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bMines Saint-Étienne, Univ Lyon, CNRS, UMR 5307 LGF, Centre SMS, F – 42023 Saint-Étienne, France

Abstract

A full field crystal plasticity modelling of bimodal polycrystals is presented. Bimodal polycrystals are generated
using a controlled Laguerre-Voronoi algorithm and a modified phenomenological law is used to take into account
the grain size effect through a Hall-Petch term. A focus is particularly made on the effects of grain size and of
grain size ratio between ultrafine grains and coarse grains populations on local and global mechanical responses.
The effect of the spatial distribution of the coarse grains (clustered or isolated) is also analysed in terms of
strain localisation and stress concentration at the local scale.
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1. Introduction

It is well-known that decreasing the grain size (GS) of metallic alloys increases their yield stress (and mechan-
ical strength), as described by the simple Hall-Petch law and observed nearly independently of the elaboration
process [2, 3, 4, 5]. This has made GS reduction one of the most efficient way to increase the strength of metallic
alloys and, as a result, reduce the weight of components, e.g. in the transportation industry. Higher strength,
however, generally comes with lower ductility [6, 7], which is detrimental to formability or fracture resistance.
Still, good combinations of strength and ductility can be obtained with specific microstructures, as reviewed by
Ma in [8]. Nanotwinned copper [9] and nanostructured metals with second-phase precipitates are examples of
materials with enhanced strain hardening [10, 11]. Polycrystals with a bimodal GS distribution (simply refered
to as “bimodal polycrystals” in the following) also have attracted much interest, as their ultra-fine grains (UFG)
can provide high mechanical strength while their coarse grains (CG) can provide ductility [12, 13, 14]. However,
the mechanical properties of these materials remain delicate to control (and predict), as they depend not only
on the grain size of the two populations, but also on their relative spatial distributions.

Several methods have been proposed to elaborate bimodal polycrystals, such as rolling and annealing [15,
16, 17], severe plastic deformation [18], or powder metallurgy combined to conventional or spark plasma sinter-
ing (SPS) [19, 13, 17, 20]. However, only the latter (and especially SPS) provides the direct, accurate control
on the GS statistics (size distributions and volume fractions) required for analysing microstructure-property
relationships in detail (although the amount of materials produced by SPS is much smaller than for deformation-
based processes). Using this specific sintering route, the authors recently reported the influence of a bimodal
distribution on the mechanical properties of 316L samples [20]. In particular an improvement of the strain to
failure for a given yield stress has been observed for bimodal grain size distribution due to a modification of the
backstress. However, these results seem to depend on the grain size ratio between each grain population, their
respective average size and volume fraction, which raises several questions: What are the optimal properties of
the powder, in terms of the grain sizes of the two populations and their relative volume fractions? What is the
influence of their spatial distributions? These questions would be rather delicate and very time-consuming to
answer experimentally, but are easily accessible to numerical simulations. Moreover, the simulation approach
offers access not only to the macroscopic response of the material (yield stress, ductility), but also to its local
response, i.e., the stress and strain distributions among and within grain populations, which is essential to a
better understanding of all mechanisms at play.

The first-order description of a bimodal microstructure includes the mean GSs and volume fractions of the
grain populations, as in a two-phase composite mean field approach. This description was adopted in the secant
Mori-Tanaka mean field approach of Joshi et al. [21] to predict the effect of extrusion on the yield strength
anisotropy and to analyse the effect of the CG volume fraction. In the biphase mean-field approach of Zhu
et al. [22, 23], the scale transition was based on the model of Weng [24], and the two grain populations were
assigned different constitutive behaviors: for the CG, the flow stress was mainly governed by intragranular dis-
location storage and annihilation (as in the Kocks-Mecking model) while for the fine grains, the strain gradients
were considered as stored in the grain boundary dislocation pile-up zones.

Kurzydlowski and Bucki [19] showed that, in the case of a bimodal Al polycrystal, the hardness could only be
properly described by accounting for the dispersion about the mean GS, which, added to the mean GS, was used
to uniquely define a lognormal grain size distribution. This higher-order microstructure description was also
adopted by Berbenni et al. [25], who used a self-consistent scheme with a scale transition based on the translated
fields to describe the effects of both the grain size distributions and the local heterogeneities on the mechanical
response. As in the homogenization model of Weng [26], the crystal constitutive laws included a grain size
effect using a Hall-Petch type dependence of the resolved shear stress. Several bimodal grain size distributions
were compared, and a strong influence of the size ratio between the CG and UFG, and of the dispersion about
the mean GS, on the yield stress was shown. This model was extended in Refs. [27, 28] by accounting for the
different deformation mechanisms operating in the grain interior or in the vicinity of grain boundaries, which are
related to statistically stored and geometrically necessary dislocations, respectively. Compared to the previous
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work [25], hardening was well reproduced, but, as in Ref. [22], the thickness of the grain boundary dislocation
pile up zone remained as an input parameter to the model. One may then resort to a calibration of this layer
thickness from mesoscale field dislocation simulations [29], from lattice strain measurements using synchrotron
diffraction [30] or from discrete dislocation dynamics [31].

