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Introduction The most frequent method to produce a spray is to eject a liquid flow in a gaseous medium thanks to a device called an atomizer or an injector. Several concepts of injector and atomizer exist [START_REF] Lefebvre | Atomization and Sprays[END_REF]. As soon as the liquid flow emerges from the atomizer, perturbations deform it and some of them grow in such proportion that liquid fragments detach from the bulk flow. This process is referred in the literature as the primary atomization process. The fragments issued from the primary process may deform to their turn and breakup into smaller fragments, and this, until the cohesive surface tension forces are strong enough to oppose extra fragmentation. This second step is called the secondary atomization process. The resulting flow of drops of different size and velocity is the spray. The primary atomization process can be subdivided into two drop production processes. Some liquid fragments and droplets may be peeled from the liquid gas interface while others result from the breakup of the liquid bulk. The first source depends on the local kinematic and geometrical characteristics of the liquid-gas interface whereas the second one depends on the global kinematic and geometrical characteristics of the liquid bulk. These two drop production mechanisms will be referred here as textural and structural atomization process, respectively. This designation is inspired by [START_REF] Kaye | A Random Walk Through Fractal Dimensions[END_REF] who introduced the textural and structural fractal dimension to differentiate the local boundary tortuosity of a system from its global shape or deformation. The textural atomization process is a near field mechanism, i.e., it is usually triggered soon after the liquid issues from the atomizer. The Rayleigh-Taylor instability developing on an air-assisted laminar jet [START_REF] Marmottant | On spray formation[END_REF] and that produces streamwise ligaments, which eventually break up into droplets, can be seen as a textural atomization process. However, in most cases, textural atomization processes are imposed by the issuing flow characteristics. They manifest by an increase of tortuosity of the issuing-flow interfaces. The textural fractal dimension characterizing this tortuosity has been found to correlate with the issuing flow Reynolds number [START_REF] Grout | Fractal Analysis of Atomizing Liquid Flows[END_REF]). This tortuosity is usually due to the emergence of rather ligamentary structures whose sizes are far smaller than the one of the bulk flow. A nice example of this was reported on laminar jets for which the vorticity distribution in the liquid near the interface, triggers the development of small ligaments from which droplets emanate [START_REF] Wu | Effects of initial flow conditions on primary breakup of nonturbulent and turbulent round liquid jets[END_REF]. The development and disintegration of these ligaments are fast mechanisms and result in the production of a spray around the liquid jet with the effect of increasing the flow angle at the nozzle exit. In some conditions, this spray can be rather dense. This is the case in applications that combine high injection pressures and small orifice dimensions, as, for instance, in car fuel injection. In such situations, it is important to account for the textural atomization mechanism in the design of the injection process. However, textural atomization has been barely investigated so far. The present investigation aims of providing experimental measurements and mathematical descriptions of a textural atomization process and of the drop size-distribution of the spray resulting from this process. Establishing the correlation between the structures involved in the textural atomization process and the drop sizes is an objective of the work also. The situation examined concerns cavitating injection conditions. Cavitation is an important mechanism in liquid injection, and part of its influence could be precisely related to the textural atomization. It designates a phase change of the liquid in the injector due to an excessive stress [START_REF] Dumont | Cavitating Flow in Diesel Injectors and Atomization: A bibliographical review[END_REF]. This results in the production of gaseous bubbles and structures in the flow that may or not reach the nozzle exit and that modify the characteristics of the flow issuing from the nozzle. Flows with a sudden section reduction are prompt to cavitate. Detachment of the boundary layer at the entrance of the downstream canal may occur and favor the development of a recirculation zone that actually squeezes the main flow passage. This is the vena contracta mechanism. The pressure at the vena contracta decreases when the flow rate is increased, and the liquid phase change occurs when this pressure has become lower than the liquid vapor pressure. Many experimental works of the literature have reported four flow regimes in cylindrical injector orifices when the flow rate is increased, i.e., Regime I: no-cavitation; Regime II: developing cavitation; Regime III: super-cavitation; and Regime IV: hydraulic flip. Regime I concerns the low flow rates for which no cavitation is observed. The appearance of cavitation bubbles at the entrance of the orifice marks the beginning of the developing cavitation regime (Regime II). Being caused by the injector geometry, these cavitation structures are said geometrically induced. In the super-cavitation regime (Regime III), the geometrically induced cavitation structure increases in length and may extend to the nozzle exit section. The length of the cavitation structure varies because of cavitation shedding which designates the expulsion of bubble clouds that may either collapse before reaching the nozzle exit or reach the nozzle exit before collapsing. Numerous experimental observations [START_REF] Arai | Break-up length and spray angle of high speed jets[END_REF], Sou et al. 2008, among others) reported an increase of the flow angle at the nozzle exit in this regime, which reveals the presence of a textural atomization process. The hydraulic flip regime (Regime IV) occurs when the cavitation vanishes because external air moves upstream between the flow and the orifice wall. The characteristic feature of this regime is to produce smooth and unperturbed liquid jets. The flow regime characteristics are very much influenced by the internal design of the injector, and, in particular, to sharp direction changes [START_REF] Sou | Cavitation Flow in Nozzle of Liquid Injector[END_REF]. Detailed in Section 3, the atomizer selected for this experimental work presents such a characteristic.

