N

N

Asymptotic properties of maximum likelihood estimator
for the growth rate for a jump-type CIR process based
on continuous time observations
Matyas Barczy, Mohamed Ben Alaya, Ahmed Kebaier, Gyula Pap

» To cite this version:

Matyas Barczy, Mohamed Ben Alaya, Ahmed Kebaier, Gyula Pap. Asymptotic properties of max-
imum likelihood estimator for the growth rate for a jump-type CIR process based on continu-
ous time observations. Stochastic Processes and their Applications, 2018, 128 (4), pp.1135-1164.
10.1016/j.spa.2017.07.004 . hal-02332281

HAL Id: hal-02332281
https://normandie-univ.hal.science/hal-02332281
Submitted on 13 Feb 2024

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est

archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://normandie-univ.hal.science/hal-02332281
https://hal.archives-ouvertes.fr

arXiv:1609.05865v4 [math.ST] 10 Aug 2017

Asymptotic properties of maximum likelihood estimator

for the growth rate for a jump-type CIR process

based on continuous time observations

MATYAS BARCZY"®, MOHAMED BEN ALAYA™,

kokk

AuMED KEBAIER™ AND GyuLA Pap

* MTA-SZTE Analysis and Stochastics Research Group, Bolyai Institute, University of Szeged, Aradi
vértanuk tere 1, H-6720 Szeged, Hungary.

** Université Paris 13, Sorbonne Paris Cité, LAGA, CNRS (UMR 7539), Villetaneuse, France.
*** Bolyai Institute, University of Szeged, Aradi vértanik tere 1, H-6720 Szeged, Hungary.

e-mails: barczy.matyas@inf.unideb.hu (M. Barczy),
mba@math.univ-paris13.fr (M. Ben Alaya),
kebaier@math.univ-paris13.fr (A. Kebaier),
papgy@math.u-szeged.hu (G. Pap).

¢ Corresponding author.

Abstract

We consider a jump-type Cox—Ingersoll-Ross (CIR) process driven by a standard Wiener pro-
cess and a subordinator, and we study asymptotic properties of the maximum likelihood estimator
(MLE) for its growth rate. We distinguish three cases: subcritical, critical and supercritical. In
the subcritical case we prove weak consistency and asymptotic normality, and, under an additional
moment assumption, strong consistency as well. In the supercritical case, we prove strong consis-
tency and mixed normal (but non-normal) asymptotic behavior, while in the critical case, weak
consistency and non-standard asymptotic behavior are described. We specialize our results to so-
called basic affine jump-diffusions as well. Concerning the asymptotic behavior of the MLE in the
supercritical case, we derive a stochastic representation of the limiting mixed normal distribution,
where the almost sure limit of an appropriately scaled jump-type supercritical CIR process comes
into play. This is a new phenomenon, compared to the critical case, where a diffusion-type critical
CIR process plays a role.

1 Introduction

Continuous state and continuous time branching processes with immigration, especially, the Cox—
Ingersoll-Ross (CIR) process (introduced by Feller [15] and Cox et al. [10]) and its variants, play an
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important role in stochastics, and there is a wide range of applications of these processes in biology
and financial mathematics as well. In the framework of the famous Heston model, which is popular
in finance, a CIR process can be interpreted as a stochastic volatility (or instantaneous variance) of a
price process of an asset. In this paper, we consider a jump-type CIR process driven by a standard
Wiener process and a subordinator

(1.1) dY; = (a — bY;) dt + o/Y; dW; +dJ;,  t e [0,00),

with an almost surely non-negative initial value Yy, where a € [0,00), b € R, o € (0,00), (W)sc[0,00)
is a 1-dimensional standard Wiener process, and (Ji)c[0,0c) is a subordinator (an increasing Lévy
process) with zero drift and with Lévy measure m concentrating on (0,00) such that

(1.2) /Ooozm(dz) € [0, 00),

that is,

(1.3) E(e") = exp {t /0 Tlen 1) m(dz)}

for any t € [0,00) and for any complex number u with Re(u) € (—o0,0], see, e.g., Sato [44] proof
of Theorem 24.11]. We suppose that Yo, (Wi)cjo,00) and (Ji)ejo,00) are independent. Note that
the moment condition (L2)) implies that m is a Lévy measure (since min(1,2?) < z for z € (0, 00)).
Moreover, the subordinator J has sample paths of bounded variation on every compact time interval
almost surely, see, e.g., Sato [44] Theorem 21.9]. We point out that the assumptions assure that there
is a (pathwise) unique strong solution of the SDE (1)) with P(Y; € [0,00) for all ¢ € [0,00)) =1 (see
Proposition R.T). In fact, (Y)ic0,00) is @ special continuous state and continuous time branching
process with immigration (CBI process), see Proposition 211

In the present paper, we focus on parameter estimation for the jump-type CIR process (1)) in
critical and supercritical cases (b =0 and b € (—o0,0), respectively), which have not been addressed
in previous research. We also study the subcritical case (b € (0,00)) and we get results extending
those of Mai [40, Theorem 4.3.1] in several aspects: we do not suppose the ergodicity of the process
Y and we make explicit the expectation of the unique stationary distribution of Y in the limit
law in Theorem However, we note that some points in Mai’s approach [40, Sections 3.3 and 4.3]
should be corrected concerning the expressions of the likelihood ratio (Mai [40, formula (3.10)]) and
the maximum likelihood estimator (MLE) of b € R (Mai [40, formula (4.23)]), see our results in
Propositions ] and 2] respectively. Supposing that a € [0,00), o € (0,00) and the measure
m are known, we study the asymptotic properties of the MLE of b € R based on continuous time
observations (Y3)ipo,r) with 7" € (0,00), starting the process Y from some known non-random
initial value yp € [0,00). It will turn out that for the calculation of the MLE of b, one does not need
to know the value of the parameter o and the measure m, see ([L3). We have restricted ourselves
to studying the MLE of b supposing that a is known, since in order to describe the asymptotic
behavior of the MLE of a supposing that b is known or the joint MLE of (a,b), one has to find,
for instance, the limiting behavior of fg YLS ds as t — oo, which seems to be a hard task even in the
subcritical case. In general, we would need an explicit formula for the Laplace transform of fot Y% ds,
t € Ry, which is not known up to our knowledge. This can be a topic of further research.

Studying asymptotic properties of various kinds of estimators for the drift parameters of the CIR
process and its variants has a long history, but most of the existing results refer to the original



(diffusion-type) CIR process. Overbeck [4I] studied the MLE of the drift parameters of the original
CIR process based on continuous time observations, and later on, Ben Alaya and Kebaier [6], [7]
completed the results of Overbeck [4I] giving explicit forms of the joint Laplace transforms of the
building blocks of the MLE in question as well. Another type of estimator, so-called conditional
least squares estimator (LSE) has also been investigated for the drift parameters for the original CIR
process, see, e.g., Overbeck and Rydén [42]. For a generalization of the original CIR process, namely,
for a CIR model driven by a stable noise instead of a standard Wiener process (also called a stable
CIR model) Li and Ma [35] described the asymptotic behaviour of the (weighted) conditional LSE
of the drift parameters of this model based on a discretely observed low frequency data set in the
subcritical case. For a CBI process, being a generalization of a (stable) CIR process, Huang et al. [19]
studied the asymptotics of the weighted conditional LSE of the drift parameters of the model based
on low frequency discrete time observations under second order moment assumptions of the branching
and immigration mechanisms of the CBI process in question.

Note that we have E(J;) =t [;° zm(dz) € [0,00), and E(Y;) € [0,00) (see Proposition 2.2).
Moreover, (Ji)ic[o,00) is @ compound Poisson process if and only if m(R) = m((0,00)) € [0, 00),
see, e.g., Sato [44, Examples 8.5]. If m((0,00)) = oo, then its jump intensity is infinity, i.e., almost
surely, the jump times are infinitely many, countable and dense in [0, 00), and if m((0,00)) € (0, 0),
then, almost surely, there are finitely many jump times on every compact intervals yielding that
the jump times are infinitely many and countable in increasing order, and the jump intensity is
m((0,00)), i.e., the first jump time has an exponential distribution with mean 1/m((0,00)), and
the distribution of the jump size is m(dz)/m((0,00)) (see, e.g., Sato [44], Theorem 21.3]). The case
m((0,00)) = 0 corresponds to the usual CIR process. Our forthcoming results will cover both cases
m((0,00)) € [0,00) and m((0,00)) = cc.

In case of b € (0,00), Y; converges in law as t — oo to its unique stationary distribution
(see Theorem [2.4]). This follows from a general result for CBI processes which has been announced
without proof in Pinsky [43] and a proof has been given in Li [33] Theorem 3.20 and the paragraph
after Corollary 3.21], see also Keller-Ressel and Steiner [29], Keller-Ressel [27], and Keller-Ressel and
Mijatovi¢ [28, Theorem 2.6]. The mean [;*ym(dy) € [0,00) of the unique stationary distribution
is the so-called long variance (long run average price variance, i.e., the limit of E(Y;) as ¢t — oo,
see [Z0) and 7)), b is the rate at which E(Y;) reverts to [j~ym(dy) as ¢t — oo (speed of
adjustment, since E(Y;) = [;° y7(dy) + e " (E(Yp) — S ym(dy)) forall te [0,00), see (ZT) and
@20). Under a € (0,00), the moment condition ([2]) and the extra moment condition

(1.4) /01 2log <§> m(dz) < oo,

Jin et al. [25] established an explicit positive lower bound of the transition densities of (Y1);c[0,00), and
based on this result, they showed the existence of a Foster—Lyapunov function and derived exponential
ergodicity for (Y;);c(0,00) (see Theorem 2.4]). Comparing the moment conditions (L.2]) and (L.4)), note
that the integrability of zlog (%) on the interval (0,e!) yields that of z on the same interval.