A more direct modelling was later carried out by Magee and Ladani [32], using an explicit microstructure
description and full-field simulations. The purpose was to examine the local deformation, the interaction be-
tween the two grain populations and the related failure mechanisms. To avoid prohibitive computation costs,
the analyses were performed at two scales: (i) on the scale of a representative volume element (RVE) of the
bimodal polycrystal, for which the microstructure corresponded to a homogeneous matrix of UFG with ellip-
soidal inclusions of CG, each region being assigned an isotropic macro-homogeneous stress-strain behavior, and
(ii) on a smaller scale, for which the interactions between the matrix of UFG and the CG were analysed using
crystal plasticity and a cohesive interface model at the grain boundaries on the local scale of several UFG
represented as a Voronoi tessellation. So, the interactions between UFG and CG were computed by accounting
for the crystalline nature of the UFG population only. Although this enabled comprehensive analyses of the
local mechanisms inside this population, its application was limited to the case of an UFG population in the
form of diluted inclusions inside a CG homogeneous matrix.

In this work, a complete full-field modelling of polycrystals with an explicit high-resolution representation
of the grains is presented. A large set of applications with such an approach were presented in [33, 34] and are
extended here to constitutive modelling accounting for the effects of internal lengths. The article is organised as
follows. In Section 2, we describe the microstructure generation process, constitutive behavior and identification
of the material law parameters, and we determine the size of the RVE in a simplified case. In Section 3, we
analyse a simple bimodal polycrystal with one CG, in terms of its macroscopic and local mechanical responses,
for different crystallographic orientations of both CG and UFG. In Section 4, we analyse aggregates with mul-
tiple CG. In particular, crystal plasticity is compared to macro-homogeneous modelling, and the influence of
CG spatial distributions on mechanical behavior is discussed. In Section 5, we close the article with conclusions.

For sake of simplicity in the following, the abbreviation FG will correspond equally to fine and ultrafine grains.

2. Numerical modelling

2.1. Microstructure generation

Microstructures are represented as Laguerre tessellations. A Laguerre tessellation of a domain of space, D,
is defined from a set of seeds, Si, of positions, xi, and non-negative weights, wi, i ∈ [1, N ]. Each seed (Si) is
associated a Laguerre cell, Ci, as follows,

Ci =
{
P (x) ∈ D | d(P, Si)

2 − wi < d(P, Sj)
2 − wj ∀j 6= i

}
(1)

The weight of a seed drives the size of its associated cell. The special case of Voronoi tessellation is obtained
when all weights are equal. Compared to the widely-used Voronoi tessellations, Laguerre tessellations can in-
clude much higher contrasts of grain sizes [35], such as those found in bimodal polycrystals.

In this work, the seeds are generated following three successive steps:

1. Seeds corresponding to FG are arranged on a regular pattern (see Fig. 1a) and are assigned zero weights
(wi). The number of FG seeds is a function of the domain size and of the size of the FG. One or several
seeds corresponding to CG are also added at controlled locations (see Fig. 1a). The FG seeds are assigned
zero weights, and the CG seeds are assigned a weight equal to the target CG radius squared.

2. Seeds corresponding to FG are randomly perturbed about their original positions, by a random distance
between 0 and the target FG radius, to latter generate random shapes (see Fig. 1b).

3. The FG seeds located within a CG radius of the CG seed(s) are removed (see Figs. 1c,d). (This step is
optional and only aims at avoiding empty cells in the final tessellation.)
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As will be seen in the following, this method offers great control on the grain sizes and the spatial distribution
of the CG. The tessellation is then generated using Neper [36, 35]. A geometry regularization procedure is
applied to remove small edges and faces (in 3D), which otherwise would be detrimental to mesh quality [36],
and then the microstructure is meshed into 2nd-order triangular elements (in 2D) or tetrahedral elements (in
3D) [36]. A uniform element size is used, with typically 30 elements per FG. The mesh corresponding to the
tessellation of Fig. 1 is provided on Fig. 2.

(a) (b) (c) (d)

Figure 1: Generation of the seed distribution of a bimodal tessellation: (a) initial seed positions (regular pattern depending on the
domain and grain sizes), (b) random perturbation about the initial positions, and (c) and (d) removal of the seeds surrounding
the CG, for proper tessellation. On (c) and (d), the tessellation is plotted onto the seed distribution to better illustrate the seed
generation process.