The present work must address the crucial question of atomization process and spray description. The number of experimental studies treating the question of the atomization process remains rather low. The temporal evolutions of the liquid-gas interface area and of its shape are appropriate quantities to describe the process. The knowledge of the interface shape is important since it informs on the interface deformation or tortuosity that structures the atomization process. The fractal dimension concept may characterize this tortuosity but cannot provide a full description of the atomization process because it involves a scale range wider than the one for which selfsimilarity is observed [START_REF] Shavit | Fractal dimensions of liquid jet interface under break-up[END_REF]Chigier 1995, Grout et al. 2007). This result motivated the development of a multiscale method that introduces the scale distribution to describe any system whatever its shape [START_REF] Dumouchel | Liquid Atomization and Spray: A multi-scale description[END_REF]. As reported in several applications, (Dumouchel et al. 2015a, Dumouchel et al. 2015b[START_REF] Tirel | Multiscale analysis of a viscoelastic liquid jet[END_REF][START_REF] Vu | Analysis of ligamentary atomization of highly perturbed liquid sheets[END_REF] it may give access to the dynamics of the interface deformation as a function of the scale, i.e., as a function of the structure size and shape involved in the atomization process. The multiscale method will be applied here to measure the average scale distribution of the interfaces at the nozzle exit. An analysis, aiming to establish a mathematical formulation for this distribution, will be then performed. It is based on the concept of equivalent systems which designates systems having the same scale distribution although their shapes are different. Using this concept, the scale distributions of ensemble of non-spherical drops received a mathematical formulation built from the diameter distribution of the equivalent system of spheres (Dumouchel et al. 2015a). For the first time, this concept will be applied by considering equivalent systems of cylinders. It will be shown that, in 2D, which is the embedded dimension imposed by any image analysis approach, any system has an equivalent system of cylinders. A mathematical formulation for the atomization process scale distribution could be therefore established from the diameter distribution of the equivalent system. This approach is very appealing in the present context where the textural tortuosity is expected to result from the presence of ligaments whose 2D projections resemble cylinders. Therefore, establishing a mathematical scale distribution addresses the question of the mathematical representation of size distribution, question that concerns the spray drop size also.

The question of a universal mathematical expression for the drop diameter-distribution of liquid spray has been largely debated in the community [START_REF] Lefebvre | Atomization and Sprays[END_REF][START_REF] Babinsky | Modeling drop-size distribution[END_REF][START_REF] Villermaux | Fragmentation[END_REF][START_REF] Dumouchel | The Maximum Entropy Formalism and the prediction of liquid spray drop-size distribution (Review)[END_REF]) but it remains unanswered. One of the main reasons could be that none of the approaches is based on a fine description of the atomization process. In the context of this work, diameter distributions will be represented by a 3 parameter Generalized-Gamma (3pGG) function. It has modeling foundations and covers a wide range of mathematical and empirical distributions of the literature [START_REF] Dumouchel | A new formulation of the Maximum Entropy Formalism to model liquid spray drop-size distribution[END_REF]. Furthermore, the good ability of this function to fit experimental drop diameter-distributions has been reported in many different situations [START_REF] Lecompte | On the Capability of the Generalized Gamma Function to Represent Spray Drop Size Distribution[END_REF]Dumouchel 2008, Fdida et al. 2018). The 3pGG function is going to be applied twice: 1for the textural atomization process analysis to represent the diameter distribution of the cylinder equivalent system, 2for the spray analysis to represent the drop diameter distribution. Section 2 presents the mathematical elements concerning the 3pGG function and the multiscale method. The experimental work is detailed in Section 3 and the last section is dedicated to the analysis of the experimental results. The article ends with a short conclusion.

Mathematical elements The spray drop-diameter distribution

From a mathematical point of view, the drops are considered spherical (each of them is fully defined with one diameter D) and the diameter-distribution characterizes the spray system. The determination of a mathematical function to represent spray drop-diameter distribution remains an open scientific issue. The methods used to this aim were reviewed by [START_REF] Babinsky | Modeling drop-size distribution[END_REF]. The mathematical spray drop diameter-distribution used in this work is the 3pGG function which expresses as [START_REF] Dumouchel | A new formulation of the Maximum Entropy Formalism to model liquid spray drop-size distribution[END_REF]):
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The 3pGG function depends on the three parameters q,  and Dq0. Dq0 has the dimension of a diameter and q and  have no dimension. These two parameters can be positive or negative, but they must have the same sign [START_REF] Dumouchel | A new formulation of the Maximum Entropy Formalism to model liquid spray drop-size distribution[END_REF]. In this work, they will be taken positive. The distributions for n > 0 are mono-modal, i.e., they have a bell shape and exhibit a single maximum called the peak diameter Dpn. The number-based diameter distribution reports the same characteristic provided that  > 1.

The preference for selecting the 3pGG function among the numerous proposals found in the literature is based on the following facts. First, this function covers many mathematical distributions of the literature such as the Weibull, the Rosin-Rammler, the Nukiyama-Tanasawa distributions [START_REF] Dumouchel | A new formulation of the Maximum Entropy Formalism to model liquid spray drop-size distribution[END_REF]. Second, the 3pGG functions allows performing calculations. For instance, the mean-diameter series of [START_REF] Mugele | Droplet size distribution in sprays[END_REF] writes:
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where k and l can take any real values provided that k ≠ l. The peak diameter Dpn of the distribution appears to be a specific mean diameter of this series and writes:

Dpn = Dq+n -1,n -1 n = 0, 1, 2, 3 (3) 
Third, in the context of liquid atomization, the 3pGG function has received theoretical foundations twice. First, the atomization model, based on the agglomeration mechanism of unit elements that compose the liquid system [START_REF] Villermaux | Ligament-Mediated Spray Formation[END_REF], has led to a mathematical expression for the spray drop-diameter distribution that corresponds to a 3pGG function with q = 1. Second, the 3pGG function has been found to be the solution of a model based on the Maximum Entropy Formalism [START_REF] Dumouchel | A new formulation of the Maximum Entropy Formalism to model liquid spray drop-size distribution[END_REF][START_REF] Dumouchel | The Maximum Entropy Formalism and the prediction of liquid spray drop-size distribution (Review)[END_REF]. In this model, the three parameters have been introduced to ensure the bell shape of the distribution: the parameter q mainly controls the distribution in the large-diameter range, and the parameter  controls the distribution in the small-diameter range. The third parameter positions the distribution in the diameter space. An example of 3pGG number-based distributions with several values of  is shown in Fig. 1. This figure indicates that a decrease of  spreads the distribution in the small diameter range: the dispersion of the distribution in the smalldiameter range increases. A similar dependence is found between the parameter q and the dispersion of the distribution in the large-diameter range.