In case of b = 0, if a+ [[Tzm(dz) € (0,00), then lim;,cE(Y;) = oo such that
limy o0 1 E(Y;) € (0,00), and, in case of b € (—00,0), if E(Yp) € (0,00) or a+ [;~ zm(dz) € (0,00)
(which rule out the case that Y is identically zero), then lim;,.E(Y;) = oo such that
limy oo eth(Yt) € (0,00), hence the parameter b can always be interpreted as the growth rate,
see Proposition 2.2



The jump-type CIR process in ([II]) includes the so-called basic affine jump-diffusion (BAJD) as
a special case, in which the drift takes the form (6 —Y;) with some k € (0,00) and 6 € [0, 00),
and the Lévy process (Ji)e[o,00) is @ compound Poisson process with exponentially distributed jump
sizes, namely,

(1.5) m(dz) = c)\e_)‘zll(o,oo) (2)dz

with some constants ¢ € [0,00) and A € (0,00). Note that the measure m given by (LI
satisfies (L.2)) and ([4]), and, for the compound Poisson process in question, the first jump time has
an exponential distribution with parameter ¢ and the distribution of the jump size is exponential
with parameter A. Indeed, in this special case

/ zm(dz) = c/ e Mdr =S e [0, 00),
0 0 A

! 1 ! 1 < cA
zlog [ = | m(dz) < e | zlog|—) dz=-cA ue” ““du = — € [0,00).
0 z 0 < 0 4

For describing the dynamics of default intensity, the BAJD was introduced by Duffie and Garleanu
[13]. Filipovi¢ [I6] and Keller-Ressel and Steiner [29] used the BAJD as a short-rate model.

and

The paper is organized as follows. In Section[2] we prove that the SDE (I.T]) has a pathwise unique
strong solution (under some appropriate conditions), see Proposition 2.J1 We describe the asymptotic
behaviour of the first moment of (Y})te[o’w), and, based on it, we introduce a classification of jump-
type CIR processes given by the SDE (ILT]), see Proposition and Definition Namely, we call
(Yi)ie[o,00) subcritical, critical or supercritical if b € (0,00), b =0, or b€ (—00,0), respectively.
We recall a result about the existence of a unique stationary distribution and exponential ergodicity
for the process (Y;)ic[0,00) given by the equation (L)), see Theorem 2.4l In Remark .35 we derive
a Grigelionis representation for the process (Y7)g(o,00)- Further, we explain why we do not estimate
the parameter o, see Remark Next we drive explicit formulas for the Laplace transform of
(Yt, fot sts) in Section B] together with some examples for the BAJD process. Here we use the
fact that (Y}, fot Y ds) t€[0,00) is a 2-dimensional CBI process following also from Keller-Ressel [26]
Theorem 4.10] or Filipovi¢ et al. [I7, paragraph before Theorem 4.3]. For completeness, we note
that Keller-Ressel [26, Theorem 4.10] derived a formula for the joint Laplace transform of a regular
affine process and its integrated process containing the solutions of Riccati-type differential equations,
and Jiao et al. [24] Proposition 4.3] derived a formula for that of a general CBI process and its
integrated process. We point out that our proof of technique of Theorem Bl is different from those
of Keller-Ressel [26] Theorem 4.10] and Jiao et al. [24, Proposition 4.3], and we make the solutions
of Riccati-type differential equations explicit in case of (Y;)ig,0c)- Sectiondlis devoted to study the
existence and uniqueness of the MLE br of b based on observations (Ye)ieporp with T € (0, 00).
We derive an explicit formula for ZT as well, see ([£3]). Sections [, [6] and [1 are devoted to study
asymptotic behaviour of the MLE of b for subcritical, critical and supercritical jump-type CIR models,
respectively. In SectionB we show that in the subcritical case, the MLE of b is asymptotically normal
with the usual square root scaling T2 (especially, it is weakly consistent), but unfortunately, the
asymptotic variance depends on the unknown parameters a and m, as well. To get around this
problem, we also replace the deterministic scaling 7%/2 by the random scaling %( fOT Y ds) Y2 with



the advantage that the MLE of b with this scaling is asymptotically standard normal. Under the
extra moment condition (L)), we prove strong consistency as well. In Section [6 we describe the (non-
normal) asymptotic behaviour of the MLE of b in the critical case both with the deterministic scaling
T and with the random scaling %( fOT Y ds) /2 In Section [7, for the supercritical case, we prove that
the MLE of b is strongly consistent, and it is asymptotically mixed normal with the deterministic

_ . . . . T 1/2
bT/2 and it is asymptotically standard normal with the random scaling %( fo Y ds) /2,

scaling e
We close the paper with Appendices, where we prove a comparison theorem for the SDE (II]) in
the jump process J, we recall certain sufficient conditions for the absolute continuity of probability
measures induced by semimartingales together with a representation of the Radon—Nikodym derivative

(Appendix [B]) and some limit theorems for continuous local martingales (Appendix [C]).

Finally, we summarize the novelties of the paper. We point out that only few results are available for
parameter estimation for jump-type CIR processes, see Mai [40] Section 4.3] (MLE for subcritical case),
Huang, Ma and Zhu [19] and Li and Ma [35] (conditional LSE). Concerning the asymptotic behavior
of the MLE in the subcritical case, we use an explicit formula for the Laplace transform of fot Y,ds to
derive stochastic convergence of % fot Y,ds as t — oo, and we prove asymptotic normality avoiding
ergodicity, see Theorem Further, in the supercritical case, we derive a stochastic representation
in Theorem [T.1] of the limiting mixed normal distribution given in Theorem [{.3], where the almost
sure limit of an appropriately scaled jump-type supercritical CIR process comes into play. This is a
new phenomenon, compared to the critical case in Theorem [6.3] where a diffusion-type critical CIR
process plays a role. We remark that for all b € R, %( fOT Y ds) 12 (ET —b) converges in distribution as
T — oo, and the limit distribution is standard normal for the non-critical cases, while it is non-normal
for the critical case (given explicitly in Theorem [6.3]). Hence we have a kind of unified theory.

2 Preliminaries

Let N, Z4, R, Ry, Ryy, R_, R__ and C denote the sets of positive integers, non-negative
integers, real numbers, non-negative real numbers, positive real numbers, non-positive real numbers,
negative real numbers and complex numbers, respectively. For x,y € R, we will use the notations
x Ay :=min(z,y) and xVy:= max(z,y). The integer part of a real number z € R is denoted
by |z]. By |jz|| and ||A||, we denote the Euclidean norm of a vector x € R? and the induced
matrix norm of a matrix A € R¥? respectively. By B(Ry), we denote the Borel o-algebra on
R.. We will denote the convergence in probability, in distribution and almost surely, and equality in

distribution and almost surely by i), 3), 25 2 and = respectively.

Let (Q,f, IP’) be a probability space. By C?(R.,R) and C(R,,R), we denote the set of
twice continuously differentiable real-valued functions on Ry with compact support, and the set of
infinitely differentiable real-valued functions on R, with compact support, respectively.

The next proposition is about the existence and uniqueness of a strong solution of the SDE (L.T])
stating also that Y is a CBI process.

2.1 Proposition. Let 79 be a random variable independent of (Wi)ier, and (Ji)icr, satisfying
P(no € Ry) =1 and E(ny) < co. Then for all a € Ry, beR, o€ Ryy and Lévy measure m
on Ryy satisfying (L2)), there is a pathwise unique strong solution (Y;)ier, of the SDE (LI) such
that P(Yo =mo) =1 and P(Y; € Ry forall t € Ry)=1. Moreover, (Y;)ier, is a CBI process



having branching mechanism

o2

R(u) = 7u2 — bu, u € C with Re(u) <0,

and immigration mechanism
o
F(u) = au —I—/ (e —1)m(dz), u € C with Re(u) <0.
0
Further, the infinitesimal generator of Y takes the form

/ 1 1 o
(21) (ANW) = (@=b)F @)+ 5000 W)+ [ () = F) mz),
where y € Ry, f € C?(Ry,R), and f' and f" denote the first and second order partial derivatives
of f.

If, in addition, P(no € Ryy) =1 or a € Ryy, then P(ngsds € R++) =1 forall teR4y.

Proof. The Lévy-Itd’s representation of J takes the form

t 00
(2.2) Jy = / / zp?(ds,dz), te Ry,
0o Jo

where p”(ds,dz) := zu€R+ L4A .0} E(u,Ad,)(ds,d2) s the integer-valued Poisson random measure
on R%H_ associated with the jumps AJ, := J, — Ju—, u € Riy, AJy:= 0, of the process J,
and £(,,) denotes the Dirac measure at the point (u,r) € R2 ., see, e.g., Sato [44, Theorem 19.2].
Consequently, the SDE (ILT]) can be rewritten in the form

t t
Yt:YoJr/(a—bYs)der/ oY, AW, + J,
0 0
(2.3)

t t t poo
:Y0+/ (a—bYs)ds—i-/ U\/YSdWS—F/ / 2’ (ds,dz), teR;.
0 0 0 Jo

Equation (Z3]) is a special case of the equation (6.6) in Dawson and Li [11I], and Theorem 6.2 in
Dawson and Li [II] implies that for any initial value 7y with P(ng € Ry) =1 and E(n) <
00, there exists a pathwise unique non-negative strong solution satisfying P(Yy = n9) = 1 and
P(Y; e Ry forall teRy)=1. Let (Y/)ier, be a pathwise unique non-negative strong solution of
the SDE

dY/ = (@ —bY))dt + o\ /Y AW, tE Ry,

such that P(Yj =mn) = 1. Applying the comparison Theorem [A.1] we obtain
(2.4) P(Y; > Y/ forall teRy)=1.

Further, if P(npg € R14) =1 or a € Ryy, then P(fg Y/ds€ Ry ) =1 forall t€Ry;. Indeed,
if weQ issuch that [0,¢] 3 u— Y, (w) is continuous and Y, (w) € Ry for all v € Ry, then we
have fg Y/(w)ds =0 if and only if Y/(w) =0 for all s € [0,¢]. Using the method of the proof of
Theorem 3.1 in Barczy et. al [3], we get ]P’(fg Y/ds =0) =0, t € Ry, as desired. Since (Yi)se(oy
has cadlag, hence bounded sample paths almost surely (see, e.g., Billingsley [8, (12.5)]), using (2:4)),
we conclude ]P’(fot YVidse€ Ry ) =1 forall teRy,.
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The form of the infinitesimal generator (Z1]) readily follows by (6.5) in Dawson and Li [I1]. Fur-
ther, Theorem 6.2 in Dawson and Li [I1] also implies that Y is a continuous state and continuous
time branching process with immigration having branching and immigration mechanisms given in the
Proposition. O

Next we present a result about the first moment of (Y;)ier, -

2.2 Proposition. Let ac Ry, be R, o € Ry, andlet m be a Lévy measure on Ry satisfying
(C2). Let (Yi)ier, Dbe the unique strong solution of the SDE (1) satisfying P(Yp € Ry) =1 and
E(Yp) < oo. Then

e MEYY) + (a+ [°zm(dz) =2 if b£0,
25) E(Y) = (Yo) + (a+ Jg~ zm(dz)) =5 {eR,.

E(Yo) + (a+ [3° zm(dz))t if b=0,

Consequently, if b€ Ry, then

(2.6) Jim E(Y,) = <a + /0 h zm(dz)> %

if b=20, then
lim t ' E(Y;) = a+/ zm(dz),
0

t—00

if be R__, then
1

t—o0 b )

lim " E(Y;) = E(Yp) — <a - /Ooo zm(dz)>

Proof. By Proposition I, (Y;)icr, is CBI process with an infinitesimal generator given in (Z2.I]).
By the notations of Barczy et al. [5], this CBI process has parameters (d,c, 3, B,v,u), where d =1,
c= %0’2, B=a B=-b v=m and pu=0. Since E(Yp) < oo and the moment condition
fR\{O} 21213 v(dz) = [T zm(dz) < co holds (due to (L)), we may apply formula (3.1.11) in Li
134] or Lemma 3.4 in Barczy et al. [5] with the choices B = B = —b and

BZﬂ-F/R\{O}ZV(dZ):B—l-/O zm(dz) € Ry,

yielding that
- t - _
E(Y;) = P E(Yy) + < / B du> B.
0
This implies (Z3]) and the other parts of the assertion. O

Based on the asymptotic behavior of the expectations E(Y;) as t — oo, we introduce a classifi-
cation of jump-type CIR model driven by a subordinator given by the SDE (LI]).

