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LOWER BOUNDS FOR THE CANONICAL HEIGHT ON
DRINFELD MODULES

VINCENT BOSSER AND AURÉLIEN GALATEAU

Abstract. We use diophantine approximation to bound from below the canon-
ical height on a Drinfeld module. We first give a positive answer to the Lehmer
problem in the case of purely inseparable extensions on Drinfeld modules with
at least one supersingular prime. We also revisit the CM case, where we im-
prove the estimates already known, and we finally give a bound of polynomial
strength in the general case.

1. Introduction

This article is devoted to the study of points with small canonical height on
Drinfeld modules through diophantine approximation. This problem finds its origin
in the number field setting and a famous question raised by Lehmer.

Small values of the Weil height on number fields. Let h be the (logarithmic,
absolute) Weil height on Q̄∗. A classical theorem of Kronecker states that the zero
locus of h is the group of roots of unity. Lehmer’s problem amounts to finding an
optimal lower bound for h when this function does not vanish. With time, it turned
out to be stated as a conjecture (see [22], §13, p. 476 for the original version).

Conjecture 1.1 (Lehmer). If x ∈ Q̄∗ is not a root of unity:

h(x)� 1

[Q[x] : Q]
.

The notation � means that the inequality is true after possibly multiplying the
right-hand side by a positive number. This problem has been solved in many
instances, but it is still open in general. The best unconditional estimate so far is
due to Dobrowolski ([11]).

Theorem 1.2 (Dobrowolski). For all x ∈ Q̄∗ of degree D := [Q(x) : Q] not a root
of unity:

h(x)� 1

D

(
log log(3D)

log(2D)

)3

.

This theorem has been extended in greater dimension by Amoroso and David
([1], or [3] for sharper estimates). There can also be an absolute lower bound for
the height on some particular subfields of Q̄ (see [2] for the abelian closure Qab of
Q, [28] for the field Qtr of totally real numbers, or [18] for the field generated by
torsion points of an elliptic curve defined over Q).

The same questions arise if one considers the Néron-Tate height on an elliptic
curve, or more generally an abelian variety (over a number field). The equivalent of
Dobrowolski’s estimate is known to hold for CM abelian varieties (see [21] on elliptic
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2 VINCENT BOSSER AND AURÉLIEN GALATEAU

curves or [6] in greater dimension). For arbitrary abelian varieties, an estimate of
polynomial strength has been proved by Masser ([23] or [24]).

The canonical height on Drinfeld modules. We can also consider the analo-
gous problems on Drinfeld modules. Let A be the ring of polynomials on a finite
field Fq, k its fraction field and k̄ an algebraic closure of k. Let φ be an A-Drinfeld
module of rank r ≥ 1 over k̄. We denote by h(φ) the height of φ, and by Dφ the
degree of the field of definition of φ. There is a Weil height h on k̄, and a canonical
height ĥφ constructed out of h by a limit process.

Now, it is easy to see that the Lehmer conjecture is true for the Weil height,
but it is still open for ĥφ. Denis proved a Dobrowolski-type estimate for separable
extensions in the Carlitz case ([9]).

Theorem 1.3 (Denis). Let φ be the Carlitz module. For all x ∈ k̄ not torsion for
φ such that k(x)/k is separable of degree D:

ĥφ(x)�C
1

D

(
log log(3D)

log(2D)

)3

.

The notation �φ means that the inequality is true after possibly multiplying the
right-hand side by a positive number that depends on φ. This result was extended
to a wider class of Drinfeld modules (including many CM modules) by Demangos,
who also tackled inseparable extensions ([8]).

Theorem 1.4 (Demangos). Suppose that there is a positive density of supersingular
primes for φ. Then for all x ∈ k̄ not torsion of degree D and inseparable degree Di:

ĥφ(x)�φ
1

D

(
log log(3D)

Di log(2D)

)3rDφh(φ)+1

.

Ghioca proved an unconditional lower bound for the canonical height of a non
torsion x ∈ k̄, which is exponential in the number of places of K(x) with bad
reduction (see [15], Theorem 4.5). He also found a conditional polynomial lower
bound ([16], Theorem 1.4); his assumption concerns the local height ĥφ,v associated
to a place v not above the place ∞ :=

(
1
t

)
of k(t).

