d e
S {u(®), v) +9(Vau(t), Vo) +afu(t), v) + b{[u(t)[*u(?), v) = (f, v). (2)
Next, we discuss the solvability of the variational problem (2) by means of Faedo-
Galerkin’s method. This will be achieved in several steps that we describe below.

Step 1: Construction of approximating solutions.

Consider an orthonormal basis of V' constituted of wy, ws,..., w,,. Using this basis,
we introduce the space V,, = (wy, ..., w,,) and define the approximate solution u,, of
(2) as

such that

%(um(t), w;) + 7Y (Vun(t), Vw;) + a(t,(t), w;) + b{|w,(t)|“u,(t), w;)
=(f,w;), t€l0,T], i=1,...,m, (4)
U (0) = wpp — g € V. (5)

Using the theory of ordinary differential equations, it follows that the problem (4) has
a solution w,, defined on [0, ¢,,] with t,, < T.

Step 2: a priori estimates.

First, we multiply (4) by ¢im(t) and sum up the obtained set of equations corresponding
tot=1,...,m. We obtain

S lun @I + AUVun O + allwn @O + bllun (1533 = (£ (1), wn(t)),
< IF @O Hwm @O

SO + allun(t)P):

IN
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Thus, we have

d (0%
Zun @1 + 29I Vun @ + allun®] + 20 un(@)513 < —Hf( .

Integrating this inequality from 0 to 7" with (T" < t,,,) leads to

T T T
sup [fun (@ + 25 [ IVunO dta [ fun@)P e 20 [ ol
0<t<T 0 0 0
e 2 2

< i £ dt + [Juol|” < oo. (6)
Now, we multiply (4) by g;,,(t) and add the obtained equations for i = 1,...,m. We
obtain

1 d bod X

102, ()| HVUm( WP+ 5 ar[lun ()] + —llun®)553

1
T 374 2" dt a+2dt
<

(¢ ) 3tum( )
SIFEI + 2 100 @
Next, we integrate (7) from 0 to 7" and get

| /\

T
2b .
/0 10cm(@)1* dt + Y| Vem(T)I* + allum(T)* + —= llum(®)la32
1 g 2 2 2 2b a+2
<5 [ IFOIF d+ A Vumll® + allwmol® + —— llwmolla32-
0

In particular, we obtain

[ 1< g [Cigpa e < oo ®)

where
2 (07
¢ =7|[Vuol® + alluo|* + a—+2|M||aI§-

Eventually, integrating (7) from 0 to t, we get

t 2b N
/ 10t (8)II” ds + [Vt (8)]1? + @l () |” + () ]|015

0 o+ 2

1 (T )
<5 [ IfG)7ds+e (9)
0

In particular, we infer

sup [V ()] < — / £ ()2 ds + c < o0. (10)
0<t<T

Before going further, let us mention that the above a priori estimates show that in fact
tm=T.

Step 3: Passage to the limit.
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We need to pass to the limit when m approaches infinity. It follows from (6), (8) and (10)
that there is a subsequence of (u,,),, that we still denote (w,,),, by abuse of notation
and some u such that

U, — u weak star in L>=(0, T, H}(2)), (11)
U, — u weak in L*(0, T, V), (12)
U |*wp —> w weak in L5+t (0, T, Lot (), (13)
O, — Oyu weak in L*(0, T, L*()). (14)

From (12) and (14), we deduce that u is bounded in H'(Q). Since the imbedding of
H'(Q) in L*(Q) is compact, we can extract a subsequence denoted again u,, such that
u, — u strongly in L*(0, T, L*(Q)) and a.e.in Q. (15)

Therefore, it remains to prove that w = |u|*u. For this purpose, we apply the same
argument used in [8, Lemma 1.3]. Indeed, using (15), it follows that

U |* U — |u|u weak in La+i(0, T, Lati(€)).

Thanks to (13), one obtains w = |u|*u. Now, It is easy to pass to the limit in (4-5)
and conclude that w is solution of (2).