Figure 2: Mesh of the bimodal tessellation of Fig. 1. Note the high element quality, especially near grain boundaries and triple
points, and the uniformity of the element size. The color mapping is only meant to distinguish the grains.
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2.2. Crystal behavior

Elasticity is assumed isotropic, with values of Young modulus E and Poisson coefficient ν provided in
Table 1. Plasticity operates by slip on the {1 1 1}〈1 1 0〉 systems. The slip rate of a given slip system, γ̇s, is
related to its resolved shear stress, τ s, through the Méric-Cailletaud formulation [1].

γ̇s =

〈
|τ s − xs| − rs

K

〉n

sign(τ s − xs), (2)

where rs is the isotropic hardening, xs is the kinematic hardening, and K and n describe the Norton viscosity.
In this work, as only monotonic tensile loadings are considered, kinematic hardening is discarded (xs = 0).

A grain size effect will be introduced at the scale of individual slip systems by introducing a Hall-Petch
type, size-dependent, hardening term in rs. This is a simple but rather common approach [25, 37, 38], which is
computationally-efficient and therefore applicable to the analysis of polycrystals with large numbers of grains.
In contrast, approaches based on the mechanics of generalized continua, such as Cosserat, micromorphic or
gradient-plasticity modellings [39, 40, 41, 42], introduce supplementary degrees of freedom and remain delicate
to use with polycrystals with large numbers of grains.

The expression of the isotropic hardening, which includes a Hall-Petch-type grain size effect, is

rsg = R∗
0 +Q

12∑
u=1

hsu
(

1− e−bpu
)

R∗
0 = r∗0 +

k∗√
dg

(3)

where R∗
0 is the critical resolved shear stress, r∗0 is a critical resolved shear stress close to the one of a grain

with a conventional grain size, k∗ is a constant hardening parameter corresponding to the Hall-Petch slope on
the scale of the slip system, and dg is the size of the considered grain. dg is defined as the diameter of the circle
of equivalent area in 2D or sphere of equivalent volume in 3D. For the {1 1 1}〈1 1 0〉 systems considered here, h
is a 12× 12 matrix:

h =



h1 h2 h2 h4 h5 h5 h5 h6 h3 h5 h3 h6
h2 h1 h2 h5 h3 h6 h4 h5 h5 h5 h6 h3
h2 h2 h1 h5 h6 h3 h5 h3 h6 h4 h5 h5
h4 h5 h5 h1 h2 h2 h6 h5 h3 h6 h3 h5
h5 h3 h6 h2 h1 h2 h3 h5 h6 h5 h5 h4
h5 h6 h3 h2 h2 h1 h5 h4 h5 h3 h6 h5
h5 h4 h5 h6 h3 h5 h1 h2 h2 h6 h5 h3
h6 h5 h3 h5 h5 h4 h2 h1 h2 h3 h5 h6
h3 h5 h6 h3 h6 h5 h2 h2 h1 h5 h4 h5
h5 h5 h4 h6 h5 h3 h6 h3 h5 h1 h2 h2
h3 h6 h5 h3 h5 h6 h5 h5 h4 h2 h1 h2
h6 h3 h5 h5 h4 h5 h3 h6 h5 h2 h2 h1



, (4)

which, due to symmetry considerations, contains only six independent parameters [43]. The diagonal terms,
which are equal to h1, represent self hardening. Non-diagonal terms, h2–6, represent latent hardenings of
different types: coplanar interactions, Hirth locks, cross slip interactions, glissile junctions and Lomer-Cottrel
locks, respectively. As explained in [44], the respective influence of interactions and the order of the hardening
coefficients can be contradictory according to the means to address these questions (experimental or numerical
analyses) and are shown to differ if the crystal plasticity model is based on dislocation densities or on a local
phenomenological hardening on the scale of the slip systems. In this study, the retained values are taken from [1]
which were concerning copper and were based on the Méric-Cailletaud model.
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2.3. Identification of material parameters

The material parameters appearing in Eqs. 2 and 3 can be classified in two families. The first family contains
the parameters not involved in the GS dependence: K, n, Q, h and b. Among them, K, n and h are set to
typical values (summarized in Table 1), while Q and b will be identified from the stress-strain curve of a material
with a conventional (i.e., relatively large) GS. The second family contains the parameters involved in the GS
dependence: r∗0 and k∗. They can be identified from the stress-strain curves obtained from a same material at
different average GSs (all other parameters being unchanged).

All the simulations for the identification procedure have been carried out on a 3D polycrystal containing 125
equiaxed grains with random crystal orientations (fig. 3 and 4). For each simulation, the size of the polycrystal
was set according to the considered experimental reference and a simple tensile test was performed with imposed
longitudinal displacements and stress-free lateral faces.