The atomization process scale distribution

The multiscale method used to describe the atomization process has been applied in many situations including atomizing turbulent liquid sheets, car injector fuel jet, capillary jet instability [START_REF] Dumouchel | Liquid Atomization and Spray: A multi-scale description[END_REF] and viscoelastic capillary jet instability [START_REF] Tirel | Multiscale analysis of a viscoelastic liquid jet[END_REF]. This is an image analysis method that measures the scale distribution of a system whatever its shape. This measurement is performed on segmented images (two gray level images) where the liquid appears in black on a white background. Inspired from the Euclidean Distance Mapping method to measure fractal dimension [START_REF] Bérubé | High precision boundary fractal analysis for shape characterization[END_REF], the cumulative scale distribution E2(d) is first measured from successive erosion operations with a circular structural element of diameter d ranging from 0 to infinity [START_REF] Soille | Morphological Image Analysis[END_REF]). The diameter d is named the scale in the following. E2(d) is the relative amount of surface area removed by the erosion operation at scale d (Dumouchel et al. 2008[START_REF] Dumouchel | Liquid Atomization and Spray: A multi-scale description[END_REF]. Second, the scale distribution e2(d), defined as the derivative of the cumulative scale distribution in the scale space, is calculated:
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As mentioned in Eq. ( 4), the scale distribution e2(d) is equal to the ratio of the perimeter P(d) of the system eroded at scale d on twice the total surface area ST of the system. As for the spray diameter distribution, the scale distribution is normalized and its dimension is the inverse of a length. Furthermore, by construction and since the perimeter P(d) can only decrease as d increases, the scale distribution is always maximum for d = 0. Finally, e2(d) is a derivable function. Examples of the scale distributions for three systems are plotted in Fig. 2. Image 1 is the one of a cylinder. Using image analyzing tools available in the ImageJ software, the cumulative scale distribution was measured on this image and derived to get the scale distribution e2(d). As shown in the figure, the scale distribution of such a deformation-free system is a step function. Image 2 is the one of a system with textural structures. The corresponding scale distribution displays a high value of e2(0) illustrating the increase of the system perimeter brought by the textural structures. Then, as the scale increases, the scale distribution decreases in proportion with the contour length that decreases since textural structures disappear by order of size during the successive erosion operations. For higher scales, the central portion of the system, identical to image 1, remains only and the scale distribution adopts a step-like behavior. Image 3 is the one of a system with a body deformation. The corresponding scale distribution remains flat for the small scales for which the structural deformation is not perceptible, but decreases in the large-scale range in proportion to the erosion operations that, step by step, erase all structures by order of size. In this case, the interface perimeter depends mainly on large characteristic length deformation.

It is also ambitioned in this work to give a mathematical expression for the scale distribution describing the textural atomization process. This will be achieved by using the concept of equivalent systems evoked in the introduction and, more precisely, by introducing the equivalent system of cylinders.

The cylinders considered here are defined with a diameter D and a height equal to unity. Furthermore, their analysis considers their lateral surface as interface only: the two circular section ends are not accounted. This vision of the cylinder is given by a portion of a cylindrical liquid fragment. The diameter distributions of such systems link with each other in a way different from systems of spheres due to the fact that the surface area of a cylinder is proportional to its diameter and not to the square of it as for spheres. The diameter-distributions fnc(D) of an ensemble of cylinders correlate as:
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Following the mathematical development conducted for ensembles of spheres [START_REF] Dumouchel | Analysis of trwo-dimensional liquid spray images: The surface-based scale distribution[END_REF], it is possible to express the scale distribution of a cylinder ensemble as a function of its number-based diameter distribution. It comes:
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This equation can be used to determine the cylinder equivalent-system diameter distribution f0c(D) from the scale distribution e2(d) of the actual system. It comes: Since the scale distribution is always derivable, Eq. ( 7) says that f0c(D) can always be determined. In 2D, any system accepts an equivalent system of cylinders. The number-based diameter distribution of this system is given by Eq. ( 7). We can consider for instance the case of a sphere of diameter Ds. The surface-based scale distribution of is this system defined in the range [0; Ds] only and is given by [START_REF] Dumouchel | Analysis of trwo-dimensional liquid spray images: The surface-based scale distribution[END_REF]:
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Introducing Eq. ( 8) in Eq. ( 7) returns f0c(D) = 1/Ds and D10 = Ds/2. Therefore, the ensemble of cylinders whose diameters are equiprobably distributed is equivalent to a sphere. Equation ( 7) allows also establishing a mathematical formulation for e2(d) if f0c(D) has one. In particular, if f0c(D) is represented by a 3pGG function (Eq. ( 1)), the scale distribution writes:
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where (a,b) is the upper incomplete Gamma function. In virtue of Eq. ( 7) and since the 3pGG function exhibits a single mode, Eq. ( 9) can represent scale distribution with a single inflexion point only. As for sphere ensembles, the parameters  and q control the dispersion of the distribution in the small and large-diameter ranges, respectively. When applied to a set of deformed ligaments, the scale distribution e2(d) in the large-scale region contains information on the ligament size distribution, whereas, in the small-scale range, it contains information on the ligament deformation. Therefore, when applying Eq. ( 9) to a set of deformed ligaments, the parameter q is sensitive to the ligament size distribution and the parameter  to the distribution of scales associated with their deformation. To our knowledge, this is the first time an atomization process receives a mathematical expression based on these concepts.