Therefore, we have

Theorem 2.1. For any uy € V and f € L*(0, T, L*(Y)), problem (1) admits at least
one solution u satisfying
we L0, T, V)N L0, T, H (), duc L*(0, T, L*(Q)) and p € L*(0, T, L*(Q)).
Moreover, for any T > 0, we have

T
sip [Vu®)|<C  and / 1B 2 dt < C, (16)
0<t<T 0

where C' idenotes a positive constant depending on uy and the parameters of problem

(1).
3. Continuous dependence on data

In this section, we show that the solution depends continuously on the initial velocity
and the external forces. For that purpose, let (w1, p;) and (us, ps) such that

Ouy — yAuy + awy + bluy|*u; + Vp = f, in Qp,
divu; =0 in Qp,

u; =0 on Xr,

u1(0) = u} in Q,
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and

Dy — YAug + auy + blug|*uy + Vs = f,  in Qp,
divus, =0 in Qp,

u, =0 on Xp,

Now, we are able to state the main result of this section

Theorem 3.1. Let u; and uy as in (17) and (18). Then, there exists a positive constant
K depending on the parameters v, a and ) such that

lua () — wa(1)[|* < e[| (0) — ua(0) | +/0 M CIf(s) = fols)|* ds. (19)

Proof. We know that both w; and w, satisfy the variational formulation (2) with respect
to ud, f1 and u?, f, respectively. Rewriting (2) for u; with a test function v — u;, we

obtain

L lan(t). v — ws(6) + 7 (Tua(t). V(o = wi (1) + alus (1), v — wi (1)

dt
+ 0w (8)[usr(t), v — ui(t)) = (f1, v — wi(?)). (20)

Equivalently for us, we take v — uo as a test function and obtain

L las(1), v — wa(t)) + (Vaa(t), V(o = ws(t))) + alus(t), v — us(t))

dt
+0(Jua(t)[ ua(t), v = us(t)) = (fa, v — ua(t)). (21)

Now, let w(t) = ua(t) — u1(t) and w(0) = u2(0) — ©;(0). Choosing v = us in (20) and
v = w; in (21), summing up both equations, we get

1d
S lw®IF +AIIVw @) + allw®)* + b(|wa| ws — [ug|*us, w(t)

2dt
= (fo(t) = £1(1), w(?))

Since the operator T'(§) = [£|*¢ is monotone, we have obviously (Ju;|*u; —
|ug|“us, u(t)) > 0. Therefore,

d 1

ZNwOIF +2v[Vw@) " + allw@)* < ~[1£5(6) = fL(OI
Thanks to (27), we obtain

d 1

] + cllw )] < 1F2(0) ~ 10

where the constant ¢ depends on D(the constant in (27)), v and a. Eventually, using
Gronwall’s lemma, we obtain the estimate (19). O

Remark 3.2. Obviously, this last result implies in particular the uniqueness of solutions
of problem (1).
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4. Continuous dependence on the Brinkman’s and Forchheimer’s
coeflicients

In this section, we show that the solutions of the BF problem (1) depend continuously
on the Brinkman’s and Forchheimer’s coefficients, thereby we extend the result of [3].
Let (w1, p1) and (ug, p2) such that

Oruy — 1 Auy + awy + by|u[*uy +Vpr =0 in Qp,
divu; =0 in Qp,

22

u; =0 on Xp, (22)
Ul(O) = Uyp in Q,
and

at’l.llg — WQA’U/Q + auy + b2|u2|“u2 + Vpg =0 in QT,

div Ugs = 0 in QT, (23)
Uy = 0 on ET;

UQ(O) = Ug in ).
We set u = u; — uy and p = p; — po. Then, (u, p) satisfies

Ou — 1 Au —yAus +au + Vp = —blui|*uy — bo(Jur|*uy — |uz|*us) in Qrp,

divu =0 in Qrp, (24)

u=0 on X,
u(0) =0 in (2,

where v =y, — 72 and b = b; — by. Now, we claim the following

Theorem 4.1. Let u be the solution of (24). Then, there exist positive constants M
and @Q, depending on the parametes of (24) such that

IVu @) + lu®)]* < My* + Qb (25)