2.3.1. Identification of Q and b

The experimental stress-strain curve of a specimen of fully recrystallised 316L stainless steel with an average
GS of about 50 µm is used. From a simulation to the other, Q and b have been adjusted to minimize the dif-
ference between the experimental and simulated stress-strain curves, which are represented on Fig. 3. Table 1
provides the corresponding values of Q and b.

Figure 3: Identification of parameters Q and b from the stress-strain curve of a material with a conventional grain size (dg = 50 µm).
The 125-grain polycrystal used for simulations is also represented. Note the good match between the experimental and simulated
curves.

2.3.2. Identification of r∗0 and k∗

The identification of these parameters is based on the reference experimental characterization of the Hall-
Petch effect in a 316L stainless steel [7]. This experimental characterization provides the values of σ0 and k
describing the macroscopic Hall-Petch effect on the yield stress σy:

σy = σ0 +
k√
dg

(5)

r∗0 is assumed to be related to σ0 through the average Taylor factor of the grains, 〈M〉,

r∗0 =
σ0
〈M〉

(6)

Following [7], we use σ0 = 105 MPa, k = 1000 MPa.µm−1/2 and, considering a random distribution of crystal
orientations as in the experimental sample, 〈M〉 = 3.06, which finally yields r∗0 = 34.3 MPa.
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The Hall-Petch slope k∗ on the slip system scale is determined from the evolution of the yield stress as a
function of grain size. To do this, a simple scaling is applied on the numerical polycrystal such as to vary its
average GS. Four sizes are considered: dg = 55 µm, 40 µm, 15 µm and 2 µm. Fig. 4a,b show the polycrystals
and the corresponding stress-strain curves, respectively. From the stress-strain curves, the yield stresses are
determined at 0.2% plastic deformation and then reported on a Hall-Petch plot of the macroscopic response
such as seen on Fig. 4c. One may note that the introduction of the Hall-Petch term on the scale of the slip
system leads to the Hall-Petch effect on the macroscopic scale. The appropriated k∗ is identified as the one
which enables to obtain the reference macroscopic slope k taken from Ref. [7]. The value is provided in Table 1.

(a)

(b)

(c)

Figure 4: Identification of parameters r∗0 and k∗. (a) 125-grain polycrystals of different grain sizes, (b) corresponding stress-strain
curves and yield stress (σ0.2%) determination, and (c) Hall-Petch plot on the macroscopic scale of the polycrystals, obtained with a
given k∗. The slope of the numerical Hall-Petch plot in (c) is compared to the macroscopic experimental one (k in Eq. 5) in order
to identify k∗.

Table 1: Material parameters used in the finite element simulations. hsu values after [1].

Elasticity Plasticity, no GS dependence Plasticity, GS dependence

E (GPa) ν Q (MPa) b K (MPa.s1/n) n h1 h2 h3–5 h6 r∗0 (MPa) k∗ (MPa.µm−1/2)

200 0.3 10 9.06 9 24 1.00 4.40 4.75 5.00 34.3 200
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3. Bimodal polycrystal with one coarse grain

This section considers the case of a bimodal polycrystal with a single central CG, in 2D and 3D. The aim
is to investigate first the influence of the boundary conditions, especially in 2D case, on the effective properties
of a polycrystal (Section 3.1), and then the influence of the FG and CG crystallographic orientations on both
the effective properties of the polycrystal and the local mechanical fields (Section 3.2). A tensile deformation
of 1% is considered. Focus is drawn on the strain and stress fields at 1% strain, and on the yield stress.

3.1. Comparison of 2D and 3D polycrystals, and influence of boundary conditions

Given the large grain size ratio between the CG and FG that will be used in the following (5 and 10), large
numbers of grains will be necessary in the simulations, especially when several CG are used. It then becomes
desirable to use 2D-extruded polycrystals instead of 3D polycrystals. The behaviour should remain essentially
unchanged, however, which can be verified as follows.

A 3D unimodal polycrystal with 73 (343) grains is used as a reference. This number of grains is considered
sufficiently large to get representative results; in other words, the polycrystal can be considered as a represen-
tative volume element (RVE). Displacements are imposed on the two opposite z surfaces (while other surfaces
are free), as can be seen on Fig. 5a, and which is similar to experimental conditions.

A “2D-extruded” polycrystal with the same linear density of grains (number of grains along a dimension)
as the 3D polycrystal is then used. The polycrystal is essentially 2D, but it is extruded in the third direction
by the length of one element. Such a 2D configuration raises the question of what should be the boundary
conditions along the extrusion direction. Here, we will determine the conditions such that the macroscopic
behaviour of the 2D polycrystal is as close as possible to the one of the 3D polycrystal.