Experimental Setup and Results

Experimental setup and optical diagnostic

The atomizer used in the present work was designed and realized by Akira Sou. Its geometry is inspired from the internal path in Valve Covered Orifice nozzle that the fuel has to follow between the injector body and needle [START_REF] Sou | Cavitation Flow in Nozzle of Liquid Injector[END_REF]. One of the dominant features of this internal flow is the asymmetric entrance in the discharge orifice. This feature is reproduced in the atomizer made for this investigation and shown in Fig. 3. The liquid section is rectangular with a width of 4 mm and a depth of 1 mm. The length of the discharge orifice is equal to 16 mm. The atomizer body is made of acrylic allowing observing the internal flow which is helped by the fact that all optical diopters are planar. The experimental setup is presented in Fig. 4. The liquid used is water (density L = 1000 kg/m 3 , dynamic viscosity µ = 0.001 Pa.s, surface tension with air  = 0.07 N/m, saturation vapor pressure Pv = 2339 Pa at 20°C). It is softened with a lime removal device and then kept in an open reservoir. A centrifugal pump (Perollo PQM 2900 rev/min) capable of providing a volume flowrate of 0.6 m 3 /h at a pressure head of 7 bar, sucks the water and feeds the two loops of the circuit. One of the loops is a bypass that sends the water back to the reservoir. This loop contains a regulating valve and a 50 µm filter. The second loop feeds the atomizer. It is equipped with a flow meter, an on/off valve, a particle feeder system, a regulating valve, a thermocouple and a pressure gauge for the measurement of the reference injection pressure Pi just before the atomizer entrance. The choice of this two loops configuration was motivated by the fact that the pump is unable to provide stable low flowrates. The total mass flowrate QTot delivered by the pump is divided in two parts thanks to the use of the regulating valve positioned on the bypass loop. The effective mass flowrate Qm is equal to (QTot -QReg), where QReg is the mass flow rate in the bypass loop (see Fig. 4). The regulating valve in the second loop is used to accurately adjust low flowrates. The particle feeder system allows seeding the liquid flow with small particles in order to perform measurements of the flow velocity in the atomizers with a Laser Doppler Velocimetry system. All experiments are conducted at atmospheric pressure and temperature.

The mass flowrate Qm is the parameter of the study. It was varied according to the values given in Table 1 where the corresponding reference injection pressures Pi are also listed. The discharge coefficient CD, defined as Qm/Sor(2LPi) 0.5 where Sor is the atomizer exit section, is calculated and appears rather constant (Table 1). This tells us that the axial flow carries the same proportion of the total initial energy for all cases. The flow average velocity Vq defined as Qm/(L Sor) ranges from 10 m/s to 18.1 m/s. This velocity together with the thickness of the internal atomizer flow (ta = 1 mm, see Fig. 3) allows calculating the Reynolds number Re (= LVqta/µ) and the aerodynamic Weber number WeG (= GVq 2 ta/ where G is the air density). The Reynolds ranges from 10.10 3 and 20.10 3 which is representative of a sufficiently developed turbulence to trigger early perturbations on the issuing liquid flow interfaces. The aerodynamic Weber number remains low enough (less than 6) to consider that the aerodynamic forces have a negligible effect on the atomization process. The cavitation number CN is an indicator of the propensity of the internal flow to cavitate. The literature reports many formulations for this number. It generally compares the available amount of pressure to the pressure to be overcome to produce cavitation. The cavitation number chosen in this work is the one formulated by [START_REF] He | Effect of Cavitation on Flow and Turbulence in Plain Orifices for High-Speed Atomization[END_REF]: CN = (Pamb -Pv)/(0.5LVq 2 ). This number accounts for the liquid vapor pressure in the expression of the pressure to be overcome to produce cavitation, and for the atomizer pressure-drop in the expression of the available pressure. A decrease of this number indicates an increasing propensity to cavitate. In the present work, CN ranges from 0.6 to 2 (Table 1), the lowest values being obtained for the highest flowrates.

Cond. N° Qm (10 -3 kg/s) Pi (bar) Regime CD (-) Vq (m/s) Re (-) WeG (-) CN (-) Internal and external flows are visualized in a diffuse back-light illumination configuration. The light source is a Quantel Ultra frequency doubled Q-Switched Nd:YAG laser (532 nm) whose pulse duration is equal to 6 ns, and the camera is a CCD Dalsa Pantera 11M4 (2672x4016 pixels). A Nikkon objective (300 mm f/4D) coupled with an extension tube allowed covering a physical field of 21.4 x 14.2 mm 2 , which corresponds to a spatial resolution equal to 5.26 µm/pixel. (The maximum displacement during the light pulse is far less than 5.26 µm and all liquid structures are correctly frozen.) The images are temporally uncorrelated.
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Image series have been taken to visualize the internal flow in the atomizer orifice, the atomization process at the nozzle exit, and the sprays. The internal flow and the atomization process are visualized on the front view ((0; x; z) plane, see Fig. 3). The atomization process images cover the region extending from the nozzle exit to 21.4 mm downstream. The spray drops are visualized on the side view ((0; y; z) plane, see Fig. 3) since more drops are visible in this direction. These images covered the region extending from 40 mm to 54 mm. Each series counts 500 images.

All experiments were conducted with a rather constant liquid temperature of the order of 20°C.

Description of the internal and external flows

Figure 5 shows internal and external-flow image-couples for four operating conditions. The top row presents the flow inside the atomizer orifice. The upperchannel flow comes from the right. The dark region that appears and develops as the flowrate increases is due to the presence of optical diopters that deviate the light. These diopters come from the presence of vapor resulting from cavitation in the liquid flow. The cavitationstructures are geometrically induced and they align with the boundary-layer detachment-wake. As expected, the dissymmetry of the atomizer induces a dissymmetry of the flow characteristics and its ability to cavitate. As reported by several experimental observations, the cavitation develops on the upstream side (right side in the image). The four images selected in Fig. 5 illustrate the four flow regimes identified in the atomizer orifice. From left to right, these regimes correspond to those reported in the literature (see Introduction), i.e., Regime I: no cavitation; Regime II: developing cavitation; Regime III: super cavitation; Regime IV: hydraulic flip. Because of the dissymmetry of the device, the hydraulic flip regime is of the "partial" type (Soteriou et al. 1995). These observations agree with those reported by [START_REF] Sou | Cavitation Flow in Nozzle of Liquid Injector[END_REF]. The regimes corresponding to the present working conditions are given in Table 1. We confirm that a lower cavitation number CN is associated with an enhanced cavitation mechanism and note that flow Regime III corresponds to CN of the order of 1.