Proof. Mulitplying (24) by w and integrating over ) leads to
Sllw@IF + 2l Va@l? +allu@)]* = = ba(lu w1 — |ua| us, u(t))
— b{ur (t)[" w1 (1), w(t)) —¥{V ua(t), Vu(l)).
With the monoticity of the operator T'(§) = [£]*€, we get
5 lw@IF + 2l Va @)l + alu ()]

< [pua @1 wa @), w(®)] + |1V wa(t), ¥ ut)| (26)
Next, we define the Sobolev constant D as

Vo e Hy(Q), |v|, < D||Vo| for any 1 < p <6. (27)
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Thus, thanks to Holder’s inequality and the Sobolev inequality (27), we get
b (1) s (1), w(8))] < oD T (1) [+ [ V()]

b2D2a+4
< [V ()] + %HVU(@HZ- (28)
Using (28) and the fact that
V < |f>/|2 2 71 2 2
YV uy(t), Vu(t))| < THVWH +ZHVUH ; (29)

we obtain thanks to (26)
2a+4

d D o 272
Zu@” + nVu@® + 2w < 20° [V (8] + THVWU)HQ

2 2
< Qb + 7”1||Vu2<t>|12, (30)

where Qo = 2D?**4(C?*+1y 1 and C is the constant in (16). Now, multiplying (24) by
O;u and integrating over {2 leads to

o) + 5 2 (V)P + all(t)[?) < [bo (a0 (1) — awa (1) aus(t), Do)
"y (Aus(t), dou(t) ‘ (b s ()] (1), pu(t))]. (31)

Using the mean value theorem and Hoélder’s inequality and (27) and (16), it is easy to
show that

b (8)|"wa(t) — ua(t) ua(t), @U(t))‘ < by DO Vau(t)|] [|0ru(t) |

1
< BD*ECH V@) + Sllou(@)])” (32)
Using the first equation in (23) and the Cauchy-Schwarz inequality, we obtain
[ {Aua(t), du(t))] < 1\<atu2<t> - aus(t) + balus (1) “us(t), Bu(®)) |,

1 2

5”815’11,”2 4’}/22 8tu2+a'u,2+b2|u2| usl| ,

1 2 2 2 2 2 2 2042

< <[9rul* + (||atu2|| + a2 + 3 wall3at3).

1

< gl + 1 (1 sl + 2DAC2 4+ B(DOY). (33)

Similarly, we have

bl (1) 201 (1), Dau(1))| < 61D [V oy,
3 1
< szDQ("‘“>||Vu1||2<a+l> + SN,

3
< b24D2 (a+1) 02 (a+1) + = Ha UHZ (34)
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Thus, combining (32-34), we obtain from (31)

3
—V10vua(D)|1* + Min?,  (35)
273

d
L (1 Vu@? + alu®)]?) < My Vu(t)|? + Qu* +

where

My = 2703 D**F2C2 @y = 3D 202t My = 34,2(a(DC)? + b3(DC)?*+2).
Multiplying (30) by 8 = 2%, we obtain

L (Blu(O)?) + 200 Tult) [ + 208 w(t)] < BQY + 257 [Vua(t) (36)
7 0 < bWo o 2

Next, we add the bounds (35) and (36) to get

& (IO + (@ + B)w@) + Mo Va(t)|? + 208 w0
9

>
Now, we set F(t) = v1||[Vu(t)||? + (a + B)||w(t)|]*>. It is easy to show that

ozlOalb) + M) + 1(Qs + Q).

<7’ (27_?||VU2(?5)||2 + 102 () > + M1> +b%(Q1 + Qo).

F(0) + QuF () < ([T us(0) +

_ : M 2a
where @y = min (32, 73

inequality and using (16), we obtain

F(t) <9*(2697'C + g% “C %) +b%(Q1 + Q).