2.3 Definition. Let a € Ry, beR, c € Riy, andlet m be a Lévy measure on Ry, satisfying
([@C2). Let (Yi)ier, Dbe the unique strong solution of the SDE (L)) satisfying P(Yo € Ry) =1 and
E(Yp) < oo. We call (Yi)ier, subcritical, critical or supercritical if b€ Ry, b=0 or be R__,
respectively.



In the subcritical case, the following result states the existence of a unique stationary distribution
and the exponential ergodicity for the process (Y;)ier,, see Pinsky [43], Li [33] Theorem 3.20 and
the paragraph after Corollary 3.21], Keller-Ressel and Steiner [29], Keller-Ressel [27], Keller-Ressel
and Mijatovi¢ [28, Theorem 2.6] and Jin et al. [25] Theorem 1]. As a consequence, according to the
discussion after Proposition 2.5 in Bhattacharya [9], one also obtains a strong law of large numbers

for (Yt)teﬂh-

2.4 Theorem. Let a€c Ry, be Ry, 0 € Ry, andlet m be a Lévy measure on Ry satisfying
(@C2). Let (Yi)ier, Dbe the unique strong solution of the SDE (1)) satisfying P(Yo € Ry) =1 and
E(Yp) < oo.

(i) Then (Yi)ier, converges in law to its unique stationary distribution m given by

oo —eof [ gacfend [T

for we R_. Moreover, ® has a finite expectation given by

(2.7) /Oooyﬂ(dy) = <a + /OOO zm(dz))% € R;.

(i) If, in addition, a € Ry, and the extra moment condition ([L4)) holds, then the process (Y;)ier,
is exponentially ergodic, namely, there exist constants € (0,1) and C € Ry, such that

||]P>Yt\Yo=y _7T||TV < C(y+1)ﬁt7 t € Ry, y € Ry,

where ||u||lTv  denotes the total-variation norm of a signed measure p on Ry defined by
lullrv == supacpm, ) [(A)], and Py, y,—, is the conditional distribution of Y; with respect
to the condition Yy = y. Moreover, for all Borel measurable functions f : Ry — R with
IS 1 ()| w(dy) < oo, we have

(2.8) —/ f(Yy)ds 2% /000 f(y) m(dy) as T — oo.

2.5 Remark. Let a € Ry, be R, o0 € Riy, and let m be a Lévy measure on R, satisfying
(C2). Let (Yi)ier, be the unique strong solution of the SDE (L)) satisfying P(Yy € Ry) =1 and
E(Yp) < co. By (1), the process (Y;)ier, is a semimartingale, see, e.g., Jacod and Shiryaev [23]
1.4.34]. By ([L3)), we have

E(el’t) = exp {it@ /01 zm(dz) +t /OOO (eigz —1—i0zh(2)) m(dz)}

for 0 € R and t € Ry, where h(z):= 21_14(2), 2 € R. Using again (LI)) and the Lévy-Ito’s
representation (Z2)) of J, we can write the process (Y;)ier, in the form

t 1
Y = YO+/(a—bY)du+t/ zm(dz) + o \/ w AWy,

//h T (du, dz) + //z— I (du, dz), t e Ry,

where 7i7(ds,dz) := p’(ds,dz) — dsm(dz). In fact, [Z9) is a so-called Grigelionis form for the
semimartingale (Y})ier,, see, e.g., Jacod and Shiryaev [23, II1.2.23] or Jacod and Protter [22]
Theorem 2.1.2]. O

(2.9)



2

Next we give a statistic for ¢“ using continuous time observations (Kt)te[O,T] with some T > 0.

Due to this result we do not consider the estimation of the parameter o, it is supposed to be known.

2.6 Remark. Let a € Ry, be R, o0 € Riy, and let m be a Lévy measure on R, satisfying
(C2). Let (Y)ier, be the unique strong solution of the SDE (L)) satisfying P(Yy € Ry) =1 and
E(Yy) < co. The Grigelionis representation given in (2.9)) implies that the continuous martingale part
yeont of Y ois YU =g fg VY, dW,, t € Ry, see Jacod and Shiryaev [23] 1I1.2.28 Remarks, part
1)]. Consequently, the (predictable) quadratic variation process of Y1 is (yeont), — 52 fg Y, du,
t € Ry. Suppose that we have P(Yy € Ryy)=1 or a € Ryy. Then for all T € R, we have

2 <Ycont> B A2

0 = —F )
fOTYudu T

since, due to Proposition 211 IP’(fOT Y, du € R++) = 1. We note that 3% is a statistic, i.e., there

exists a measurable function Z: D([0,7],R) — R such that 57. = Z((Yy)uejo,77), where D([0,T],R)
denotes the space of real-valued cadlag functions defined on [0,7], since

[nT)

(2.10) I TJ (Z (Vi — Vi - > (Ayﬁ) 2052 as n— oo,
5 Y "

= ue(0,T]

where the convergence in (ZI0) holds almost surely along a suitable subsequence, the members of the
sequence in (ZI0) are measurable functions of (Yy),cp,7], and one can use Theorems 4.2.2 and 4.2.8
in Dudley [12]. Next we prove (2I0). By Theorem 1.4.47 a) in Jacod and Shiryaev [23],

[nT]
Z(Yi —Yifl)zi)[Y]T as n — o9, T€R+,
Z:1 n

where ([Y];)icr, denotes the quadratic variation process of the semimartingale Y. By Theorem
1.4.52 in Jacod and Shiryaev [23],

Yr =)+ > (AY,)?, TeR,.

u€[0,T
Consequently, for all T € Ry, we have
[nT | ) .
Z (YL‘ — Yifl) — Z (AYu)z — <Ycont>T as n — o0.
=1 " uel0,7]
Moreover, for all T' € Ry, we have
[nT]
—ZY11—>/Ydu as n — 0o,
i=1

see Proposition 1.4.44 in Jacod and Shiryaev [23]. Hence (2I0) follows by the fact that convergence
in probability is closed under multiplication. O



3 Joint Laplace transform of Y, and fot Y, ds

We study the joint Laplace transform of Y; and fg Y, ds, since it plays a crucial role in deriving the
asymptotic behavior of the MLE of b given in ([@3]). Our formula for the joint Laplace transform in
question given in Theorem [B]is in accordance with the corresponding one obtained in Keller-Ressel
[26) Theorem 4.10] in case of a regular affine process and with the one in Jiao et al. [24] Proposition
4.3] in case of a general CBI process. Here, our contribution is to give a new proof for this joint
Laplace transform and to make the solutions of the Riccati-type differential equations appearing in
the formulas of Keller-Ressel [26) Theorem 4.10] and Jiao et al. [24] Proposition 4.3] explicit in case
of (Y;)ier,, which turns out to be crucial for our forthcoming statistical study. For all b € R and
v € R_, let us introduce the notation =, := Vb2 — 202v.

3.1 Theorem. Let a € Ry, beR, o0 €Ry;, andlet m be a Lévy measure on Ry, satisfying
(@C2). Let (Y;)ier, be the unique strong solution of the SDE (L)) satisfying P(Yo = yo) =1 with
some yo € Ry. Then for all u,v € R_,

E [exp {un +v /Ot Y, ds}] = exp {¢u,v(t)y0 + /Ot <a¢u7v(s) + /Ooo(ewu’v@) - 1)m(dz)> ds}

for t € Ry, where the function 1, : Ry — R_ takes the form

(3.1)

uyy cosh( ) (—ub+2v) &nh(L) . . .
eR__ b#£0 (ie., v ERLL),
Vu v(t) _ Yo cosh( )+(—02u+b) smh(“’T) if v or ?é (Z e, if ++) t € R,

if v=0 and b=0 (i.e., if v,=0),

1-2uy
3.2 Remark. (i) If v € R__, then =, > |b|, hence
v . v . Ut
vy cosh <77t> + (—o%u + b) sinh <77t> > (yy + b) sinh <77> c Ry, teRy.

If v=0 and b#0, then ~, =|b] € R;4, hence

vl . vl vl b . vt
Yy cosh (77) + (—o%u + b) sinh (%) > |b] (cosh <77> + ] sinh (%)) eRy4, teRy.

Consequently, if ~, € Ry., then -, cosh (VT) + (—0%u + b) sinh (VT“t) € Ry ,, t € Ry, hence the
function 1, in B.I)) is well-defined.

(i) In Theorem B], we have

/t¢uv(8)d8: 7zt — Zrlog(cosh (%) + _Uif'i'bsinh (%)), if veR__ or b#0,
’ _% (_0'“)7 if v=0 and b=0,

for all t € Ry, see, e.g., Lamberton and Lapeyre [32, Chapter 6, Proposition 2.5]. O

Proof of Theorem [3.3l Introducing the process Z; := fot Ysds, t € Ry, first, we show that
(Y}, Zy)ier, is a 2-dimensional CBI process. Using the SDE (L)) and (2.2]), this process satisfies a

10



SDE of the form given in Barczy et al. [5, Section 5|, namely,

AL

0
1

Y;
Zy

Yy
0

Y,
Zs

-
1 dWg
0| |dw,
-
0 dW t

N +// r M(ds,dr), te Ry,
1 dWy 0 JR%\{0}

where (W;)ier, and (Wt)teR ., are independent standard Wiener processes, and M is a Poisson

¢
>d$—|—/ v o?Y,
0

1
0

t
+/m
0

random measure on Ry x (R% \ {0}) with intensity measure dsv(dr), where the measure v on
R%\ {0} isgiven by v(B):= [;° 1p(z,0)m(dz), B € B(R3\{0}), hence fRi\{o}(l Allr|) v(dr) <
Jo zm(dz) < co. Put

1 2
Cc:= “ = |2 7
Co 0

Then B is an essentially non-negative matrix (i.e., its off-diagonal entries are non-negative), and,

due to (L2),

b 0
1 0

R? = |
S + B =

€ Ri’ B = [ ] , woi= (p1, pu2) == (0,0).