To complete the description of the internal flow, Fig. 6 presents the velocity of the flow in the middle plane of the orifice for the same four conditions as in Fig. 5. (These measurements were performed with the Laser Doppler Velocimetry technique.) For the three first regimes, a recirculation zone is visible in the discharge orifice along the upstream-side wall. First located at the discharge orifice entry, this recirculation reinforces when the flow rate increases and disappears in the hydraulic flip regime where the flow slides along the wall with a rather high velocity. At the nozzle exit, the velocity profiles are always strongly dissymmetric which might enhance dissymmetric deformations of the issuing liquid flow.

The bottom row images in Fig. 5 show the atomization process associated with the four internal flow regimes. As expected, the dissymmetry of the liquid flow deformation is visible. The left interface presents a rather similar morphology for all cases: presence of small amplitude and small wavelength perturbations. The right interface (upstream-side interface) is more deformed and clearly exhibits a textural deformation involving the development of ligament structures and the production of drops. In Regime I, the ligaments are coarse but they get thinner and thinner and more and more numerous as the flowrate increases. We note also that Regimes I to III reveal a widening of the right side of the flow, behavior that has totally disappeared in Regime IV. This indicates a change of orientation of the flow resulting from the partial hydraulic flip of the internal flow. However, even for this regime, the ligament structures of the textural atomization process are well visible in this direction of visualization.

Atomization process scale distribution measurements and results

The images of the liquid flow issuing from the atomizer are analyzed in order to measure the scale distribution of the textural atomization process. As observed in Fig. 5, the textural atomization process is localized on the upstream-size interface and the measurement must account for this interface only. This is achieved by dividing the flow in two parts before performing the measurement. The main image treatment and measurement steps are summarized in Fig. 7. Each raw image (Fig. 7-a) is normalized (Fig. 7-b) and segmented (Fig. 7-c). In the segmented image (Fig. 7-c), the liquid appears in black on white background. These image treatment steps are performed with homemade routines (Fdida and Blaisot 2009). The holes in the liquid system are filled and the detached liquid elements are erased. They return the binary image (Fig. 7-d) on which the measurement sequence starts with the application of the Euclidean Distance Mapping. These operations are performed with the code ImageJ V. 1.50i and returns the image shown in Fig. 7-e. In this image, the lines made of the darker pixels constitute the skeleton of the object [START_REF] Soille | Morphological Image Analysis[END_REF]). The vertical line of this skeleton is used to divide the system in two parts: the black and gray regions shown in Fig. 7-f. Finally, the erosion operations at successive scales d is performed on the gray region only as illustrated in Fig. 7-f: at each value of d, the surface area lost by erosion is measured and the cumulative scale distribution is obtained. The smallest possible scale increment in the successive erosion operations is one pixel. In the present measurement, we selected a scale increment step of 7 pixels in order to reduce the number of data and to avoid surface variations too small to be correctly measured between two consecutive scales. The scale step of 7 pixels corresponds to 37 µm. The measurement of the cumulative scale distribution is performed on each image and derived to obtain the scale distribution. An areaweighted average scale distribution, e2(d): it represents the scale distribution of all textural structures that have been seen on the 500 proceeded images. It has been first checked that this number of images for far sufficient to get converged scale distributions.

The resulting scale distributions are plotted in Fig. 8. As the scale increases and for every case, the scale distribution first decreases sharply, second reaches a plateau, and third, follows another decrease to reach the value zero at a specific scale dmax called the maximum scale. Referring to Fig. 2, we understand that the decrease in the small-scale range is the signature of the textural atomization (case 2 in Fig. 2) that we precisely want to investigate. The decrease in the largescale range characterizes the structural deformation of the half-flow (case 3 in Fig. 2). The plateau found in the middlescale range indicates that no deformation is perceptible at these scales for which, therefore, the systems report a smooth-cylinder like behavior (case 1 in Fig. 2). As far as the influence of the operating condition is concerned, we see that the scale dmax first increases from Cond 1 to 4, and then decreases from Cond 5 to 7. This evolution agrees with the observations in Fig. 5. We also note that the textural atomization processes involved structures whose scales range in a similar interval for all cases. The difference of e2(0) between the seven cases is not representative of the textural atomization process only. The characteristic e2(0) is the system specific length (defined as the perimeter per unit surface area, see Eq. ( 4)) and depends both on the system perimeter and surface area, the later one being not a textural atomization process characteristic. Therefore, the first task in the analysis will consist in splitting the scale distributions in Fig. 8 to isolate the component representative of the textural atomization process only. 

Drop diameter distribution measurements and results

The drops produced from the textural atomization process in the near nozzle-exit region are measured by analyzing the images taken for this purpose (see the first part of this section). The image treatment involved steps similar to those exposed in Fig. 7 to produce segmented images with drops only appearing in black on a white background. The image model developed by [START_REF] Blaisot | Droplet size and morphology characterization for dense sprays by image processing: application to the Diesel spray[END_REF] is applied in order to determine the contour of each droplet with the maximum possible accuracy. The image analysis reports an equivalent diameter for each drop as well as a shape parameter that quantifies its deviation from sphericity. The equivalent diameter is defined as

D =  S 4
where S is the drop projected surface area. For each condition, this analysis is performed on the 500 images ensuring a few thousands of drops for each measurement. The surface-based scale distributions f2(D) of the drop diameters are built by considering spherical drops only recognized by their shape parameter. For ensembles of spheres, the surface-based distribution f2(D) is obtained from the number-based drop diameter distribution f0(D) with the relation:
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where D20, for a set of spheres, is the surface mean diameter [START_REF] Mugele | Droplet size distribution in sprays[END_REF]. The experimental drop diameter distributions f2(D) are plotted in Fig. 9.