). Therefore, integrating from 0 to ¢, applying Gronwall’s

Q2
Furtheremore, we can derive (25) with
-1 9 M
Q1+ 5Qo 20 CrepCta

- min(yy, (a+ 5)) and M= min(y1, (a+ f3))

This achieves the proof of the continuous dependence on the Brinkman’s and
Forchheimer coefficients. O]

5. Approximation by the artificial compressibility method

The importance of the treatment of the incompressibility constraint has been recognized
since a long time. Towards incompressible flows, density variation is not linked to the
pressure. A possible method is to introduce an artificial compressibility, i.e. adding the
time-derivation of pressure to the continuity equation, first proposed by Chorin (1967),
named pseudo-compressibility. This method introduced waves of finite speed into the
incompressible flow, in which the artificial pressure waves would otherwise be infinite. In
this section we study a perturbed system that approximates, in the limit, the Brinkman-
Forchheimer equations via the artificial compressibility method. We prove the existence
of weak solution and show how the solution of the perturbed problem converges to the
solution of the Brinkman-Forchheimer problem when ¢ — 0 where ¢ > 0 is arbitrary.
The pseudo-compressibility method that we propose to study is to approximate the
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solution (u, p) of the incompressible Brinkman-Forchheimer equations by (u®, p°)
satisfying the following perturbed system:

O, — YAu, + au, + blul®u. +Vp. =f in Qp,

divu, + edyp. =0 in Qp,

u.=0 on Xp, (37)
u.(0) = ug in Q,

pe(0) =po in €,
where py € L*(Q) is arbitrary and independent of e.

5.1. Existence of solutions of the perturbed problem

We can easily verify that for a given f € L?(0, T, L*(?)) and an uy € L*(Q), the
problem (37) is equivalent to the variational formulation: Find w. € L*(0, T, H}(Q)) N
L>(0, T, L*(Q)) and p. € L?(0, T, L*(£2)) such that
d
U (), v) +9(Vus(t), Vo) +alu(t), v) + 0(lu*(t)["u(t), v)

—(p°(t), divw) = (f(¢), v), Yo € H)(Q) N L(Q), (38)
(divu(t), g) = —e(0p"(t). @), Vg€ L*(Q). (39)
Now, we state the existence result as follows

Theorem 5.1. For ¢ > 0 fived, given f € L*(0, T, L*(2)), ug € H and py € L*(2),
there exists at least one solution (u°, p®) of the perturbed problems (37). Moreover,

(uf,p?) € L*(0, T, Hy(Q)) N L>=(0, T, L*()) x L*(0, T, L*(2)).

Proof. To prove the wellposedness of the problem (38-39), we will use the Faedo-Galerkin
method. We find the approximate solution of u®(¢) and p.(t) respectively in the forms

u,(t) = Zgim(t)wi and  pf,(t) = Z Eim ()75, (40)

where the coefficients w; and r; satisfy the system of ODE’s:

d

g Ut wa + VVUR(E), Veow) + afun(t), wi) + bl () unli), wi)

(div s, (t), 1) = —e(0ws, (1), 1), l=1,...,m. (42)
Moreover, we have the following initial conditions

ui@(o) = Uom and pfna)) = Pom, (43)
where g, and pg,, are the orthogonal projections of uy and py onto the subspaces
spanned by w1, ..., w,, and 1, ..., r, in L*(Q) and L?(Q) respectively.

It is clear that for each m, there exist solutions w5, (¢) and pf,(¢) in the form (40) which
satisfy (41-43) almost everywhere on 0 < ¢t < T, for some T,,, 0 < T,, < T. The
following estimtes allow us to take T, =T for all m.



The Brinkman-Forchheimer equations 11

a) First estimtes: We multiply the k* equation of (41) by gg,(t) and sum up over
k. Next we multiply the I'" equation of (42) by &,,(t) and sum up over [. We get

1d

2 € 2 € 2 € a+2 2
S O+ AV s, 0P + s, (I + bl 13 + 5 s (0]

= (F(1), u3, (1),
Ay, e 2 1 2
< Sllus 0 + - IF O,
so that
d
(1 I + @12 + 23V, O + all g, ()12 + 26l s, (1) 553
1 2
< o IF @I (44)

Integrating both sides of (44) over the interval (0,t¢) we get

t t
s, ()2 + el (O + 20 / IV us, ()2 ds + a / s, (s)]%ds
t
2 / ot (5) 333 ds < o / 1F ()12 ds + [z, O] + elp5, (0)]P.