/2 ”TH]]-{HrH}l} V(d’r') < /2 HT” V(d’r') = / zm(dz) < 00
E2\{0} R2\{0} 0

2
yielding that condition (2.7) of Barczy et al. [5] is satisfied. Thus, by Theorem 4.6 in Barczy et
al. B], (Yi,Zi)ier, is a CBI process with parameters (2,c¢,3,B,v, ). We note that the fact
that (Y;, Z;)icr, is a 2-dimensional CBI process follows from Filipovi¢ et al. [I7, paragraph before
Theorem 4.3] as well, where this property is stated for general affine processes without a proof. The
branching mechanism of (Y}, Z;)ier, is R(u,v) = (Ri(u,v), Ra(u,v)), u,v € R_, with

U o? 9 9 0 U
,L]>:?u —bu+w, Rao(u,v) = cov +<B L],L]>: ,

and the immigration mechanism of (Y, Z;)ier L s

F(u,v) = <ﬁ, L] > - /Ri\{o} (exp{< v] ,r>} - 1) v(dr) = au+/0 (e"* — 1) m(dz),

see, e.g., Theorem 2.4 in Barczy et al. [5]. Note that R(u,v) = (R(u) + v,0), u,v € R_, and
F(u,v) = F(u), u,v € R_, where R(u), w € R_, and F(u), w € R_, are given in Proposition 2]
which are in accordance with Theorem 4.10 in Keller-Ressel [26]. Consequently, by Theorem 2.7 of
Dulffie et al. [I4] (see also Barczy et al. [5, Theorem 2.4]), we have

1

Ri(u,v) = cyu? + <B 0

(33) e (i [ vads ] = o0 {vustom + [ Fats)puaton as)

for t € Ry, where the function (¢y.,Quw) : Ry — R? is the unique locally bounded solution to
the system of differential equations

2

{ ’:l,,v(t) =R (%,v(t), ‘Pu,v(t)) = %wu,v(t)2 - bwu,v(t) + (Puﬂ)(t)a t € Ry,
QD/u,v(t) = Ra(Yuw(t), puu(t)) =0, teRy,

11



with initial values 1y, ,(0) = u, ©u,(0) =v. Clearly, ¢,.,(t) =v, t € Ry, hence we obtain

2
w;,v(t) = %wu,v(t)2 - bwu,v(t) + v, t e R+, wu,v(o) = wu.

The solution of this differential equation is ([B1]). Indeed, in case of ~, > 0, we can refer to, e.g.,
Lamberton and Lapeyre [32], Chapter 6, Proposition 2.5], and in case of =, = 0, this is a simple
separable ODE taking the form ¢}, ,(t) = 02—21%,0(?5)2, t € Ry, with initial condition 1, 0(0) = wu.
Hence, by B3], we obtain the statement. O

3.3 Example. Now we formulate a special case of Theorem [BIlin the critical case (b = 0) supposing
that the Lévy measure m takes the form given in (LA, i.e., in the case of a critical BAJD process.
For all w,v € R_, let us introduce the notations

o) = uyy + 20, %) = ury, — 20, ﬁf}% = AM—=c?u+7,) —a) B2 = \c®u+ ) —al?),

u, u, u, u,v )

where 7, = vV—20%v (since now b =0). Let (Y)ier, be the unique strong solution of the SDE
(LI satisfying P(Yo =yo) =1 with some yo € Ry, with b=0 and m being a Lévy measure on
R4+ satisfying (LH). Then we check that for all u,v € R_,

t
(3.4) E [exp {uYt + v/o Y, ds}] = exp {¢u7v(t)y0 + ¢u7v(t)}, te Ry,

where the function ., : Ry — R_ is given by BI) with v, = vV—202v (since now b =0), and if

vER__ (e, if 7 €Ryy) and v ¢ {222 —C22Y (ie., if B #0), then

2 Yt otu ot
Gup(t) = > log (cosh <7> - sinh <7>>

(2) (1) (2) 1)yt (2)
+e (;(“;’t + % (% - ;“;’) log (—ﬁ“”’(f) ;g;“’» . teRy,
U,V v u, u,v w0 T Ouyp
2

and if v € {—022“ ,—Lz’\Q} and veR__ (ie.,if v €eR__ and 5522, =0), then

2 ot 2 ot
Guu(t) = —U—Z log <cosh <77> — a%u sinh (%))

(2)
+ % (a(ul,z)t + m(l - e_%t)> ; teRy,

U, v

(3.5)

(3.6)

and if v =0 (ie.,if v =0), then

2a ocu 2¢ o2 \u
. wo(t) = ——=1 1— —¢t) — —1 1————1t], teR,.
(3.7) Pup(t) = —— 0g< t> - og< 2(A_u)t> €Ry

Especially, for all v € R_,

2 o2 2\ T o2x
E@m):exp{i_u@fﬂ }<1_%> (1-552) 7 iers,

2

12



First, we check that the function ¢,, in (B3] is well- deﬁned If ~, € R++, then 5511), eR,
(due to ozq(}}, cR_ ) If % =0, then ozq(}z, = Q(Lz, 0, ﬁuv = —o?\u and 5uv = o2 ). Further,
ﬁfj?,e%t + ﬁ&, 5u v+ ﬁ € R,, and ﬁ + 6u » = 0 holds if and only if 7, =0 (i.e., v =0).
Indeed, since ﬂz(u)) € Ry, we have

BNt + B2 > B + B = 2y (X — u) € Ry,

)

and 5&11); +6§i’, =0 holds if and only if 7, =0 (since A—u € R,y dueto A€ Ry, and ueR_).
Consequently, if 7, € Ry,, then B&li), € Ry and B&li), + 5522, € Ry, yielding that the function
Gup in B3] is well-defined.

Next, we check that, prov1ded that veR__ (ie, v €Riy), we have 5522, =0 if and only if

v E {—022“2 , —"22)‘2}. Indeed, ﬂuv = 0 holds if and only if A(o?u +v,) = Y,u — 2v, i.e., by some

algebraic transformations, if and only if

(V—=20)2 + o(u — \)vV=2v — Ao®u = 0.

Solving this quadratic equation with respect to +/—2v, we get /—2v € {—ou,o\}, yielding that
ONS {—#, - 2>‘2} as desired.

Finally, we check ([84). Using Theorem Bl and part (ii) of Remark B.2] it remains to calculate
fo (Jo°(e¥wr(®) —1)m(dz)) ds for u,v € R_. Forall u,v € R_, we have

/Oo(ezw“'“(s) —1)m(dz) = /oo(ew“’”(s) —1ere M dz = eX /oo eWur(®)=Nzq, _ ¢
0 0 0
cA . _ ey, v( )
- 1 (wu,v(s) )‘)Z — 1) —c= R
Yuro(5) — A (Jim e ) OV

where we used that ¢y ,(s) — A € R__, s € Ry, following from X € Ry and ,,(s) € R_,
s € Ry. By some algebraic transformations,

(3.8)

YPu(t) uyp (1 + e™t) + 20(et — 1)
=C
A= wu,v(t) _)\Uzu(e%t - 1) + A + )"Yve%t - U’Yv(l + e%t) - 2’[)(67”t - 1)

(1) pevt aﬁ,

ﬂ“ et + B2

Oé
teR,.

As we have seen, if v € R__ (ie,if v, € Ry;), then ﬂq(}% € Ry4, and ﬂq(ﬁ)) =0 if and only if
ve{- 02“2,—02;‘2}. Hence

(2) 1 (1) (2) vt . 2,2 23\2
o2+ (ot - b)) vem | vg (e,

) Ao
Wl ) N0 . ' o ey
)\—”L)[)uv(t) ﬁﬁlz}(auv"'_au ve v ) if 'UE{— 2 ’_T}’ ’UGR__,
2 P
00— aoTi if v=0,
for t € Ry. By integration, we get (3.3]), (3.6) and (B1). O

Next, we formulate two corollaries of Theorem Bl giving the Laplace transforms of Y; and
fg Y,ds, t € Ry, separately.
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3.4 Corollary. Let ac Ry, beR, c € Ry, andlet m be a Lévy measure on Ry, satisfying
(@C2). Let (Y;)ier, be the unique strong solution of the SDE (L)) satisfying P(Yo = yo) =1 with
some yg € Ry. Then for all uweR_,

t o]
E(euYt) _ exp{¢u,0(7f)y0 + / (a?[)u’o(s) —|—/ (ezw“’o(s) — 1)m(dz)>ds}, te Ry,
0 0

where the function 1,0 : Ry — R_ takes the form

Qube bt .
T o b#0
o2u(e—Pt—1)+2b if ’
3.9 w.olt) = teR..
(3.9) Yu,0(t) u_ if b=0, +

1-22u ¢

Proof. We have to substitute v =0 in ([BJ). The case of b =0 is trivial. In case of b # 0 we
have =, =79 = |b|, hence

ulb| cosh(%) — ub sinh(@)

|b| cosh(%) + (—c2u+1b) sinh(%) 7

yielding (3.9). O

Yup(t) =

te Ry,

3.5 Example. Now we formulate a special case of Corollary B4l in the supercritical case (b€ R__)
supposing that the Lévy measure m takes the form given in (L), i.e., in the case of a supercritical
BAJD process. Let (Y;)icr, be the unique strong solution of the SDE (LTJ) satisfying P(Yo = yo) = 1
with some yg € Ry, with b€ R__ and m being a Lévy measure on R, satisfying (LH]). Then
for all weR_,

(3.10) E(e™) = exp {uo(®)yo + duolt) }, € Ry,

where the function 1,0 : Ry — R_ is given by (3.9), and if u # = 2b " then

2a ou 2¢ (=02 X + 2b)ue™b + (0%u — 2b)\
11) ¢uo(t) = —Slog (14 ——(e " —1 1
(B11) duolt) = =73 °g< T )>+—U2)\+2b °g< 2W(u— N )

for t € Ry, and if w=2% then
a

2b(2ab — co? — ac?\)

3.12 wo(t) = t, teR,.
To check (BI0), using Corollary Bl it remains to calculate fo (athuo(s) + [o° (wuo(s
1)m(dz))ds. Here, by B3),
O-2U b
/¢u0 :_—10g< +2—b(e_t—1)>, t€R+.

Similarly to (B8]), for all u e R_,
(3.13) / (e*¥u0®) — 1) m(dz) = _Wuols) T SERy,

0 Pu(s) — A

14



By some algebraic transformations,

_cdup(s) —2bcue™ b
Yuo(s) = A (—02X + 2b)ue " + (02u — 2b)\
where (—a2A+2b)ue b +02 \u—2b)\ > (—o?A+2b)u+0oAu—2b\ = 2b(u—\) > 0, since —o2\+2b < 0
dueto b<0 and A>0. If u= %g (ie., if o%u—2b=0), then

b cuo(s) —2bc
o Duos) AT T € R+

teR,,

and hence

2bc 2ab 2bc

buo(t) = ——= 1o 1+ﬂ(e‘“—1) SR T
wOl = 752 & —02\+20 o2 —02\+2b

2b

 2b(2ab — co* — aa2)\)t -
 02(—02) +2b) ’ +

yielding B12)). If u # 3—2 (ie., if o%u—2b#0), then

t 2 —bt 2, _
B cy0(8) . 2¢ log (—0* X+ 2b)ue™ + (0%u — 2b)\ 7 tER,,
0 Yuo(s) — A —o2X+2b 20(u — \)

yielding (B11]). 0

Substituting v =0 in (B.1]), we obtain the following corollary.

3.6 Corollary. Let a € R, beR, o € Ry, andlet m be a Lévy measure on Ry satisfying
(@C2). Let (Y;)ier, be the unique strong solution of the SDE (L)) satisfying P(Yo = yo) = 1 with
some yg € Ry. Then for all v e R_,

e [ {u [ Voasf] = exp {unattin + [ (avnnts)+ 700 - i) Jas |

where the function g, : Ry — R_ takes the form

2vsinh(%t) .
, if veR__ or b#0,
(3.14) Yoult) = { gy 7% R

0 if v=0 and b=0,

4 Existence and uniqueness of MLE

In this section, we will consider the jump-type CIR model (1)) with known a € Ry, o € Ry, Lévy
measure m satisfying (L2)), and a known deterministic initial value Yy = yo € R4, and we will
consider b € R as an unknown parameter.