Theorem 1.5 (Ghioca). Let x ∈ k̄ of degree D and suppose that there is a place
v -∞ such that ĥφ,v(x) > 0. Then:

ĥφ(x)�φ
1

Dr4+r
.

It is possible to find some large subfield K of k̄ for which there is an even better
estimate than the Lehmer bound. In certain cases, the dependence on D can be
removed, and we say that K satisfies the property (Bφ). A first interesting instance
is that of the abelian closure of k, which has been dealt with by David and Pacheco
(see [7]). For φ a CM module, Bauchère finds a broad class of fields which satisfy
(Bφ) (see [4]). If φ has rank 2 and is not exceptional, the field generated by the
whole torsion of φ also satisfies (Bφ) (see [13]). In contrast with the number field
setting, the bounds here are not absolute and depend on φ.
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New bounds for purely inseparable extensions and in the general case.
Our first result concerns purely inseparable extensions. Remark that it is useless
here to exclude points of finite order, since they generate separable extensions.

Theorem 1.6. Let φ be the Carlitz module. For all x ∈ k̄ such that k(x)/k is
purely inseparable:

ĥφ(x) ≥ (4q)−2

[k(x) : k]
.

This is a slight improvement of Ghioca’s estimate ([15], Theorem 4.5). Indeed, the
Carlitz module has bad reduction only at ∞ and this place is totally ramified in
any inseparable extension. Under the assumptions of Theorem 1.6, Ghioca’s bound
thus yields:

ĥφ(x) ≥ q−4

[k(x) : k]
.

Our method naturally extends to a Drinfeld module with at least one prime of
supersingular reduction, whereas Ghioca’s theorem provides a bound of Lehmer
strength in the purely inseparable case for all Drinfeld modules.

In the case of Drinfeld modules with complex multiplication, we can also consider
morel general extensions. Unfortunately, we are not able to extend the Dobrowolski
estimate to mixed extensions. We prove a variant of the theorem of Demangos in
which the exponents are improved and the assumption on the Dirichlet density of
the set of primes of supersingular reduction is removed.

Theorem 1.7. Suppose that φ is of CM type. For all x ∈ k̄ which are not torsion
elements of φ, say with degree D and inseparable degree Di, we have the following
inequality:

ĥφ(x)�φ
1

D
(
Di log(2D)

)2r+1 .

We finally turn to the case of Drinfeld modules without any further assumptions,
and we show that there exists a lower bound for the canonical height of non-torsion
elements for φ of polynomial type in the rank of φ.

Theorem 1.8. For all x ∈ k̄ non torsion for φ, say of degree D, the following
inequality holds:

ĥφ(x)�φ
1

D4r2+5
.

The proofs of these theorems are all about diophantine approximation. In Section
2, we will start by recalling basic material about Drinfeld modules, their reductions
and Tate modules. We will also discuss classical results about the distribution of
supersingular places. At the end of this section, we will describe the properties of
the canonical height.

In Section 3, we will then look at purely inseparable extensions, for which there
is a specific ramification property that will be very useful here. Besides, the proof
of Theorem 1.6 involves an “acceleration of convergence” trick and v-adic estimates
at a place v of supersingular reduction.

The last two theorems need a heavier diophantine process. In Section 4, we will
recall Siegel’s lemma for function fields proved by Denis, and use it first to tackle
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the CM case. The idea here is to exploit a standard v-adic property at a suitable
place v in order to extrapolate the zeros of a well-chosen auxiliary polynomial.

Our lower bound in the general case will be proved in Section 5 following a
similar method. The new ingredients here will be a weaker v-adic estimate and
some combinatorial tools, that both reflect fine properties of the characteristic
polynomial of the Frobenius morphism.

Acknowledgement. We would like to warmly thank Cécile Armana for her inter-
est in this work as well as for the many inspiring discussions we had with her.

2. Drinfeld modules and canonical heights

We start by recalling classical facts about Drinfeld modules, their Tate modules,
and supersingularity which plays a specific role in this work. We finally explain how
to construct the canonical height on a Drinfeld module and describe its well-known
properties.

For the sequel, we fix Fq a finite field with q := pν elements (where p is a prime
number). Let A := Fq[t] be the ring of polynomials in one indeterminate over Fq,
embedded in its fraction field k := Fq(t), and let k̄ be a fixed algebraic closure of
k. The degree of a polynomial a ∈ A \ {0} is denoted by deg(a) ; any ideal I of A
is principal, and we let deg(I) be the degree of any generator of I.