From this inequality we infer

sup (I, ()] + 2llp5, (1)) < db, (45)
te[0,T)
/T IV s, (O dt < & (46)
0 " 2y’

/0 o (] dr < 2 (47)

g € a+2 dl
ol < 5 (a9

where

dy = llwol? + ol + 5 / 1 ()] ds.

b) Second estimtes: In addition to the previous estimates, we want to prove an estimate
of the fractional derivative with respect to time of u¢,(¢) in order to pass to the limit in

the nonlinear term. We let

Pm(t) = F () = 7D u, (8) — aug, (1) — blug, (1) ug, (1),

Therefore,

16m @ g1y < IF O+ allul, (O + Vel (O] + bllus, O]3T2- (49)
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Hence, (41-42) reads now

d .

g3 {Um(0), wi) = (Pl (1), divawy) = (dn(t), wi),  k=1,....m, (50)
(div us (1), m) = —e(Owp5, (1), 1), l=1,...,m. (51)
We extend the functions uZ (t), p5,(t), f(t) grm(t), &m(t) and ¢F (t) by 0 outside the

interval [0, T']. Then we obtain in the sense of distributions on R:

d _. . _
2 {Um(0), wi) — (P, (1), div wy)
= (Om(t), W) + (o, w)5(0) — (ui, (T), wi)S(T), k=1,...,m,

(diva;, (t), ) + (05, (1), 1)

= (Pom, 11)0(0) — (p; (T, r)o(T), I=1,...,m,
where 0(0) and §(T") are respectively the Dirac distributions at 0 and 7". Next, by taking
the Fourier transforms, we get
2irr(u, (1), wi) — (05, (1), div wy)

= (I (7), Wi) + (Wom, wi) — (us,(T), wy) exp(=2ix7T), k=1, ..., m,
(diva; (1), m) + 2iwre(D;, (1), 1)

= &(Pom, 1) — (5, (T), 7)) exp(—2in7T), l=1,...,m.
Let grm(7) and é}m(r) be respectively the Fourier transform of g, (t) and &, (t). Now,
we multiply both last equations by Gk, (7) (the former) and the &, (7) (the latter) and
add the results for k=1,...,mand [ = 1,...,m. The result of this calculation reads

2y (|15, ()| + £lFou(7)12) = (Gin(7), B (7)) + (2bom, B (7)) + &(poms (7))
— ({5, (1), (1) + 205, (T), Foa(7)) ) exp(—20mrT).
Using estimate (45) we get
27| (5, ()12 + €75 () < Udm (Dl ot g B (7| + 2/ |5, (7]
+ 23/del|p5, (7)) (52)

But

R T
o g0y < [ 10m(0)] gy (55)

Using estimates (46-49) and applying the compactness result of [16, Theorem 2.2 page
274], we can show that

400
/ 171%)|%5,(7)||? dr < Const, for some 6 > 0. (54)

o0

c¢) Passage to the limit: We need to pass to the limit when m — oo and € — 0. At
this step, by fixing €, we are only concerned with the passage to the limit as m — oo.
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Based on (45-48), it is clear that there exist subsequences still denoted u:, and p,
satisfying

us, — u® in L*(0, T; Hy(Q)) weakly, (55)
us, — u® in L™(0, T; L*(2)) weak — star, (56)
ps, — p° in L™(0, T; L*(Q)) weak — star. (57)
us, — u® in LT3(0, T; L*T*(Q)) weakly, (58)
Moreover, due to (55), (54) and [16, Theorem 2.3 page 276], we have

us, — u® in L*(0, T; L*(2)) strongly. (59)
In order to prove that (u®, p°) satisfies (38-39), we shall use the same arguments of

[16]. Multiplying both sides of (41-42) by ¥ (t) € C>(0, T') such that (7)) = 0 and
integrating over (0, T'), we get

_ /0 s (0, ka“)dt”/o

T

(Vs (t), (1) V)t + a / (s, (1), wib(8))dt
b / (o, ()0, (8), wih(B))dt — / (V15 (6), with()dt
— (1o, wi) $(0) + / (F(8), wip(t))dt, (60)

/0 (div (), r0b(8))dt = (P, 12) (0) + / S, (1), o (1), (61)

Using the previous convergence properties, it is easy to pass to the limit m — oo in the
linear terms. For the nonlinear term, we apply the following Lemma that we postpone
the proof to the end of this paragraph.