While the “standard” faces of the 2D-extruded specimen (in directions y and z, on Fig. 5b) are applied the
same conditions as for the 3D polycrystal (free conditions and imposed displacements, respectively), the faces
along the extrusion directions can be applied different conditions:

• zero forces (plane stress);

• zero displacement (plane strain);

• faces remain flat and parallel to themselves.

The two first solutions are extremes, and the third one provides mixed conditions, as a Poisson effect along
the extrusion direction is enabled but is set to remain uniform: in this extrusion direction, all grains undergo
the same average deformation, irrespective of their sizes, locations and crystal orientations. This solution can
also be seen as a way to account for an average contribution of the grains that would be present along the
extrusion direction, should the polycrystal be 3D. Figures 6a and 6b show the stress-strain curves for the cases
described previously, and for two numbers of grains (along a direction) for the 2D-extruded polycrystal: 7 and
14, respectively. Both figures show the same trends: a 2D-extruded polycrystal with plane stress conditions
does not exhibit significant hardening, likely due to early, extended strain localisation, while a 2D-extruded
polycrystal with plane strain conditions exhibits similar hardening but a higher stiffness than a 3D polycrystal.
As expected, the behaviour of the 2D-extruded polycrystal with flat and parallel faces lies between those of the
two previous (and extreme) cases: compared to the 3D polycrystal, the yield stress is slightly underestimated
but the hardening is close. This case will be used consistently in the following.

10



(a) (b)

Figure 5: Boundary conditions on (a) 3D and (b) 2D-extruded polycrystals.

(a) (b)

Figure 6: Comparison of macroscopic stress-strain curves for 3D and 2D-extruded polycrystals with different boundary conditions
on the extrusion faces. Two microstructures are used to ensure that results do not depend on the number of FG: (a) and (b)
polycrystals contain respectively about 7 and 14 FG along the y and z directions.

11



3.2. Influence of the CG and FG orientations

The influence of the crystal orientations of the grains on the global and local behaviour of the polycrystal
is analysed by considering two different orientations of the CG: [0 0 1] ‖ tensile direction (8 potential active slip
systems) and [1 2 3] ‖ tensile direction (1 favourable slip system), and two sets of (random) orientations for the
surrounding FG.

Figure 7 provides the computed stress-strain curves of the polycrystal for the different orientation configu-
rations. It can be seen that the crystal orientations of both CG and FG have a small influence on the effective
mechanical properties of a bimodal polycrystal with a single central CG, which tends to confirm that the poly-
crystal is close to a RVE.

Figures 8 and 9 provide the strain and stress fields inside polycrystals, respectively, as well as line profiles
and grain-averaged values along these profiles. These figures provide information for the understanding of the
influence of the CG and FG-matrix orientations on the local fields. First, the strain tends to localise as bands
oriented at 45° with respect to the tensile direction (the direction of maximal macroscopic shear), a common
observation [45]. Second, similar strain localisation patterns are observed for the two CG orientations (and
fixed FG-matrix orientations); only the strain levels are slightly modified (Figs. 8a and 8b). At the opposite,
different FG orientations (Figs. 8a vs 8c) modify both the strain localisation pattern and strain intensities.
Finally, the CG and FG orientations have only a limited effect on stress fields. Stresses are slightly higher with
CG of [1 2 3] orientation than with [0 0 1] orientation (Fig. 9b), which could be explained by the fact that only
one system is favourably oriented for slip in the [1 2 3] CG. The stress pattern remains essentially unchanged,
however, with softening on both sides of the CG along the tensile direction, and stress concentration in FG, at
the interface with the CG along the transverse direction. This stress concentration is especially visible on the
line profiles for the three polycrystals (Figs. 9d, 9e and 9f).

Figures 8g,h,i and 9g,h,i show the probability density functions (PDF) of, respectively, the axial strain and
stress, for the same polycrystals as in Fig. 7, and at a macroscopic strain of 1%. These PDF are computed
from the strain and stress values at each integration point of the mesh. They confirm the GS dependence from
the statistical point of view, for the three polycrystal configurations: the CG develops the highest strains while
FG supports the highest stresses. It is also seen that the [1 2 3] CG undergoes the smallest strains and leads
to a sharpening of the stress distribution by comparison to the [0 0 1] case. This once again can be related to
the less number of favourably oriented slip systems in the [1 2 3] CG. In summary, whereas the nature of the
FG matrix plays the major role on the strain localisation patterns, the orientation of the CG is the main factor
impacting the statistical broadening of the intragranular stresses and strains.