2.1. Preliminaries on Drinfeld modules. Let us first give basic definitions on
Drinfeld modules and morphisms between them. For further details, we refer to
[17], Chapter 4.

Let L be an A-field, i.e. a field endowed with a ring homomorphism ι : A→ L. If
ι is not injective, the kernel of ι is called the A-characteristic of L. Otherwise, the
field L is said to have generic characteristic. This is the case when L is an extension
of k, with ι being the inclusion map. Let L{τ} be he ring of twisted polynomials
with coefficients in L. Recall that the multiplication in L{τ} is non-commutative
and given on monomials by:

∀λ, µ ∈ L,∀k, ` ∈ N : λτkµτ ` = λµq
k

τk+`.

For P ∈ L{τ}, let degτ (P ) be the degree of P as a polynomial in τ . The map that
sends τ to the q-th power Frobenius morphism: X 7→ Xq defines an isomorphism
between L{τ} and the ring of Fq-linear endomorphisms of the additive group Ga
over L, where the multiplication is given by composition. If P belongs to L{τ}, we
will write P (X) for the polynomial deduced from P when τ is replaced by Xq.

A Drinfeld module (or A-Drinfeld module) over L is an Fq-algebra homomor-
phism φ:

A −→ L{τ}
a 7−→ φa

such that the constant coefficient of φa is equal to ι(a) for any a ∈ A, and the image
of φ contains at least one non-constant twisted polynomial. Because A = Fq[t], the
Drinfeld module φ is uniquely determined by φt ∈ L{τ}. The rank r of φ is defined
by: r := degτ (φt). We have the following property:

∀a ∈ A : degτ (φa) = r deg(a).
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In the sequel, we will usually write:

φt := a0τ
0 + · · ·+ arτ

r,

where ai ∈ L for 0 ≤ i ≤ r.
The simplest example of a Drinfeld module is the Carlitz module C : A→ k{τ}

given by Ct = tτ0 + τ1, with rank equal to one.
If φ is a Drinfeld module over k̄, the field kφ generated over k by the coefficients

of φt is a finite extension of k, called the field of definition of φ. For any a ∈ A, the
polynomial φa has coefficients in kφ; and kφ is the minimal field with this property.
Let B be the integral closure of A in kφ and Dφ := [kφ : k].

For an ideal I of A, the set of I-torsion points for the Drinfeld module φ over L
is

φ[I] = {x ∈ L̄,∀a ∈ I, φa(x) = 0}
and the set of torsion points for φ is:

φtor :=
⋃
ICA

φ[I].

Since φa is a separable polynomial, φ[I] is contained in a separable closure Ls of L.
If the intersection between I and the A-characteristic of L is trivial, then φ[I] is an
A-module isomorphic to (A/I)r.

For two Drinfeld modules φ and ψ over L, a morphism from φ to ψ is an element
P ∈ L{τ} such that:

∀a ∈ A : Pφa = ψaP.

Since A = Fq[t], it is enough to check this property for a = t. The degree of P
is its degree as a polynomial in τ . A non zero morphism is called an isogeny. An
isomorphism is a morphism P ∈ L∗. Let End(φ) be the ring of endomorphisms of
φ over L̄.

Assume that φ is defined over k̄. Then End(φ) is a finitely generated projective
A-module of rank at most r. One can identify A with a subring of End(φ) by the
map a 7→ φa. The case where the endomorphism ring has maximal rank will play
a specific role in the sequel.

Definition 2.1. We say that φ has complex multiplication (CM) if End(φ) has
rank r over A.

Let φ be a Drinfeld module of rank r ≥ 1 over an A-field L, and l := λA be a
prime ideal of A.

Definition 2.2. The l-adic Tate module of φ is the projective limit:

Tl(φ) := lim←−φ[λn].

The Tate module Tl(φ) is a module of rank t ≤ r over the completion Al of A at
l. If L has generic characteristic (or if L = A/p, where p 6= l is a prime ideal of
A), the rank of Tl(φ) is exactly r. If L = A/l the rank always drops because of
inseparability (see [17], 4.5).