Lemma 5.2. We have the following property as m — oo

T T

| e o), wewtnds — [ uolne), wo)e (62)
0 0

Using lemma 5.2, we can pass to the limit in (60-61) and obtain for £ = 1,...,m and

l=1,...,m

- / (ul (1), we)! (£)dt + / (Vs (t), $(t) V)t +a / (e (t), wedh(t))dt
n / (o (6) e (1), weh () dt — / (V5(1), wedh(8))de
— (uo, wy) ¥(0) + / (F (), wab(8))dt, (63)

/0 (div us(t), map(t))dt = e(po, r1) ¥(0) —i—/o e(p*(t), r)' (t)dt. (64)
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Now, observe that the nonlinear term is continuous with respect to wy. Indeed, for any
wy, € Hy(Q), we have

/OT<|UE(t)’au€<t>7 wk¢(t)>dt' < sup |¢(t>|/OT/Q|UE(t)|°‘+1\wk\dxdt,

te[0, T

<C ' ()5 da)dt
< Cllwrl g, | ([ 1@ de)d

6(a+1)

Thanks to the embeddings L**?(Q) < L~ 5 (Q) with a € [1, 2] and H(Q2) — L°(Q),
we get

T
€ o, € < el|la+1
|t orw, wkw<t>>dt' < O3, o o el 2y

La+2(
< C”wk”HOl(Q) (65)

By linearity, the equation (63) still hlods for any w that is a linear combination of

functions w; and by continuity argument this equation is still true for any w € H (€2).
Similarly, the equation (64) still holds true for any r € L*(2). Then, we can write

-/ " (w(1), w0t + /

T

(Vus(t), @D(t)Vw}dt—Fa/O (u®(t), wi(t))dt
b / (o (1) ] (1), wip(£))lt — / (V5 (1), wib(b)dt
= (uo, w)(0) + / (F(8), wib(t))dr, (66)

/0 (div w(2), rib(8))dt = £(po, ) $(0) + / (e (1), P (1)t (67)

In particular, choosing in (66-67) ©» = ¢ € D(0, T'), we see that (u®, p°) satisfies (38-39)
in the sense of distributions.

It remains to prove that u® and p® satisfy the initial conditions in (37). For this purpose,
we take again, ¢ € C*>(0, T') with ¢(7T") = 0, multiply (38-39) by % and integrate over
(0, T'). This yields
T T T
—/ (u®(t), w>w'(t)dt+’y/ (Vus(t), Mt)Vw)dt—l—a/ (u®(t), wi(t))dt
0 0 0
T T
b [ (u s e), woohd (V@) woo)
0 0
T
— (O w) 00 + [ (£, wiD)ar, (68)
T T
| vt (o), roo)e =70 1) v0)+ [ et nvar (69)

If we compare (66) with (68) and (67) with (69), we observe that
Yw e Hy(Q), (u(0) — ug, w)(0) =0,
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vre L*(Q), (p*(0) —po, )(0) =0
Choosing ¢ (0) = 1 shows that the conditions u®(0) = uy and p*(0) = pg are verified. [

The proof of the previous Theorem used the property presented in Lemma 5.2 and we
prove it here.

Proof of Lemma 5.2. We write the following

[ oo wani — [ guoreo, wkw<t>>dt]

</ [, (017, 0) = )0 o ).
< @t Dswplun] s (60| [ [ Jui ) = o] (i1 + 1w OF) e

te€[0, T

< (a+1)sup [wi(z)| sup |t |/ s —u<>||(||u ()18 + lu (D)5, ) dt
e tel0,T)
< Ol (t) = Ol 2o 1 12y (OIS proay T 1O 1 L2 ):

S CHufn(t) - us(t)HL2(07T7L2(Q))'

The last term converges obviously to 0 as m — oo, this finishes the proof. O]