Figure 9 shows that the drop diameter distributions of the textural sprays exhibit two modes. The right mode is the main one. It shows a peak diameter DpeakR that decreases when the flowrate increases.

The peak diameter DpeakL of the left mode appears not affected by the mass flowrate but the drop population does: it increases with the flowrate. Considering that the textural atomization process consists of the rupture of ligaments, this kind of bimodal drop-diameter distribution could have been expected. Indeed, it is known that ligaments have a propensity to produce two drop categories, i.e., main droplets whose diameter is of the same order of the initial ligament size, and satellite droplets whose diameter is far less than the main-droplet one [START_REF] Vassallo | Satellite formation and merging in liquid jet breakup[END_REF]. The number and size of the satellite drops depend on the initial shape of the ligament and on the physical mechanisms in play, and, more specifically, on the ratio between surface tension and elongation effects if any (Dumouchel et al. 2015).

Analysis Mathematical scale-distribution of the textural atomization process

The first step of the analysis is to isolate the scale distribution of the textural atomizing structures from the measurements presented in Fig. 8. This is achieved with the help of the mathematical formulation established for the scale distribution in section 2 (Eq. ( 9)). This mathematical expression suits scale distributions with one single inflexion point whereas those measured in this work report two inflexion points (see Fig. 8). To reproduce this characteristic, the scale distribution is decomposed as the sum of two components:
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In this equation, e2,1(d) and e2,2(d) are two scale distributions represented by Eq. ( 9): they both depend on three parameters and they are both normalized. Since the experimental scale distribution is normalized also, the weighting parameter e ranges from 0 to 1. (This parameter actually represents the relative surface area of the ligament structures of the textural atomization process.)

The application of Eq. ( 11 ed  for the large scale mode. Each mode is fitted with the derivative of Eq. ( 9) and the last parameter e is obtained from the surface area of each mode.

A Scilab routine was written to determine the set of parameters that provides the best fit of the measured scale distribution. The routine was applied for each condition, the solution for one condition being used as initial point to find the solution of the next condition. Although this routine reported results in most situations, the determination of the parameters 1 and q1 was proved difficult for Cond 6 and 7 for which a specific determination protocol has been followed. First, the parameter q1 was evaluated from the correlation between the volume flow rate Qv and the parameter q1 obtained for Cond 2 to 5 (Regime I condition is not considered here). Second, the parameter 1 is determined as the best fit provider conditioned by the constraint   0

0 2   e
. For all conditions, this analysis returned very good fits of the experimental scale distributions.

In the decomposition described by Eq. ( 11), the component e2,1(d) is the scale distribution of the textural atomization process. The parameters of this component are listed in Table 2. The scale distributions e2,1(d) are calculated with Eq. ( 9) and plotted in Fig. 10. They spread to scales of the order of 1500 µm with a rather extended tail in the large-scale range. When the flowrate increases (from Cond 1 to 7), the scale distribution squeezes in the small scale range and its width decreases, but the distribution tails remain extended in the large scale range. These two behaviors combine in an increase of e2,1(0) when CN decreases and indicate that the ligament size-distribution shifts towards the small-size region, inducing an increase of the interface length per unit surface area.

The three parameters of the distributions e2,1(d) correlate with the cavitation number CN (see Fig. 11) expressing the dependence between the flow regime and the textural atomization process. We first note that the values of Dq01 are rather high considering the low order of this mean diameter (order being equal to the value of q1). This, of course, is an illustration of the long tail in the large scale region noticed in Fig. 10. Therefore, being sensitive to the scale distribution tail, Dq01 appears to be representative of the ligament size distribution, and its decrease with the cavitation number CN illustrates the production of finer and finer ligaments as the flow rate increases. Second, Fig. 11 shows that the dispersion parameters 1 and q1 show opposite variations. As explained in Section 2, the parameter q1 is sensitive to the ligament size-distribution and the parameter 1 to the distribution of scales associated with their deformation. The variations reported in Fig. 11 explain that, as CN decreases, the dispersion of the ligament size-distribution increases (q1 decreases) whereas the dispersion of their deformation scales decreases (1 increases). This last behavior is associated with the decrease of the mean diameter Dq01 illustrated in Fig. 11: the deformation-scale range shrinks because the ligaments are thinner. The scale distributions of the textural atomization process in Fig. 10 all show one inflexion point, i.e., for one specific scale, called dp:   2 0 p ed   . According to Eq. ( 7), we see that the scale dp is also the modal diameter Dp0 of the number-based diameter distribution of the cylinder equivalentsystem. Therefore, in virtue of Eq. (3), it comes:
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The values of the scale dp are given in Table 2 for all conditions. This scale is of the order of the half of Dq01 and reports the same correlation with the cavitation number as this mean diameter. This specific scale is therefore representative of the size distribution of the ligaments involved in the textural atomization process. Another characteristic of the inflexion point is the derivative of the scale distribution at this scale,   21  ,p ed which is given by the following expression:
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Considering Eq. ( 7 . This correlation indicates that, although the size distribution of the ligaments remains very much extended in the large scale region, the peak width of this distribution narrows on the diameter dp when CN decreases. It appears therefore that the three parameters (q1, dp,

  p , d e 1 2  
) provide relevant properties of the ligament size-distribution including, its position in the size space (dp), the dispersion around this peak (

  p , d e 1 2  
) and the dispersion in the upper size domain (q1).