Let Ls be a separable closure of L. There is a linear action of the Galois group
Gal(Ls/L) on φtor, which yields a representation :

ρl∞ : Gal(Ls/L) −→ GLt(Al).
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Considering the l-torsion, we get another representation :

ρl : Gal(Ls/L) −→ GLt(Fl),

where Fl = A/l is the residue field with ql := qdeg(l) elements.

2.2. Supersingularity. We continue with a review of supersingularity for Drinfeld
modules over a finite field, reduction of Drinfeld modules, and what is known about
places of supersingular reduction.

Let p be a prime ideal in A of degree d and Fp the finite field A/p. We consider
an extension L of Fp of degree m and a Drinfeld module ψ over L of rank r.

Definition 2.3. The module ψ is said to be supersingular if ψ[p] = {0}.

The module ψ is supersingular if and only if Tp(ψ) = {0}. Let n := dm. The
Frobenius morphism

F := τn : X 7→ Xqn

is an element of L{τ}. Since the morphism F is the identity on L, it commutes
with ψ(A) and F ∈ End(ψ).

Proposition 2.4. The module ψ is supersingular if and only some power of F
belongs to ψ(A).

Proof. See [14] Proposition 4.1 or [17] Proposition 4.12.17, which also give other
equivalent definitions of supersingularity. �

Remark. If ψ is supersingular, there is P ∈ A and a positive integer α such that:
Fα = φP . By comparing degrees in τ , we find that: nα = r deg(P). Furthermore,
since the Frobenius is inseparable, the ideal PA must be a power of p.

We now consider a Drinfeld module φ of rank r over k̄ and a prime ideal P of
B. Let BP be the local ring of B at P and FP the residue field B/P.

Definition 2.5. The module φ has good reduction at P if it is isomorphic over
kφ to a Drinfeld module φ′ such that the coefficients of φ′t belong to BP, and the
leading coefficient of φ′t is a unit of BP.

The last condition is equivalent to requiring that the map ψ : A→ FP{τ}, obtained
from φ′ by reducing modulo P, is a Drinfeld module over FP of rank exactly r. The
module φ has good reduction at all but a finite number of primes. We say that P is
a supersingular prime for φ if φ has good reduction at P and the reduced Drinfeld
module ψ is supersingular over FP.

Remark. The Carlitz module C has good reduction at any prime ideal p in A.
Furthermore, the rank of the p-torsion drops modulo p and the reduction is always
supersingular at p (see [17], Example 4.5.9).

Some facts are known about the distribution of supersingular primes. Let us
start with the CM case (which covers the Carlitz module). We let φ be a CM
Drinfeld module over k̄ and E := End(φ)⊗A k, which is an extension of degree r of
k, with ring of integers OE . We denote by H+

E the “normalizing field” of E. This is
the field of definition of any OE-module ψ which is "sign normalized": the leading
coefficient of ψx as a function of x ∈ OE is given by a twisting of a sign function
(see [20], 12 and 14). Let dE be the degree of the constant field of H+

E over Fq.
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Let Pφ be the set of primes p of OE completely split in H+
E for which there exists

Fp ∈ End(φ) such that degτ (Fp) = deg(p), and for every prime ideal P of B above
p, we have the congruence in BP{τ}:

Fp ≡ τdeg(p) (mod P).

The following result will be useful in the sequel.

Proposition 2.6. There is a Drinfeld module ψ isogeneous to φ with End(ψ) = OE
and such that for all positive integers P with dE | P :∣∣{p ∈ Pψ,deg(p) = P}

∣∣�ψ
qP

P
.

Proof. By the theory of Hayes, there exists a Drinfeld module ψ isogeneous to φ
with End(ψ) = OE , which is sign-normalized (see [20], Theorem 12.3, as well as
[19], 3 and [4], 1.6). Remark that ψ can be seen as an OE-module of rank 1, and
that kψ = H+

E .
Let P be a multiple of dE . We take a non-zero prime ideal p of OE of degree

P , and a prime P ⊂ Okψ such that P | p. The module ψ has good reduction at P,
and by Corollary 5.9 of [20], there exists an element ψp ∈ kψ{τ} such that:

ψp ≡ τdeg p (mod P).

By [20], Lemma 4.4, if p = POE with sgn(P) = 1, then ψp = ψP ∈ End(ψ).
Denote by I(OE) the group of fractional ideals and P+(OE) its subgroup of

principal ideals generated by elements a ∈ E satisfying sgn(a) = 1. Let

P ′ :=
{
p ∈ P+(OE), p is prime

}
,

and
Pic+(OE) := I(OE)/P+(OE).