5.2. The solutions of perturbed problem converge to solution of BF problem

The aim of this subsection is to consider the limit as e — 0. It is useful to establish
some a priori estimates for u¢ and p¢, independent of €. Since we are interested in
e — 0, we can always suppose that € < 1. It follows from (45, 46, 55-57) and the lower
semi-continuity of the norm that for any e € (0, 1], it holds

Hu HLOOOTL( ))<hT¥LnlanumHLoo0TL( ))S dl’ (70)
dy

HU HLQ(O T; H Q) < hmlnf HumHL2 0,T; H Q) S %7 (71)

Vel Lo, 7; 12(0)) < \/glilfgiogf D5l 2o 0,75 £2(0)) < V. (72)

Eventually, from (54) it holds for 0 < # < 1/4 and for any € € (0, 1]

“+o00 “+oo
/ 1712 @° (1) ||> dr < liminf/ I7|%)|%2, (7)||? dr < Const, (73)
_ m—

o0 —0o0

where the constant is independent of e.

Theorem 5.3. Let (uf, p¢) be the solution of problem (37). Then, there exists a
subsequence still denoted by (u®, p°) so that

w — w in L*(0, T; Hy(R)) weakly, (74)
w — u in L>(0, T; L*(Q)) weak — star, (75)
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w — u in L*(0, T; L*(Q))) strongly, (76)
p° —p in L0, T; L*(Q)) weak — star, (77)
where (u, p) is the solution of the (BF) equations (1).

Proof. By virtue of (70-73), there exists a subsequence still denoted by (uf, p©) such
that

u®  —u* in L*(0, T; H{(Q)) weakly, (78)
u®  —u* in L>(0, T; L*(Q)) weak — star, (79)
u®  — u* in L*(0, T; L*(Q)) strongly, (80)
Veps — x in L®(0, T; L*(Q2)) weak — star, (81)

Passing to the limit e — 0 for the subsequence in (39), we obtain in the sense of
distributions

Ve (t), ) — (9, ),

and then €(9;p°(t), ¢) — 0. This limit with (39) gives

(divau*(t), ¢) =0, VYqe L*(Q),

which in turn implies that w* is divergence free, i. e. divu* = 0. Therefore
u* € L*0,T; V)N L>®0,T; H).

In order to show that u* verifies the variational formulation (2), we take v € V in (38)
and we multiply both sides of this last equation by i) € D(0, T') and we integrate over
(0, T), we get

—/0 (u(t), v)¢’(t)dt+7/0 (Vus(t), ¢(t)Vv)dt+a/0 (u®(t), vip(t))dt
0 / (o (1) ] (1), v () dt = / (£ (1), vut))dt. (82)

Using the convergence properties (78-79), we can easily pass to the limit € — 0 in the
linear terms in (82). Next, we use the same arguments of the proof of (62) to check that

/0 (o (1) (1), vp(8))dt — / (o ()] (£), wip(t))d. (33)

We obtain in the limit
- [ wenowmass [
+b/0 () u (2), m/1(t)>dt:/0 (), vi(B)dt, Yve V.  (34)

The solution of problem (84) satisfies then (2) in the sense of distributions. It follows

T

(Vu™(t), w(t)Vv>dt+a/0 (u*(t), vi(t))dt

that in order to show that u* = w and p® = p, it remains only to prove u*(0) = ug
and p*(0) = po. For this one proceeds exactly as in the proof of the initial conditions of
problem (37). O
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6. Numerical experiments

In this section, we carry out numerical experiments for the perturbed Brinkman-
Forchheimer equations (37) but with non-homogeneous boundary conditions

e + YAu. + au. +blu]® u.+ Vp. = f, in Qr,

V- uc+edp. =0, in Qp,

u. = upg, on Ar, (85)
u.(0) = up, in €,

pe(0) = po, in Q,
where u g is an imposed velocity on the boundary and is assumed to be time-independent
below for convenience. Again, we first convert the perturbed Brinkman-Forchheimer
equations (85) into a variational formulation: Find u. € Eqo,(ug) + L*(0,T, Hy(Q))
and p. € L*(0,T, Q) such that

% (uc(t),v) +v(Vu(t), Vv) + a(u(t),v)
+b (Juc(t)|” uc(t), v) — (p(t),V - v) = (f(t),v), VYve H(Q),
(V- ue(t),q) +€(Ope(t),q) =0, Vg eQ,
(u(0),v) = (ug,v), Yve Hqi(Q),
(pe(0),9) = (po,q), Vg €Q,

where Q = L*(Q) and Fq, (up) is the extension of ug from X7 to Qp.