Let P, denote the probability measure induced by (Y})ier . on the measurable space
(D(R4,R), D(R4+,R)) endowed with the natural filtration (D¢(Ry,R))er, , see Appendix[Bl Further,
forall T €Ry,, let Py :=Pyp,r, r) be the restriction of P, to Dr(Ri,R).

The next proposition is about the form of the Radon—Nikodym derivative ggf’T for b,g cR. We
b, T
will consider Py . as a fixed reference measure, and we will derive MLE for the parameter b based

on the observations (Ye)eeqo,m)-

15



4.1 Proposition. Let b,g € R. Then for all T € Ry, the probability measures Py and Py,
are absolutely continuous with respect to each other, and, under P,

dPyr =\ b—b o p2—p2 (T
(4.1 g dPng)——7<YT—yO—aT—JT>— [ Taas

where Y s the process corresponding to the parameter b.

Proof. In what follows, we will apply Theorem I11.5.34 in Jacod and Shiryaev [23] (see also Appendix
B)). We will work on the canonical space (D(R4,R),D(Ri,R)). Let (m)icr, denote the canonical
process n(w) = w(t), w € D(R4,R), ¢t € Ry. The jump-type CIR process (LLI)) can be written
in the form (Z9). By Proposition 2] the SDE (ILT]) has a pathwise unique strong solution (with the
given deterministic initial value yo € Ry), and hence, by Theorem II1.2.26 in Jacod and Shiryaev
[23], under the probability measure P, the canonical process (n;)ier, is a semimartingale with
semimartingale characteristics (B(b), C,v) associated with the truncation function h, where

t 1
B = [(a=tm+ [ sm@a)aw,  veme,
0 0

t t

CtZ/(O’ nu)zdu:az/ Nudu,  teRy,
0 0

v(dt,dy) = K(n,dy) dt = dt m(dy)

with the Borel transition kernel K from R; x R into R given by
K(y,R) := /]lR\{O}(z) m(dz) = m(R) for y e Ry and R € B(R).
R

The aim of the following discussion is to check the set of sufficient conditions presented in Appendix
Bl (of which the notations will be used) in order to have right to apply Theorem I11.5.34 in Jacod and
Shiryaev [23]. First note that (Cj)ier, and v(dt,dy) do not depend on the unknown parameter b,
and hence V&Y s identically one and then (BI) and (B.2)) readily hold. We also have

Py (v({t} x R) =0) =P,(0-m(R) =0) =1, tcR,, beR,

since. m(R) =m(R;) € Ry due to (L2). Further, (Ci)ier, can be represented as Cy = fg cy dFy,
t € Ry, where the stochastic processes (c;)ier, and (F})icr, are given by c¢; := o’n;, t e Ry,
and Fy =t, te Ry. Consequently, for all b,b € R,

ot t .
BY —BY = —(b-1) /0 M du = /0 B dF,

Pp-almost surely for every ¢ € Ry, where the stochastic process (ﬁgb’b))teﬂh is given by
by _ _b—b
t

=% t€Ry,
o

which yields (B3]).
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Next we check (B4, i.e.,

t ~
(4.2) P, (/ (@Sb,b))Zcu dF, < oo> =1, teRy.

0

We have

t - 72 gt
/ (609)2e, dF, — (b 2b) / mdu.  teR,.
0 o 0

Since for each w € D(R4,R), the trajectory [0,¢] > u > n,(w) is cadlag, hence bounded (see, e.g.,
Billingsley [8, (12.5)]), we have fot Nu(w) du < oo, hence we obtain (.2]).

Next, we check that, under the probability measure P, local uniqueness holds for the martingale
problem on the canonical space corresponding to the triplet (B ® c, v) with the given initial value
yo with P, as its unique solution. By Proposition 2] the SDE (IT]) has a pathwise unique strong
solution (with the given deterministic initial value yo € Ry), and hence Theorem II1.2.26 in Jacod
and Shiryaev [23] yields that the set of all solutions to the martingale problem on the canonical space
corresponding to (B®,C,v) has only one element (P,) yielding the desired local uniqueness. We
also mention that Theorem I11.4.29 in Jacod and Shiryaev [23] implies that under the probability
measure [Py, all local martingales have the integral representation property relative to 7.

By Theorem II1.5.34 in Jacod and Shiryaev [23] (see also Appendix Bl), P,r and Py, are

equivalent (one can change the roles of b and g), and under the probability measure P;, we have

deT cont (b 1" (b,b) 2
aF; , ) = exp / 5 Ju 5/ (B cudug, TeRyy,
0

where ((ncont)ib))teR . denotes the continuous (local) martingale part of (7;)ier, under P;. Using
part 1) of Remarks I11.2.28 in Jacod and Shiryaev [23] and (29]), the continuous (local) martingale

part (Y")cp, of (Vi)ier, takes the form Yo = afot \/YudW,, t € Ry, and, by (1), we
have
AVt — qY; — (o — 0Y;)dt —dJ,,  tE€R,.

Hence, under P,

log <j£¥(y)> :/j(—%})(df@—dj@—/f(—b(f;j)(a bY)du—%/0T<—b0_;25>202§7udu

2
o 0 2 0

02
which yields the statement. O

Next, using Proposition [T} by considering P;,. as a fixed reference measure, we derive an MLE
for the parameter b based on the observations (Y;)icpo, 7). Our method for deriving an MLE is one

of the known ones in the literature, and it turns out that these lead to the same estimator ZT, see
Remark [1.3] Let us denote the right hand side of (£I]) by Ap(b,b) replacing Y by Y. By an MLE
by of the parameter b based on the observations (Y})co,r), We mean

by = arg max AT(b,g),
beR
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which will turn out to be not dependent on b. Next, we formulate a lemma about the unique existence
of MLE br of b forall T e Ry .

4.2 Proposition. Let a € Ry, be R, c e Ry, yo € Ry, andlet m be a Lévy measure on Ry
satisfying (L2). If a € Ryy or yo € Ryy, then for each T € Ry, there exists a unique MLE bp
of b almost surely having the form

N Yo — yg — aT —
(4.3) by = 1T yoT aT — Jr
Jo Ysds

provided that fOTYs ds € Ryy (which holds almost surely due to Proposition 2.1).

Proof. Due to Proposition 2.1], ]P’(fOT Ysds e ]R++) =1 for all 7€ R4, and hence the right hand
side of ({3) is well-defined almost surely. The aim of the following discussion is to show that the
right hand side of (3] is a measurable function of (Yy)uejo,r] (i-e., a statistic). By the Lévy-Ito’s
representation ([Z2)) of J;, t € Ry, we obtain

(4.4) Ji= Y AJ, teRy,
s€(0,t]
since f_ll |zl m(dz) = fol zm(dz) < oo, see, e.g., Sato [44] Theorem 19.3]. Using the SDE (1), we
have AJ; =AY, t € R, and then, by ([£4]), we obtain
Jt = Z AYYS, t e R+.
s€[0,t]
Consequently, for all t € [0,7], J; is a measurable function of (Yy)ue[o,7), yielding that the right

hand side of (@3] is a measurable function (i.e., a statistic) of (Yu),e(o,7], as desired. By Proposition
1 for all b, b € R, we have

0 = 1 b [T
%AT(b,b):_;(YT—yQ—CLT—JT)—ﬁ . X/SdS,
0? ~ e

—Ar(b,b) =—— Y, ds.

g ir(0:b) = =25 | Ysds

Thus the MLE ET of b based on a sample (Ys)sc(or) exists almost surely, and it takes the form
([#3]) provided that fOT Yids € Ry O

In fact, it turned out that for the calculation of the MLE of b, one does not need to know the
value of the parameter ¢ € Ry, or the measure m.

4.3 Remark. In the literature there is another way of deriving an MLE. Sgrensen [45] defined an
MLE of 1) as a solution of the equation Ap(vp) =0, where Ap(2p) is the so-called score vector given
in formula (3.3) in Sgrensen [45]. Luschgy [37], [38] called this equation as an estimating equation.
With the notations of the proof of Proposition .} taking into account of the form of B0 and the
fact that V) is identically one, we have

T T
Ap(b) ::/ <_i2> dyeont :_iz/ (dY, — (a — bY,) du — dJ,)
0 0

(o g

1 T
:——2<YT—y0—aT+b/ Yudu—JT>
g 0
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for b e R and T € (0,00). The estimating equation AT(b) =0, b€ R, has a unique solution

—% provided that fOT Y, du is strictly positive, which holds almost surely. Recall that
o fudu

this unique solution coincides with br, see ([@3)). O

5 Asymptotic behaviour of the MLE in the subcritical case

5.1 Theorem. Let ac Ry, be Ry, 0 € Ryy, andlet m be a Lévy measure on Ry satisfying
(@2). Let (Y;)ier, be the unique strong solution of the SDE ([LI)) satisfying P(Yo = yo) = 1 with
some yo € Ry. Then

t 00
(5.1) %/ Yyds —— %<a—|—/ zm(dz)> eRy as t— oo.
0 0

Proof. Using Corollary 3.6, we have

E [exp {% /OtYSdsH = exp {wo,%(t)yo + /Ot (awo,%(s) + /OOO (ot () — 1)m(dz)>ds}

for t e Ry and v € R_, where the function g, : Ry — R_ is given in ([BI4). We check that

o2 [ veas)] e {2 (ws [Tomia@)} s 1oon

for all v € R_. The case of v =0 is trivial, so we may and do suppose that v € R__. Then we
have
—tyw
1 20(1 — T
Yo u(t) =~ i)t(,yv ° ) e 0 as t— oo,
' bye(l+e 8)+b(1—e '7)
t

. 2 .
since v = b2 — 2‘; ' >beRy, as t— oo. Moreover, by the dominated convergence theorem,

¢ I 20(1 —e 7%
/wov(s)ds:—/ i)s(v © ) ——ds
o ! tJo yu(l+e ) +b(1—e"7F)

! (1 —e %) d v ;
= —t 72 s de =g as t oo,
0 (e ")+ b1 —e )

Indeed, the integrand in the last integral is dominated by @. Finally, by the dominated convergence
theorem, we obtain

[ )

[ ol ) )
AR T+ = i_bz_) ey e Jas
> [ ([ ema)ar =2 [T mias
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as t — oo forall z€R,. Indeed,

20(1 — e *%)

A(z,x) ==z 2L as t — 00
t\~ = e — B — - 7 )
e(le ) pb(1l—e ) T
A¢(z,x)
where Ay(z,2) e R_ forall t € Ryy, z€ R, and z € [0,1]. Hence t(e ¢ —1)— zy as
Ay(z,x)
t—oo forall zeRy and z € 0,1], and [|t(e™ ¢  —1)| < |Au(z,2)| < 2Zb‘v‘ for te Ry, z€ Ry

and x € [0,1], where 2ZT|U| is integrable with respect to the measure m(dz)dz on R4y x [0,1].