Mathematical diameter distribution of the spray drops

The second step of the analysis consists in deriving a mathematical expression for the surfacebased diameter distribution f2(D) of the drops produced by the primary atomization process and shown in Fig. 9. The 3pGG distribution (Eq. ( 1)) is used for this purpose. As reported in Fig. 9, the experimental drop-diameter distributions show two peaks. Since the 3pGG distribution is a monomodal function, a combination of two 3pGG distributions is required to fit the experimental results.

The following decomposition is adopted:
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Seven parameters have to be determined: three for the left component f2L(D) characterizing the distribution in the small-diameter range (i.e., the satellite drops diameter-distribution), three for the right component f2R(D) characterizing the distribution in the large-diameter range (i.e., the main drops diameter-distribution), and the weighting parameter f. Two conditions are imposed in the parameter determination procedure. First, the two dispersion parameters that must have the same sign [START_REF] Dumouchel | A new formulation of the Maximum Entropy Formalism to model liquid spray drop-size distribution[END_REF]) are both taken positive for every component. Thus, the parameter  characterizes the dispersion in the small diameter space, whereas the parameter q controls the dispersion in the large-diameter range. Second, for each component, the experimental peak diameter (DpeakL or DpeakR) is imposed to the mathematical distribution. Using Eqs. (1-3), each component becomes:

                                             * * * * * q * peak * * * peak q * * * * * * D D q exp D D q q q D f 1 1 2 2 1 2 2   
R and qR, are inverted. (These variations are similar to those reported by the parameters 1 and q1.) The width of the diameter distribution f2R(D) will be quantified by the ratio 2 = (D42 2 -D32 2 )/D32 2 (2 is the non-dimensional variance of f2R(D) introduced by [START_REF] Sowa | Interpreting Mean Drop Diameters Using Distribution Moments[END_REF].) In virtue of Eq. ( 2), 2 expresses as: 
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Correlation between the textural atomization process and the spray drops

The investigation of the correlation between the textural atomization process and the spray drops is conducted by relating the parameters attached to the atomization process to those representative of the spray. It is pertinent to remark at this stage that the scale distribution e2,1(d) and the diameter distribution f2(D) spread in the same scale interval. As mentioned above, the droplet diameter distribution shows two peaks. The correlation is established on the idea that the main-drop population (right peak of the distribution) is associated with the size distribution of the textural atomization ligaments, whereas the satellite population (left peak of the distribution) is associated with the deformation of these ligaments.

As far as the main drop population is concerned, the correlations obtained between the parameters (q1, dp,   p , d e 1 2  

) and the parameters (R, qR, DpeakR) validate the approach (Figs 12 to 14). First, Figure 12 shows that dp and DpeakR are of the same order of magnitude:
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This result confirms the fact that dp is a characteristic size of the ligaments. The coefficient 1.23 is less than the theoretical coefficient 1.89 reported by [START_REF] Rayleigh | On the instability of jets[END_REF] for the breakup of a cylindrical smooth ligament due to capillary instability, probably because, being initially deformed, the ligaments are prompt to produce smaller drops as well as satellite droplets, the last point being attested by the measured drop diameter distributions (Fig. 8). These considerations and results evidence the major contribution of the surface tension effects, and, therefore, the negligible influence of the aerodynamic forces in the ligament breakup. Second, Fig. 13 reports a strong correlation between the dispersion parameter q1 and the relative width of the main droplets diameterdistribution. As expected, an increase in the dispersion ligament size-distribution (q1 decreases) induces an increase of the relative width of the main-drop diameter-distribution. Two tendencies, represented by the dash lines in Fig. 13, appear: as q1 decreases, the first tendency corresponds to the flow Regimes I and II and the second one corresponds to the cavitation regimes III and IV. This observation could constitute a proof of a direct influence of the cavitation on textural atomization processes. Finally, Fig. 14 Fig. 13 Correlation between the parameter q1 and the non-dimensional variance of the right peak of the drop diameter distribution (Eq. ( 16))

The second peak of the drop-size distribution (left peak in Fig. 9) represents the satellite population. 2 and3). Furthermore, with R (Fig. 14). (The parameter L characterizes the dispersion in the small-diameter range of the satellite droplets.) We understand that the successive inflexion points of a scale distribution and its derivatives identify representative scales as far as the drop diameter distribution is concerned.

The second observation concerns the correlation between 1 and L (Fig. 15) which globally indicates that the dispersion in the small-diameter range of the satellite population increases with the one in the small-scale range of the ligament deformation. Two parts are identifiable in the figure: 1 and L are of the same order of magnitude when 1 > 10, otherwise, the dispersion L appears rather constant (of the order of 10) whereas 1 varies. The cases 1 > 10 correspond to the high flow rates for which the textural atomizing ligaments are thin. This thinness imposes structural deformation and atomization only: the satellite droplet sizes 22 disperse in the diameter space in the same way as the small-deformation scales disperse in the scale space. This manifests by 1 ≈ L. The cases 1 < 10 correspond to the low flow rate for which the textural atomizing ligaments are coarser and their deformation (characterized by 1) is mainly textural but does not lead to the production of drops. Thus, the parameter L remains constant whereas the parameter 1 still varies.

This behavior reveals that, if the deformation scale is far less than the size of the ligament, it will not participate to the atomization process. This also explains that the amount of satellite droplets is less for these cases.

The result presented in Fig. 15 therefore indicates that the knowledge of the system deformation is not always necessary over the whole scale range, and this is the case if the ligament deformation scales are far smaller than the ligament deformation size. It occurs that the scale dp2 is a characteristic of the ligament deformation and the scale dp is a characteristic of the ligament size. Therefore, the ratio dp2/dp should be appropriate to delimit the two behaviors found in Fig. 15. Figure 16 plots this ratio versus the ratio 1L. When dp2/dp > 0.32 (Cond 3 to 7) the satellite population depends on the ligaments deformation (1L ≈ 1). When dp2/dp < 0.32 (Cond 1 and 2), the satellite population is independent of the ligament deformation (L remains constant even if 1 varies). In this second case, the resolution of the small ligament deformation is therefore not required. This result is another demonstration of the importance of the scales dp and dp2.