Figure 7: Stress-strain curves for a bimodal polycrystal with one central CG and different CG and FG orientations. The polycrystal
contains 85 grains.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 8: Strain fields for bimodal polycrystals containing one central CG, and of the same grain shapes but different grain
orientations. (a) CG orientation [0 0 1] and FG matrix 1, (b) CG orientation [1 2 3] and FG matrix 1, and (c) CG orientation [0 0 1]
and FG matrix 2. (d–f) Corresponding strain profiles and grain-averaged values. The line profile is shown by a gray line on (a–c).
(g–i) Corresponding strain probability density functions. The polycrystal contains 85 grains and is deformed to 1%. The tensile
direction is vertical.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 9: Stress fields for bimodal polycrystals containing one central CG, and of the same grain shapes but different grain
orientations. (a) CG orientation [0 0 1] and FG matrix 1, (b) CG orientation [1 2 3] and FG matrix 1, and (c) CG orientation [0 0 1]
and FG matrix 2. (d–f) Corresponding strain profiles and grain-averaged values. The line profile is shown by a gray line on (a–c).
(g–i) Corresponding stress probability density functions. The polycrystal contains 85 grains and is deformed to 1%. The tensile
direction is vertical.
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4. Bimodal polycrystals with multiple coarse grains

This section considers the case of bimodal polycrystals with multiple CG. The aim is to investigate first
the influence of the number of CG and to define the size of the RVE in the ranges of GS and GS ratios
considered in this study (Section 4.1), then the difference between our full-field crystal plasticity modelling
and macrohomogeneous modellings (Section 4.2), and finally the influence of grain size distributions and CG
spatial distributions on macroscopic and local mechanical responses (Section 4.3). As in Section 3, a tensile
deformation of 1% is considered.

4.1. Size of the representative volume element

In previous works [46, 47, 42], it was shown numerically or experimentally that, for unimodal grain size
distribution and equiaxed grains, a minimum of seven grains along each direction of the polycrystal should be
considered to avoid free surfaces effect (e.g., like in thin films). It is here necessary to renew the analysis in the
case of a bimodal polycrystal, to determine what would be the minimum number of CG (for a 2D polycrystal).
The objective is to determine the size of the RVE to a first order, i.e. considering only the effective properties.
To this purpose, the simplified case of CG regularly distributed in a matrix of FG is considered.

The procedure is to consider polycrystals of increasing numbers of CG, and to determine their yield stresses.
The CG are arranged on square arrays of 1× 1 up to 5× 5 CG. As before, two CG orientations are considered:
the high-symmetry [0 0 1] orientation and the non-symmetrical [1 2 3] orientation. For the [0 0 1] orientation,
eight slip systems are expected to be simultaneously activated upon yielding, while for the [1 2 3] orientation,
one slip system is more favourably oriented than others. As for the FG, orientations are random. Figure 10
provides the evolution of the yield stress as a function of the number of CG, and a convergence of σy is seen at
about 9 CG. A number of 9 CG in the polycrystal therefore provides the best compromise between accuracy
and computation cost.

(a)

(b)

Figure 10: Determination of the size of the RVE. (a) Polycrystals with 1 × 1 up to 5 × 5 CG and (b) yield stress as a function of
the number of CG, for different crystal orientations.
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4.2. Comparison of crystal plasticity and macro-homogeneous modellings

As pointed out in Section 1, some of the models of bimodal polycrystals presented in the literature assume
that CG and FG are homogeneous phases, as in an inclusion-matrix composite. In the latter case, this type
of modelling was very successful to predict not only effective properties but also the tortuosity of the strain
localisation patterns (see e.g. [48]). In this section, we will compare modellings based on macro-homogeneous
(MH) and crystal plasticity (CP) behaviors, as illustrated on Fig. 11. As before, focus will be drawn on both
macroscopic and local responses.

For the MH modelling, each phase is assigned an elastoplastic isotropic and homogeneous behavior with a
non-linear isotropic hardening. The parameters of a given MH phase (corresponding to a given average GS) have
been identified from the macroscopic stress-strain curve of the 125-grain unimodal polycrystal of section 2.3.2
with the appropriate average GS.

(a) (b)

Figure 11: Modellings based on (a) macro-homogeneous phases and (b) crystal plasticity, for the same polycrystal. In (a), FG are
represented by the red matrix, and CG are represented in blue. In (b), grains are coloured according to their orientations.

4.2.1. Macroscopic scale

Bimodal polycrystals of different grain sizes, grain size ratios between the two populations and spatial dis-
tributions of coarse grains are considered. Fig. 12 provides their yield stresses, as obtained by MH or CP
modellings. For each FG-CG couple, the Voigt (upper) bound is also provided. It is obtained by the linear rule
of mixture of the yield stresses of the two grain populations.

MH and CP modellings provide similar yield stresses for small GS ratios and small CG volume fractions, but
significant differences appear, as the GS ratio and CG volume fraction increase. This effect is likely to be related
to more intense CG clustering, and to the spatial distribution of CG, for the highest CG volume fractions. At
the opposite, a configuration with isolated CG is similar to the diluted scheme of a classical homogenisation
problem, for which the Voigt bound appears as a good first-order approximation.
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Figure 12: Yield stress of bimodal polycrystal of different grain sizes and volume fractions. Voigt upper bounds are provided as
solid lines. CP: crystal plasticity modelling, MH: macro-homogeneous modelling.