By the continuity theorem, we obtain

I 1 o
Z/ st82>5<a+/ zm(dz)> eRy as t — oo,
0 0

which implies (5.1]). O

If aeRyy or yg € Ryy, then, using (£3]) and the SDE (I.1]), we get
YT—yo—aT—JT+bf0Tsts afg\/?des

5.2 bp—b=— _
(5:2) g TstS TstS
0 0

provided that fOT Ysds € Ry, which holds almost surely due to Proposition 2.Jl Here note that
o [T VY AW, = Y T e Ry, see Remark 26l

Despite the mistake in the formula (4.23) in Mai [40] for the MLE br of b, Mai [40, Theorem
4.3.1] formulated the right asymptotic behavior of ET as 1T — oo, namely, asymptotic normality
assuming ergodicity of the process Y. We give a correct proof of this result, and in fact, we extend
it as well, since we do not assume the ergodicity of Y.

5.2 Theorem. Let a e Ryy, be Ry, o€ Ry, andlet m be a Lévy measure on Ry, satisfying
(C2). Let (Y;)ier, be the unique strong solution of the SDE (L)) satisfying P(Yo = yo) =1 with
some yo € Ry. Then the MLE br of b is asymptotically normal, i.e.,

(5.3) VT (br —b) 2>./\/'<0 o’ > /\/<0 702 > as T — o0
. T — ) o0 = ) T[O0 )
a+ [y zm(dz) Jo ym(dy)
where m denotes the unique stationary distribution of (Y;)ier, (see part (i) of Theorem [2.7).

Especially, ZT is weakly consistent, i.e., ZT Lob as T = co. With a random scaling,

1 T 1/2 P
—</ sts> (by —b) — N(0,1) as T — oc.
0

ag

Under the additional moment condition (4l), ZT s strongly consistent, i.e., ZT 2% b as T — 0.

Proof. By Proposition [£2] there exists a unique MLE ZT of b for all T € Ry, which has the
form given in [@3)). By (i) of Theorem 2.4l (Y;);er, has a unique stationary distribution = with

JZym(dy) = (a+ fooozm(dz))% € Ry;+. By Theorem (I, we have %fOTstS LN IS ym(dy)
as T — oo. Hence, since the quadratic variation process of the square integrable martingale

20



(fot \/KdVVS)tE]R+ takes the form (ngSds)
and Slutsky’s lemma, we have

L [ VYW, (Je= ym(dy))* N(0,1) 52
O,\/T 0 D _oMo Yy Yy ) _
%fOTsts 7 IS ym(dy) N<0’ foooyﬂ(dy)>

as T — oo, hence we obtain (5.3]). Further, Slutsky’s lemma yields

q . e ) 1/2
ter,» Dy Theorem with 7 = ([;7 yn(dy)) /

VT (by —b) = —

1/2

%(/OTms>l/2<6T—b>=§(%/jn@) VT(or — b)

2, é </Oooy7r(dy)>l/2 N(o, %) = N(0,1)

as 1T — oo.

Under the additional moment condition (), by (ii) of Theorem 24, we have #+ fOT Y,ds &%
Jo ym(dy) as T — oo, implying also fOT Y,ds 2% 00 as T — oo. Using (5.2)) and Theorem [C1]

~

we have by =3 b as T — oo. O

We note that the moment condition (L4]) does not imply the moment condition (L2]) in general,
and, since the moment condition () is already needed for us for the existence of a pathwise unique
strong solution of the SDE (1) (see Proposition [ZT]), in order to get our strong consistency result in
Theorem [5.2] we need to assume both (2] and (T4).

6 Asymptotic behaviour of the MLE in the critical case

6.1 Theorem. Let a € Ry, b=0, o € Ryy, andlet m be a Lévy measure on Ry, satisfying
(@C2). Let (Y;)ier, be the unique strong solution of the SDE (L)) satisfying P(Yo = yo) =1 with
some yo € Ry. Then

t 1
(6.1) (%,%/ st8> N <y1,/ Vs d8> as t— oo,
0 0

where (Vy)ier, is the unique strong solution of a critical (diffusion type) CIR model

(6.2) dYV; = <a + /Oozm(dz)> At + o\/Y; AW, t e Ry,
0

with initial condition Yy =0, where (Wt)t€R+ 18 a 1-dimensional standard Wiener process. More-
over, the Laplace transform of ()1, fol Vs ds) takes the form

—2(a+[>° zm(dz
> "2( o () if veR__,

h(2) — €% ginh (2
(6.3) E(e“y1+vf01ysds): (COS (%) — Ztsinh (%)

(1 B i2u>—f2(a+f0°°zm(dz)) if =0,

for all u,v € R_, where v, =+v—20%v, vE€R_ (since now b=0).

6.2 Remark. Under the conditions of Theorem[6.1] in the special case of m = 0, i.e., in the diffusion
case, we get back part 1 of Theorem 1 in Ben Alaya and Kebaier [7]. O
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Proof of Theorem Using Theorem B.1] we have

Y I ¢ . 2y (s)
E |exp ur o Yids p| = expqyu o (t)yo + / apu v (s) + / (7 2 —1)m(dz) )ds
0 ¢ 0 b 0

for t € R4 and w,v € R_, where the function 1, , : Ry — R_ is given in (BI]). According to
Theorem [3.I] we have to distinguish two cases: v <0 (Casel) and v =0 (Case II).

Case I If v <0, then

1 uyy cosh (%) + 2vsinh (%)

t 7y, cosh (%) — o?usinh (%)

P o (t) =

—0 as t — oo,

o[e

and, for each t € Ry,

1 Uy, cosh é—t) + 2v sinh ( )
[oraont [ B,
£ t Jo %cosh( ) — o%usinh (Vt )
(6.4) _ / Uy, cosh ) + 2vsinh ( de
0 VYo cosh(

2

= /0 Yup(z) do = ——log(cosh < 2”) — a%u sinh (%)) =1,

where we used ([B.:2]). By the monotone convergence theorem we obtain

[ (@ s )as

A e R
[ el e ey | o)
_ /0 1 < /0 " peite@ 1) m(dz))dx LT /0 R

as t — oo forall z € R;, where we used that v,,(t) € R_ forall t € Ry and uw,v € R_, and
A

the function Rij 3¢+ t(et —1) is monotone decreasing for all A € R_. The equality ([6.3]) is a

consequence of Theorem ] and (6.4]), and hence continuity theorem yields (G.1J).

Case II: If v =0, then

‘)
) — a2usmh( x)
Y

) + 2v sinh

— o2usinh

and, for each ¢ € Ry,

1 U ! U 2 o?u

2t
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Moreover, by the monotone convergence theorem,

SO e mme)ons ([ (ool i) -2 o)

2t

1 00
:/ </ t<exp{i-#}—1>m(dz)>d$
o \Jo t1-8
2 o)
—>—%log <1_a_u>/ zm(dz) as t — oo.
o 0

The equality ([6.3]) is a consequence of Theorem B and (6.5]), and hence continuity theorem yields

@1). ]

2

e

6.3 Theorem. Let a € Ry, b=0, o € Ryy, andlet m be a Lévy measure on Ry, satisfying
(@C2). Let (Y;)ier, be the unique strong solution of the SDE (L)) satisfying P(Yo = yo) = 1 with
some yo € Ry. Suppose that a € Ry, or a=0, yo€ Ry, fooo zm(dz) € Ryy. Then

(6.6) T(Gr — b) — 19y -2y o 2mld) = N
Jo Ysds

as T — oo,

where (YV;)ier, s the unique strong solution of the SDE ([.2)). As a consequence, the MLE br of
b is weakly consistent, i.e., bp converges to b in probability as T — oo.

With a random scaling, we have

T 1/2 T 1/2 0 dz) —
l</ sts> (bT—b):l</ sts> b 2 St 2m@) R
7 \Jo 7 \Jo o(fy Vsds)

Proof. By Proposition [£2] there exists a unique MLE br of b forall T e R, ., which has the
form given in (@3]). By (3], we have
Yr % _,_ Jr

~ a
Thp=——L 1 Ay T e R,.
TlffoTYSds

Here, by strong law of large numbers for the Lévy process (J;)ier, (see, e.g., Kyprianou [31], Exercise
7.2]),

(6.7) P < lim J—; —E(J;) = /OOO zm(dz)> = 1.

Hence, using Slutsky’s lemma, Theorem and the continuous mapping theorem together with the
fact that P( fol Vsds € Ryy) =1 (following from Proposition 2.1} since under the conditions of
Theorem B3, a+ [;° zm(dz) € Ri4), we have

TgTi)_yl—a—lfooozm(dz)
fo Vs ds

as T — oo,

as desired. Consequently, by Slutsky’s lemma, weak consistency follows by the decomposition ZT =
N
TTbT7 T e R++.
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Applying Slutsky’s lemma, Theorem and the continuous mapping theorem, we obtain

1/ (7T vz 1/1 (7T e Jr
- Y. d br=—- (= [ v.d ir_%_,_ o
([ we) mmp ([ re)  (FoRoe )

1 —1/2 oo o o
A—l </ ysds> <y1—a—/ zm(dz)> _ a+ J, 1zm(dz)l/2 Vi as T o oo,
7 \Jo 0 a(fo Vsds)

as desired. O

7 Asymptotic behaviour of the MLE in the supercritical case

7.1 Theorem. Let ac Ry, beR__, 0 e Ryy, andlet m be a Lévy measure on Ry satisfying
(@C2). Let (Y;)ier, be the unique strong solution of the SDE (L)) satisfying P(Yo = yo) =1 with
some yo € Ry. Then there exists a random variable V. with P(V € Ry) =1 such that

Vv
b

¢
etht 25y and ebt/ Y, du 2% — as t— oo.
0

Moreover, the Laplace transform of V  takes the form

2.\ — 2% 0/ oo by
(7.1) E(e¥) = exp{ uy(?Qu } (1 + U—u> exp{/ (/ <exp{%} - 1>m(dz)>dy}
1+ = 20 0 0 1+ We Y

for all weR_, and consequently,

VEZV.y,

where V and V are z'ndependgnt random variables such that ebtig 2% Y and ebtyt 25V as

t — oo, where (j;t)teRJr and (j;t)teRJr are the pathwise unique strong solutions of the supercritical
CIR models

(72) dit - (CL - bjt) dt +o j\jt df/\\;t, t e RJ,_, U}Zth yo = Y0,
and
(7.3) Ay, = —bY,dt + o\ Y, AW, +dJ,,  teRL,  with  Yy=0,

respectively, where (VA\jt)teR . and (VNVt)teR . are independent 1-dimensional standard Wiener pro-

cesses (yielding that (j}t>t€R+ and (j)vt)t@h are independent). Further,
v2z .,
b
where (2¢)icr, is the pathwise unique strong solutions of the critical CIR model
(7.4) dZ; = adt + o/ Z; AWV, te R4, with Zy = Yo,
where (Wt)t€R+ 18 a 1-dimensional standard Wiener process.