Conclusions

The multiscale method presented in this work appears to be very appropriate to experimentally investigate textural atomization processes such as those of this study and brings interesting results. The scale distribution it provides describes the atomizing ligamentary structures and includes information on the size distribution and on the deformation of these structures. To our knowledge, this is the only approach ensuring such a complete description. Furthermore, this multiscale method defines the concept of equivalent systems on which a mathematical representation of the atomization process scale distribution can be established. For the first time, an atomization process has received a mathematical expression. It is obtained from the mathematical diameter distribution of a set of cylinders that has the same scale distribution as the actual system. This approach is particularly adapted here since the atomization ligaments are rather cylindrical structures. The chosen mathematical distribution, i.e., the 3pGG function, was found very appropriate for this purpose as well as to represent the spray drop size distribution. As far as the use of the 3pGG function is concerned, it is worth mentioning that three parameters are necessary to succeed in representing the scale distribution and the drop size distribution. They allow dissociating the drops produced by the larger ligaments from those produced by the more numerous. In the present study, these two populations evolved differently and required their own indicator (q or ) to be correctly taken into account.

The physical relevance of this mathematical expression has been evidenced by the correlations found between the three parameters it involves and the cavitation number of the flow on one hand, and the parameters of the diameter distribution of the drops on a second hand. These correlations allow deriving an atomization model where the spray main-drop population is related to the size distribution of the ligaments, whereas the spray satellite drop population is related to the ligamentdeformation scale-distribution. This result demonstrates the possibility of evaluating the drop diameter-distribution from the textural atomization scale distribution. In this exercise, the scales at which the scale distribution and its derivative show an inflexion point are important. They inform on the typical size and dispersion in small diameter range of each drop diameter-distribution mode. Furthermore, their ratio indicates situation for which the deformation of the ligaments has no influence on the satellite drop production. Such information is practical and useful for modeling.
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 1 Fig. 1 Example of 3pGG number-based diameter distribution for several values of the parameter  (q = 10; Dq0 = 300 µm)
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 2 Fig. 2 Examples of scale distribution e2(d) (Case 1: No deformation; Case 2: Textural deformation; Case 3: Structural deformation)
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 3 Fig. 3 Geometry of the atomizer Fig. 4 Experimental setup (Left: front view, Right: side view, dimensions in mm, inlet arrow indicates flow entrance)
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 56 Fig. 5 Internal (top) and external (bottom) flow visualizations (from left to right: Cond 1-3-5-7)
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 7 Fig. 7 Image analysis steps: a) raw image, b) normalized image, c) segmented image, d) holes filled and detached elements erased, e) EDM image, f) removed left part (black area) and erosion operation of the right part (gray area) of the flow
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 8 Fig. 8 Experimental scale distributions of the right part of the flow
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 9 Fig. 9 Experimental surface-based drop diameter distributions

  ) to fit the measured scale distributions requires the determination of seven parameters: (i, qi, Dq0i) for each component and e. The fitting process is performed on the first derivative   d e 2  of the scale distributions. The calculation of these derivatives is completed by the condition   2 00 e imposed for each case. For Cond 1 to 5, this condition reasonably agrees with the measurements but could not be verified for Cond 6 and 7 because of a lack of spatial resolution (limited to 37 µm) in the scale analysis. The scale distribution derivatives report two modes, each of them being associated with a derivative

  Fig. 10 Scale distributions of the textural atomization process

  derivative of this correlation says that the main-drop population disperses less in the small diameter range when the peak of the ligament size-distribution gets narrower.
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 12 Fig. 12 Correlation between the scale dp and the peak diameter DpeakR
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 15 Fig. 14 Correlation between the parameter R and the derivative
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 16 Fig. 16 Ratio 1L versus ratio dp2/dp

Table 1 Operating

 1 

		40.0	2.7	I	0.43	10.0	10000	1.7	1.98
	2	43.3	3.2	II	0.43	10.8	10800	2.0	1.69
	3	47.5	3.9	II	0.43	11.9	11900	2.4	1.40
	4	55.0	4.8	III	0.44	13.7	13700	3.3	1.05
	5	57.5	5.3	III	0.44	14.4	14400	3.6	0.96
	6	62.5	6.4	IV	0.44	15.6	15600	4.2	0.81
	7	72.5	9.1	IV	0.42	18.1	18100	5.7	0.62

Conditions (Qm: mass flow rate, Pi: injection pressure, CD: discharge coefficient, Vq: mean velocity, Re: Reynolds number, WeG: aerodynamic Weber number, CN is the cavitation number)

Table 2

 2 Parameters of the textural atomization process scale distribution e2,1(d) and characteristic scales dp and dp2

16) Cond. N° DpeakL (µm) DpeakR (µm) L (-) qL (-) R (-) qR (-) f

  

								(-)
	1	42	400	8.93	1.50	0.69	1.54 0.0077
	2	48	335	9.67	1.66	0.79	1.37 0.0063
	3	46	310	9.39	1.40	1.86	0.92	0.011
	4	46	255	9.49	1.23	2.21	0.84	0.017
	5	44	235	10.4	1.00	3.36	0.61	0.020
	6	50	190	11.2	0.94	11.8	0.21	0.035
	7	45	135	14.8	1.14	14.8	0.13	0.024

Table 3

 3 Peak diameters of the drop diameter distribution and parameters of the mathematical fit
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the surface proportion represented by the left distribution peak f2L(D), i.e., by the satellite droplets. Table 3 shows that the evolutions of the dispersion parameters of the main drop population, i.e.,