4.2.2. Intragranular scale

The strain and stress fields developing in a bimodal polycrystal with CG of 2.5 µm and FG of 0.5 µm (grain
size ratio of 5), as obtained by the MH and CP modellings, are presented in Fig. 13.
While the yield stress does not vary much, the local fields predicted by the two modelling types are signif-
icantly different. It is therefore necessary to take into account the polycrystalline nature of the material for
accurate modelling at a local scale. Only CP modelling produces the features typically encountered in deformed
polycrystals, such as intense strain localisation bands [45, 49]. In a similar way, CP modelling provides stress
heterogeneities very different to those obtains by MH modelling. Namely, while MH modelling predicts stress
concentrations only about CG (in the horizontal direction), CP modelling predicts much higher heterogeneity,
especially at the small scale of FG.
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(a) (b)

(c) (d)

Figure 13: Stress and strain fields in a bimodal polycrystal, as predicted by macro-homogeneous or crystal plasticity modellings.
(a, c) strain and (b, d) stress. (a, b) macro-homogeneous modelling and (c,d) crystal plasticity modelling. The tensile direction is
vertical.

4.3. Influence of the CG spatial distribution

The influence of the CG spatial distribution is analysed systematically, for four sets of CG and FG sizes
taken from previous experimental works [20] and listed in Table 2. For each set, three different CG spatial
distributions are considered:

• “Clusters”: CG forming clusters, as shown on Figs. 14a and 14d (CG volume fraction of about 30%),

• “Groups”: CG (potentially) in contact but not forming clusters, as shown on Figs. 14b and 14e (CG
volume fraction of about 20%),

• “Isolated”: CG not being in contact (and so, not forming clusters), as shown on Figs. 14c and 14f (CG
volume fraction of about 17%),

which results in 12 different microstructures. The (six) microstructures with FG size equal to 0.5 µm are rep-
resented on Fig. 14.
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Table 2: FG and CG grain sizes of the bimodal polycrystals considered to analyse the influence of the CG spatial distribution.

FG grain size (µm) 0.5 0.5 2 2
CG grain size (µm) 2.5 5 10 20
CG/FG grain size ratio 5 10 5 10

(a) CG clusters (b) Groups of CG (c) Isolated CG

(d) CG clusters (e) Groups of CG (f) Isolated CG

Figure 14: Microstructures considered to analyse the influence of the CG distribution. (a–c) Grain size ratio of 5 and (d–f) grain
size ratio of 10. The size of FG is about 0.5 µm.
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Fig. 15 provides the stress-strain curves of all polycrystals. Two experimental curves corresponding to
approximately the same average grain sizes of CG and FG and to 25% of CG in volume fraction are also rep-
resented [20]. As seen from the numerical results alone, the spatial distribution of CG plays a role only for the
smallest size of FG (0.5 µm), and this effect increases with the grain size ratio. As compared to the experimental
curves, the modelling provides a correct prediction in any case of CG spatial distribution for a FG size of 2 µm.
But for FG of 0.5 µm, only the case of clustered CG fits the experimental curve, where clusters of CG were
also present. This shows that isolated or clustered CG configurations should be differentiated in the process of
microstructure-based modeling.

In order to dissociate CG volume fraction effect from CG morphology effect from a quantitative point of
view, it is proposed to take the Voigt (upper) bound of the yield stress as a reference yield stress (YS) for
each considered volume fraction of CG and to normalize the crystal plasticity YS by these reference YS. As
represented on Fig. 16, the YS can be approximated by the Voigt YS with an error of 5% if CG are isolated.
But if CG are clustered, then the difference reaches from 10 to 15%, which confirms the necessity to account
explicitely for the spatial arrangement of CG.

(a) (b)

Figure 15: Influence of the CG distribution on macroscopic mechanical responses: (a) grain size ratio of 5 and (b) grain size ratio
of 10.

Figure 16: Crystal plasticity yield stresses (at 0.2% plastic deformation offset) normalized by their corresponding Voigt upper bound
yield stresses.