Moreover, P(V € Ryy) =1 ifand only if a € Ryy or m #0.

If, in addition, a € Riy, then V s absolutely continuous.
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7.2 Remark. (i) Under the conditions of Theorem [Z1] in the special case of m having the form
([CH), Corollary B4l yields another representation of the law of V' in Theorem [Tl namely,

D ~ =
(75) V—X_%“‘X_%(l_%)v

where (QE)tE]R . and (i’v t)ter, are the pathwise unique strong solutions of the critical CIR models

dX, = adt +o\/ X,dW,, teR,,  with X =yo,

and

dx, = ﬁdwav X, dW,,  teRy,  with Xy=0,
T o2

respectively, where (m)teR . and (Wt)teR . are independent 1-dimensional standard Wiener pro-

cesses (yielding that (X))icr . and (X1)ier . are independent). We point out that in the representa-
tion (D)) there are only diffusion-type (critical) CIR processes, while the representation of V' given in
Theorem [7.1] contains the almost sure limit of the appropriately scaled jump-type (supercritical) CIR

process (Z.3). Further, by Alfonsi [I, Proposition 1.2.11], if a € Ry, then X_1 is absolutely con-

o

tinuous, and, if a =0 and c€ Ry4, then X | ( L2 ) is absolutely continuous. The independence
—1(1-2

2

and X ( -2 ) implies that V' is absolutely continuous in both cases.
b DN

of AN’_

1
b
(ii) Under the conditions of Theorem [T1] in the special case m = 0, i.e., in the diffusion case, we get

back part 2 of Theorem 3 in Ben Alaya and Kebaier [7]. Indeed, if m = 0, then the pathwise unique
strong solution of the SDE (Z.3]) is the identically zero process. O

Proof of Theorem[7Z.1l First, we prove the existence of an appropriate non-negative random variable
V. We check that

00 t
E(Y, | FY) =E(Y;|Ys) = e 9y, + <+/ zm(dz>>ebs / e dy
0 s

for all s,t € Ry with 0 < s <t where FY := o(Ys,s € [0,t]), t € Ry. The first equality
follows from the Markov property of the process (Y;)icr,. The second equality is a consequence of
the time-homogeneity of the Markov process Y and the fact that

oo t
E(Y; | Yo = yo) = e o + ( | zm(dz>> [eman tere, mers
0 0
following from Proposition Then
o] t
E(Y; | FY) = &Y, + <a + / zm(dz))eb(sH) / e du > ey,
0

s

for all s,t € R, with 0 < s < t, consequently, the process (e®Y})icr . is a non-negative
submartingale with respect to the filtration (F} );cr,. Moreover,

00 t 00 t
E(eY;) = yo + <a + / zm(dz))ebt/ e P du = yo + <a + / zm(dz)) / e du
0 0 0 0

o o0 1 o0
< Yo+ <a+/ zm(dz))/ eb“du:yo—g<a+/ zm(dz)) < 00, t e Ry,
0 0 0
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hence, by the submartingale convergence theorem, there exists a non-negative random variable V
such that

(7.6) My 2 v as t — oo.

Further, if w € Q is such that e"Y;(w) — V(w) as t — oo, then, by the integral Toeplitz lemma
(see Kiichler and Sgrensen [30, Lemma B.3.2]), we have

1 t
— [ e (Y, (w)du — V(w) as t — o0.
Jy et du Jo

—b
Here f(f et dy = %, t € Ry, thus we conclude

t 1—et ['y,d ws  V
(7.7) ebt/ Y, du = © {0 ¢ oas ¥ as t — oo.
0 b [jetudu b

Now we turn to calculate the Laplace transform of V. Since P(lim;, ey, = V) =1, we also
have eV, 25V as t — oo, and, by continuity theorem, lim; o E(exp{ue®V;}) = eV for all
u € R_. By Corollary [3.4],

t 00
E(exp{ueth}}) = exp{wuebt70(t)yo +/0 <awuebt70($) +/0 (ezwucbt,o(s) — 1)m(dz)>ds}

for each uw e R_ and t € R;, where we have

2ub . U
c2u(l— ) +2b 14 2w

wuebt,O(t) =

By the monotone convergence theorem we obtain

t t 2ubebt—3) t 2ube¥
/0 wuebt,o(s) s /0 J2u(eb(t—5) — ebt) + 2b s /0 o2u(eby — ebt) 4 2b y
2

o /OO _ 2ube 2, (1 + 2 “) t—
= — O as oo
o o2ueb +2b 4 52 %8 2b ’

where we used that the function R,y > ¢ +— Mj,zbfm € R__ is monotone decreasing for all

y€eRyt and u,b € R__. In a similar way,

/Ot (/Ooo(ezwuebt,o(s) - 1)m(dz)>ds = /Ot (/OOO <exp{ a%(j(iif)eli::) X 2b} _ 1>m(dz)>d8
-/ (L (oo e ibij) Fap) 1)
[T (ol iy e o

as t — oo, yielding (1)
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Particularly, we obtain ebtf/t 25 Y and ebt3~/t 255 Y as t — 0o with

2a

~ 2 .2
E(e?) = ex { 4wy } <1 + U—) )
(") = expq s 5
= o) o) by
E(e®) = exp{/ </ <exp{#} — 1>m(dz)>dy}
0 0 14 Zteby

D

for all w € R_, and we conclude V' 2y +V. The equality V22

B4 since
2a

t 2 o2
E(e%?t) = exp Loz—i-a/ #ds = exp uiy(; <1—gt>
o T 1- g2 :

for te Ry, ue R_, and hence

1 readily follows from Corollary

2a

2,0\ o3
uyo oiu\ e
E(e“2-1/0) = 14+ — R_.
(e ) exp{l_i_%}( + 2b> , u €

The monotone convergence theorem yields E(e*V) | E(lyy—g) =P(V =0) as u — —oo. We

2b
exp{ uyc(r)Zu} = exp{ T yogz } + exp{#} e R4y as u — —o0
I+% wt g

o?u\ o2 1 if a=0,
14+ — ¥ as u — —oo.
0 if a € R++

have

and

Moreover, for each z € Ry and y € Ry, the function

by by
R_>urexp B QR exp S G (—1,0]
ou b 1 a2 b
1+ %e u T %€

is monotone increasing, hence, again by the monotone convergence theorem, we obtain

by 0 if =0
/ <exp{#} - 1>m(dz) dy | / <exp{2i2z} — 1>m(dz) dy = B
RZ 1+ Zteby RZ o —oo if m#0

as u — —oo. This yields

00 () by 1 if =0
exp exp # —1|m(dz) |)dy ¢ | B as u — —oo.
g“u b .
0 0 1+ e 0 if m#0

Summarizing, by (7IJ), we conclude that P(V = 0) = 0 if and only if a € Ryy or m # 0.
Consequently, P(V € Ry;) =1 ifand only if a € Ry or m # 0.

If a € Ry, then the distribution of Z_% (and hence that of 17) is absolutely continuous (see,
e.g., Alfonsi [I, Proposition 1.2.11]), and consequently V is absolutely continuous. O
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7.3 Theorem. Let ac Ry, beR__, 0 e Ryy, andlet m be a Lévy measure on Ry satisfying
(C2). Let (Y;)ier, be the unique strong solution of the SDE (L)) satisfying P(Yo = yo) =1 with
some yo € Ry. Suppose that a e Ry or a=0, m#0 and yo € Ry,. Then the MLE of b is
strongly consistent, i.e., ET 2% b as T — co. Further,

R —~1/2
e T2 (bp —b) N A <—€> as T — oo,
where V' is a positive random variable having Laplace transform given in (1)), and Z is a standard
normally distributed random variable, independent of V.

With a random scaling, we have

1 T 1/2 .
—</ sts> (bp — b) — N(0,1) as T — oo.
0

o
Proof. By Proposition [£2] there exists a unique MLE br of b forall T € R, which takes the
form given in [@3). Using @3), (6.7), Theorem [Z.1] and the fact that limz_, Te?T =0, we have

~ —e"TYyp + Ty + aTebT + TebTJTT as. —V
br = 7 - —
T [ Yods -3

=b as 1T — oo,

as desired. Further, by the second equality in (5.2]),

~ oT/2 (T /7. AW,
e_bT/z(bT - b) = _Ue fO T\/_S S’ T e R++.
etT fo Y. ds
By Theorem [T}, e*” fOTYSdS 22 —% as T — oo, and using Theorem [C2with 7 := (_%)1/2 and

with v := —%, we have

T 1/2
<ebT/2/ /stWs,—K> D, <<_K> Z,—K> as T — oo.
0 b b b
Consequently,

T T 1/2
(7.8) <ebT/2/ \/YSdWS,ebT/ sts> N ((—%) Z,—%) as T — oo.
0 0

By the continuous mapping theorem, e %7/ 2(/1)\T —b) L oz (_—bv)_l/ as T o oo, yielding the
first assertion.

Applying again (Z.8) and the continuous mapping theorem, we obtain

1/ (T /2 T -1/2 T
—</ sts> (bp —b) = — <ebT/ sts> ebT/2/ VY, dW,
0 0 0

g
—-1/2 1/2
2)_<_Z> <_K> Z=-2ZZN(0,1) as T — oo,

as desired. O

Appendices
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A A comparison theorem in the jump process

Next we prove a comparison theorem for the SDE (L)) in the jump process .J.

A.1 Proposition. Let a € Ry, b€ R and o € Ry,. Suppose that the Lévy measure m on
R+ satisfies (L2). Let no and ny be random variables independent of (Wy)ier, and (Jp)ier,
satisfying P(no € Ry) =1 and P(ny € Ry) =1. Let (Yi)ier, be a pathwise unique strong solution
of the SDE (1)) such that P(Yo = no) = 1. Let (Y{)ier, be a pathwise unique strong solution of
the SDE

(A1) dY/ = (a — bY])dt + o/ Y/ dW,, te Ry,
such that P(Y] =mn)) =1. Then P(no =n,) =1 implies P(Y; =Y/ forall teRy)=1.
Proof. We follow the ideas of the proof of Theorem 3.1 of Ma [39], which is an adaptation of that

of Theorem 5.5 of Fu and Li [I8]. There is a sequence ¢ : R — Ry, k € N, of twice continuously
differentiable functions such that

(i
(ii

(iii

) ¢r(z) T 2% :=max(z,0) as k — oo;

) ¢(2) €[0,1] forall z € Ry and keN;

) ¢,.(2) = ¢(2) =0 whenever z € R_ and k€ N;
) &1l

(iv z—y)(vVz—y)? <2/k forall z,y Ry and k€ N.

For a construction of such functions, see, e.g., the proof of Theorem 3.1 of Ma [39]. Let Z; :=Y/ —Y;

for all ¢t € Ry. By (1), (22) and (A1), we have
Zy = Zo—b/ Zs ds—l—a/ (\/Y’ VY. dW / / ds ,dz), teRy.