To obtain numerical (approximated) solution of the above equations, we first apply
semi-implicit Euler time step to integrate with time: Find u**! € Eq(ug) + H, ()
and pP*t € Q, k=0,1,2,---, such that

<uf+1,v> — <u’§,v>
b1 — Tk
+b<|u§‘auf+lu 'U> - <pf+17v ' 'U> = <f(tk+1)7 'U>, Vv € HOI(Q)7

+ 9 (Vult, Vo) +a(ult! v)

k—+1

okl <pe 7Q> - <p’e€7 Q> .
<v u€ ’q> te€ tk+1 o tk - O? vq c Q7

<’u,8,'v> = (ug,v), Vv e H;(Q),
(P2, q) = (po.q), Vqe€Q,

where Eq(up) is the extension of ug from ¥ to 2.

We now carry out spatial discretization. We assume a rectangular mesh and we adopt
the lowest-order Raviart-Thomas elements for our finite element spaces V;, C H(£2; div)
and @ C Q. That is, we let the approximating subspaces V, x @, of H(£;div) x @
be the zeroth order Raviart-Thomas space (RTy ) of the rectangular partition. For
example, for two-dimensional domain (2 , it is defined as

Vh = {’U € H(Q,le) : ’l)|R € QL()(R) X Q071(R), R e 771},
Qn = {w S LZ(Q) : w|R € QO,O(R)7 R e 771},
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Figure 1. Computed velocity profiles through the cavity center (a) u component along
the vertical line through the cavity center for various parameters gamma and b; (b) v
component along the horizontal line through the cavity center for various paramters
gamma and b; (¢) u component along the vertical line through the cavity center for
various paramters gamma, (d) v component along the horizontal line through the cavity
center for various paramters gamma; (e) u component along the vertical line through
the cavity center for various paramters b; (f) v component along the horizontal line
through the cavity center for various paramters b
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where, we denote by @; ;(R) the space of polynomials of degree less than or equal to i
(or j ) in the first (or second) variable restricted to R.

If taking u**! € V}, and v € V},, all terms in the above equations make sense except
the term ~y <Vuf+1, V'v> because V), is not a subspace of H (). To overcome this
difficulty, we apply an interpolation Z¢ ) from Vj, to the continuous piecewise linear
space V&, Now, the fully discrete scheme reads: Find uf;gl € Eq(up) + V), and
pfj;l €Qp, k=0,1,2,---, such that

(ueh' v) — (udy, v)
ler1 — t
b (Jul,|" ufit v) = (PEL V- v) = (F(te), v), Yo € V),

(pei'sa) = (Pensa)

ler1 — Tk
(ul),v) = (ug,v), VveVy,

(P21, a) = (po.q), Vg€ Qn.

We implement the above finite element scheme in MATLAB. In each time step, a linear

+ v <VIc7h'u,fjgl, VIenv)+a <u]:,Jiglv v)

(V- uf};l,q> +€ 0, Vqe€Qp,

algebraic system is solved. We run a large number of time steps to ensure that we reach
the steady state solution.

Figures 1(a—f) are numerical results of the lid-driven cavity flow (a widely-used
benchmark case for testing Navier-Stokes flow) applied to our Brinkman-Forchheimer
equation system. In all example, we set ¢ = 0.01, a = 1 and o = 1, and we change the
parameters v and b to study the influence of the parameters. It is clear from the plots
that the viscosity v has a strong influence on the velocity profiles; in particular, when
viscosity is increased, the dragging movement on the top of the domain (i.e. on the lid)
has a stronger affect to the velocity in deeper part of the domain. The Forchheimer
parameter b does not have that significant impact as the viscosity does though in this
example.
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