The strain and stress fields of the polycrystals of Fig. 14 are provided on Figs. 17 and 18, respectively.
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Whatever the considered microstructure and GS ratio, the strain and stress fields show localisation patterns
which are commonly observed in polycrystals, irrespective of their GS distribution: 45°-oriented strain localisa-
tion bands and a high stress heterogeneity from grain to grain [45]. Bimodal polycrystals differ from unimodal
ones by three main features, which were also observed in the case of a single CG: (i) strain localisation bands
which appear particularly intense and sometimes extend over the whole polycrystal because of the presence of
CG, (ii) high stresses which concentrate in FG at the vicinity of CG and along the transverse direction and (iii),
consistently, low stress channels above and below CG which expand over several FG along the tensile direction.
These three characteristics of the stress and strain fields were also observed in the matrix-inclusion composite
modelling with macro-homogeneous constitutive laws, but as seen in fig. 13, the intensity of localisation is con-
siderably underestimated as compared to crystal plasticity modelling. There is no significant effect of the GS
ratio on these characteristicsi, but grain clustering does lead to two main effects: it favours the intensification
and the extension of strain localisation bands, and it promotes the widening (along the transverse direction) of
the relaxation channels.

These observations are corroborated, from a statistical point of view, by comparing the mean responses per
grain at 1% imposed axial strain in the cases of isolated or clustered CG, as presented in Fig. 19. It is indeed
observed that, from the isolated to the clustered case, a higher dispersion of strain towards both smaller and
larger values is obtained, an effect which may be related to grains in the characteristic localisation regions (viz.
strain localisation bands and relaxation channels). Although clusters can be suspected from field contour plots
to promote stress concentration in the vicinity of the FG/CG interfaces, the analysis on the distribution of
mean stress per grain shows that there is no significant effect of the CG clusters on the dispersion of stresses.
On the contrary, CG clusters lead to stress and strain distributions whose peaks are shifted to slightly smaller
values than in the isolated case and, moreover, they reduce the mean stress and strain of the FG population by
approximately 15%.

These results show that not only the grain sizes but also the CG spatial distribution affect the mechanical
response of bimodal polycrystals, at both local and global scales. The CG are observed to increase stresses along
the transverse direction and to decrease them along the longitudinal direction, in both cases by a factor of 2−3
(as measured from the stress fields) with respect to the mean polycrystal stress. However whereas the stress
increase remains confined to a few grains close to the FG/CG interface, the stress relaxation develops along
large and long longitudinal channels. This ability of the CG to accomodate the stresses of FG on a relatively
long range along the tensile direction comes in agreement with our observations in the related experimental
study [20]: a ductility improvement was obtained by introducing CG clusters in the FG material and this was
correlated to a relaxation of the (long range interaction) backstress.
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(a) (b) (c)

(d) (e) (f)

Figure 17: Influence of the CG distribution on the strain and stress fields for a grain size ratio of 5: (a, d) Clusters, (b, e) Groups
and (c, f) Isolated. The size of FG is about 0.5 µm. The tensile direction is vertical.
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(a) (b) (c)

(d) (e) (f)

Figure 18: Influence of the CG distribution on the strain and stress fields, for a grain size ratio of 10: (a, d) Clusters, (b, e) Groups
and (c, f) Isolated. The size of FG is about 0.5 µm. The tensile direction is vertical.
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Figure 19: Influence of the CG distribution on the mean responses per grain, for a grain size ratio of 10 and comparing the cases
of isolated or clustered CG: (a) Axial stress-strain responses at 1% axial strain (b) the corresponding probability density functions
(they have been normalized for the sake of visualization in a single diagram). The size of FG is about 0.5 µm.
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5. Conclusion

The deformation of bimodal polycrystals, which include two populations of grains of distinctly different
sizes, was analysed in detail. Focus was made on the simulations conditions (2D vs 3D, boundary conditions,
etc.) and on the macroscopic and local deformations. The main results are:

• 2D-extruded polycrystals with “flat and parallel” boundary conditions along the extrusion direction can
be used instead of 3D polycrystals for a semi-quantitative analysis and reasonable computation times.

• A complex interplay between FG and CG was observed in the model case of a single CG embedded in
a FG matrix: the crystallographic nature of each constituent can affect significantly the development of
intragranular heterogeneities, concerning either the localisation patterns or the statistical distributions.

• A minimum of 9 CG in the polycrystal are needed to obtain representative macroscopic properties (in the
ranges of GS and GS ratios considered in this study).

• Both the grain size distributions and the CG spatial distribution (isolated or clustered) are shown to play
a major role on the local response and on the effective constitutive behavior.

In the case of CG clusters, deformation bands appear: they initiate inside CG and propagate from cluster
to cluster along directions of maximal shear oriented at 45° with respect to the tensile direction. Local stresses
tend to concentrate at CG/FG interfaces, perpendicularly to the tensile direction, where the strain incompat-
ibilities between CG and the FG matrix are the highest. This effect of stress concentrations at the interfaces
is even more pronounced in the case of isolated CG. Stress relaxation channels are also observed between CG,
along the tensile direction, which confirms previous experimental observations [20]. The presence of CG or CG
clusters, by localising deformation, enables a stress relaxation in bimodal polycrystals, as compared to their
unimodal FG counterparts.
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