For each j € N, put
Tj = inf{t € Ry : max{V;, Y/} > j}.

By Itd’s formula (which can be used since Y and Y’ are adapted to the augmented filtration
corresponding to (W;)ier, and (J;)ier, constructed as in Section 3 of Barczy et al. []), we obtain

4
¢k(Zt/\7-j) = ¢r(Zo) + Z[jk,z(t), te Ry,
/=1
with
tAT;
L) i==b [ (22,05
tAT;
Lalt) =0 /0 6L (2,) (VYT = V) dW

2

I 3(t) == %/ATj Z) (VY = V/Y,)  ds

I a(t /MTJ/ [0k(Zs— — 2) — P(Zs-)] 17 (ds, d2).
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Using formula (3.8) in Chapter II in Ikeda and Watanabe [20], the last integral can be written as
Ij’k74(t) = j,k,4,1(t) + [j7k,472(t), where

tAT;
]k41 / / ¢k s— ¢k( )] ﬁJ(d37dz)7
tAT;
Last) = [ [TonlZie = 2) - oz dsmida)
where 117 (ds,dz) := p”/(ds,dz) — dsm(dz), since

([ [ oz -2 - otz dsmiaa)
E</0Wj /Ooozdsm(dz)> gt/ooozm(dz) < o0,

where we used that, by properties (i) and (iii) of the function ¢y, we have ¢ (u) € [0,1] for all

(A.2)

u € R, and hence, by mean value theorem,

(A3) O<¢k(y)_¢k(y_z) SZ, yeR7 Z€R+7 ke N.

One can check that the process (I 2(t) + Ik a1(t ))telR+ is a martingale. Indeed, by properties
(ii) and (iii) of the function ¢ and the definition of 7,

E (/OM (#1020 (VY7 - ¢17s))2 ds) <2E (/OWYYS/ +Ys)ds> < 4jt < oo,

hence, by Ikeda and Watanabe [20, page 55|, (I;x2(t)) ter, s a martingale. The inequality (A2)
yields that the function Ry xRy x Q3 (s,2,w) = ¢p(Zs— (W) —2) — or(Zs—(w))1(—oo,7;) () belongs
to the class Fllj, and hence (Ijvk,471(t))t€R+ is a martingale by ITkeda and Watanabe [20 page 62].

Moreover,
tAT;
Lt < o / 7+ ds.
By (iv), .
o ot

By (A3]), we obtain
Lka2(t) < 0.

Summarizing, we have

t/\Tj O'2t
Ad)  oulZinn) < bu(Z0) + W) / 7 s+ Zh A Lol + Leanlt), 1€ R
0

By (iii), we obtain P(¢x(Zp) = 0) = 1. By (i), the non-negativeness of ¢, and monotone convergence
theorem yield E(¢x(Zinr;)) — E(Z;/F\Tj) as k — oo forall ¢t € Ry and j € N.  We have

fgmj ZFds < fo ZJrr, ds, hence taking the expectation of (A4) and letting k — oo, we obtain

Z;’/_\T |b| / s/\'r

30



By Gronwall’s inequality, we conclude
E(Z;/F\Tj) =0

forall t € Ry and j € N. Hence P(Yjp, < Yiar) =1 forall t€ Ry and j €N, and then
P(Y/nr, < Yinr, forall j€N) =1 forall t€Ry. Since YV and Y’ have cadlag trajectories, these
trajectories are bounded almost surely on [0,7] for all 7' € Ry, hence 7; 2% 50 as j — oo.
This yields P(Y/ <Y;) =1 for all ¢t € Ry. Since the set of non-negative rational numbers Q4
is countable, we obtain P(Y; < Y; for allt € Q.) = 1. Using again that Y and Y’ have cadlag
trajectories almost surely, we get P(Y/ <Y forallt € R;) = 1. O

B Likelihood-ratio process

Based on Jacod and Shiryaev [23], see also Jacod and Mémin [21], Sgrensen [45] and Luschgy [3§],
we recall certain sufficient conditions for the absolute continuity of probability measures induced
by semimartingales together with a representation of the corresponding Radon—Nikodym derivative
(likelihood-ratio process). This appendix (together with proofs) already appears in Barczy et al. [2],
we decided to present it here as well for better readability and being self-contained.

Let D(R;,RY) denote the space of R9-valued cadlag functions defined on Ri. Let (m)ier,
denote the canonical process n;(w) := w(t), w € D(Ry,RY), t € Ry. Put F/ := o(ns,s € [0,t]),
teR4, and

Dt(R+,Rd) = ﬂ ‘7:21—57 te Ry, D(R+7Rd) = 0< U ‘7:27)

eeR4+ teR L

Let ¥ C R* be an arbitrary non-empty set, and let Py, v € ¥, are probability measures on the
canonical space (D(R,,R?),D(R,,R%)). Suppose that for each % € ¥, under Py, the canonical
process (7;)ier, is a semimartingale with semimartingale characteristics (B W) ¢, v¥)) associated
with a fixed Borel measurable truncation function h : RY — R9, see Jacod and Shiryaev [23] Definition
I1.2.6 and Remark I1.2.8]. Namely, C;:= ((n°")¥)),, t € Ry, where ({(n°°™)%)),);cr, denotes
the (predictable) quadratic variation process (with values in R?*?) of the continuous martingale part
(n°"®)(¥) of 7 under Py, v®) is the compensator of the integer-valued random measure u" on
R, x R? associated with the jumps of 7 under Py given by

:un(wy dt, dm) = Z ]]-{A??s(w)yﬁO}g(s,Ans(w)) (dtv d$), w e D(R—H Rd)7

seR4

where £(; ;) denotes the Dirac measure at the point (¢, ) € Ry x R?, and An, :=m—m—, t € Ryq,
Anp:=0, and B®) s the predictable process (with values in R? having finite variation over each
finite interval [0,¢], ¢ € R;) appearing in the canonical decomposition

m=m+M¥ +BY,  ter,,
of the special semimartingale (7;);cg, under P, given by

N =1 — Z (ns — h(Ans)), te Ry,
s€[0,t]
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where (J\L/(Qp))teﬁg+ is a local martingale with Mé¢) = 0. We call the attention that, by our
assumption, the process C' = (™))} does not depend on 1, although (n°°"*)%) might depend
on . In addition, assume that Py, ¥ ({t} x R =0) =1 for every ¢ € ¥, ¢t € Ry, and
Py(no = x9) = 1 with some xg € R? for every 1 € U. Note that we have the semimartingale
representation

e = xo + Bt(w 7o) / / — v¥))(ds, dx)
Rd

// x—h wu'(ds, dex), teRy,
Rd

of 7 under Py, see Jacod and Shiryaev [23, Theorem II1.2.34]. Moreover, for each % € ¥, let us

choose a nondecreasing, continuous, adapted process (l‘jt(w))te]R+ with Féw) = (0 and a predictable

process (ng))

that

ter, with values in the set of all symmetric positive semidefinite d x d matrices such

t
= / W) p)
0

Py-almost sure for every ¢ € Ry. Due to the assumption Pyu(v®¥)({t} x RY) = 0) = 1 for
every ¥ € VU, t € Ry, such choices of (Ft(¢))teR . and (c§¢))teR+ are possible, see Jacod and
Shiryaev [23] Proposition 11.2.9 and Corollary 11.1.19]. Let P denote the predictable o-algebra on
D(R, R4 xR,. Assume also that for every b, @ € U, there exist a PRB (R%)-measurable function
V) :D(R,,RY) xRy x R* - Ry, and a predictable R%valued process ﬁ(‘f’ ¥) satisfying

(B.1) V)(dt, dz) = VP (¢, )0 (dt, dz),
(B.2) / /]Rd V@) (s, @) — 1) V@’)(ds,daz) < o0
(B.3) BY) — @) | /0 W) g ) 4 / /Rd V¥ (s, ) — 1)h(z) v® (ds, dz),
(B.4) [@F9)T 539 ar®) < oo
0

Py-almost sure for every ¢ € Ry. Further, assume that for each 1 € ¥, local uniqueness holds for
the martingale problem on the canonical space corresponding to the triplet (B ) c, 1/“”) with the
given initial value xp with Py as its unique solution. Then for each T € Ry, Py 7 is absolutely
continuous with respect to ]P’{[,’T, where Py 7 = Pw‘DT(R . réy denotes the restriction of Py to
Dr(R,,R?) (similarly for P3 +), and, under Pz . the corresponding likelihood-ratio process takes

P, T
the form
dP T ~ ~ 1 T ~ _
log G2 ) = [ (BT are)® - 5 [ (PP ap
d]PwT 0 2 Jo
T ~ ~
(B.5) + / / (V&) (s, ) — 1) (1" — vP))(ds, d)
0 R4

T ~ ~
o @) (s 2)) — V) (5 2 s.dx
[ QosV N s,2) VO )4 1) s, )
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for all T € Riy, see Jacod and Shiryaev [23, Theorem II1.5.34]. A detailed proof of (B.E) using
Jacod and Shiryaev [23] can be found in Barczy et al. [2, Appendix A].

C Limit theorems for continuous local martingales

In what follows we recall some limit theorems for continuous local martingales. We use these limit
theorems for studying the asymptotic behaviour of the MLE of b. First we recall a strong law of
large numbers for continuous local martingales.

C.1 Theorem. (Liptser and Shiryaev [36, Lemma 17.4]) Let (Q,]:, (}})teR+,P) be a filtered
probability space satisfying the usual conditions. Let (My)ier, be a square-integrable continuous local
martingale with respect to the filtration (Fi)ier, such that P(Mg = 0) = 1. Let (&§)icr, be a
progressively measurable process such that

]P’</t§5d<M>u < oo> =1, t € Ry,
0

t
(C.1) / 2 d(M), == 0o as t — oo,
0

where ((M)¢)ier, denotes the quadratic variation process of M. Then

t
7f0§udMu 250 as 1t — oo.
Jo €2 a(M).,

If (My)ier, is a standard Wiener process, the progressive measurability of (&)ier, can be relaved
to measurability and adaptedness to the filtration (Fi)ier, -

(C.2)

The next theorem is about the asymptotic behaviour of continuous multivariate local martingales,
see van Zanten [46, Theorem 4.1].

C.2 Theorem. (van Zanten [46, Theorem 4.1]) Let (Q,f, (}})teR+,P) be a filtered probability
space satisfying the usual conditions. Let (My)icr, be a d-dimensional square-integrable continuous
local martingale with respect to the filtration (F)ier, such that P(My = 0) = 1. Suppose that
there exists a function Q : Ry — R such that Q(t) is an invertible (non-random) matriz for all
te Ry, limoo ||Q(t)] =0 and

Q(t)(M), Q(t)T N nnT as t— oo,

where M is a dxd random matriz. Then, for each RE-valued random vector v defined on (Q,F,P),
we have
QWM v) 2> mZ,v)  as t— o,

where Z is a d-dimensional standard normally distributed random vector independent of (n,v).

We note that Theorem remains true if the function Q is defined only on an interval [tg, c0)
with some t9 € Ry..
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