By Theorem 14.7 of [20], the Artin map induces an isomorphism:

Pic+(OE) ' Gal(H+
E /E).

Via this isomorphism, the set P ′ corresponds to the set of primes p such that:(
H+
E /E

p

)
= 1.

This means that the primes of P ′ are completely split in H+
E , so that: P ′ ⊂ Pψ.

By the assumption on P , we can apply the Chebotarev density theorem ([12],
Proposition 6.4.8), and the proof of the proposition is complete. �

Remark. There are variants of this statement. See [4], Proposition 1.6 where the
restriction on the prime ideals is relaxed by considering a suitable power of the
Frobenius, or [7], Proposition 2.5.1. Note that if the prime ideals of prescribed
degree are counted in the normalizing field, we get a set of density 1.

Proposition 2.7. If E/k is cyclic, there are infinitely many primes of supersin-
gular reduction for φ.

Proof. Let (P) be a prime ideal of A that stays inert in E and p | P a prime of Okφ
such that φ has good reduction φ̃ at p. Then Corollary 5.9 of [20] shows that φ̃P is
purely inseparable, so the reduction is supersingular. The proposition follows from
the Chebotarev density theorem applied to E/k. �
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Away from the CM case, supersingularity should happen less often. On the one
hand, the equivalent of a famous theorem of Elkies has been settled by Brown ([5]).
If φ has rank 2, one can define its j-invariant j(φ) ∈ kφ, which classifies φ up to
k̄-isomorphism. We say that φ is exceptional if tj(φ) is a square in the completion
at infinity of kφ (see the remarks following Proposition 1 of [25] for the correct
assumption in Brown’s theorem).

Theorem 2.8 (Brown). Suppose that Fq has characteristic > 2. If φ has rank 2
and is not exceptional, there are infinitely many primes of supersingular reduction
for φ.

On the other hand, Poonen has found many examples of Drinfeld modules of any
rank r ≥ 2 without a supersingular place (see [26]). Therefore, the estimates
proven below under the existence of a supersingular prime cannot cover all Drinfeld
modules.

2.3. Heights and Drinfeld modules. Let K be a finite extension of k andM(K)
denote the set of places ofK. For v ∈M(K) we denote again by v the corresponding
valuation

v : K → Z ∪ {∞},
which is normalized by taking v(K∗) = Z. Let Fv be the residue field at v and
fv := [Fv : Fq] be the residual degree at v. For any x ∈ K∗, there are finitely many
places v ∈M(K) with v(x) 6= 0, and we have the product formula:∑

v∈M(K)

fvv(x) = 0.(1)

If x ∈ k̄, we can define its (absolute, logarithmic) Weil height h(x) by the
following formula:

h(x) :=
1

[K : k]

∑
v∈M(K)

fv max{0,−v(x)},

where K is a field containing x (the height does not depend on the choice of such
a field). The Weil height takes values in R+ and satisfies:

∀n ∈ Z : h(xn) = |n|h(x).

Like in the number field setting, it has the Northcott property which is characteristic
of height functions: for all real numbers D and H, the set of x ∈ k̄ with [k(x) : k] ≤
D and h(x) ≤ H is finite. The height vanishes exactly on the field of constants of
k̄, and the Lehmer conjecture is trivially true in this case.

We will also use the notation h(x1, . . . , xn) for an n-tuple (x1, . . . , xn) ∈ k̄n. By
definition, if K is any field containing x1, . . . , xn, we let:

h(x1, . . . , xn) :=
1

[K : k]

∑
v∈M(K)

fv max{0,−v(x1), . . . ,−v(xn)}.

Now, let φ be a Drinfeld module of rank r over k̄. There is a notion of canonical
height on k̄ attached to φ, inspired by the Néron-Tate height and introduced by
Denis (see [9]). This height is obtained from the Weil height h by a limit process.
For any x ∈ k̄, let:

ĥφ(x) := lim
n→+∞

h(φtn(x))

qrn
.
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The function ĥφ takes values in R+ and it is compatible with the action of φ in the
following sense:

∀a ∈ A,∀x ∈ k̄ : ĥφ(φa(x)) = qr deg(a)ĥφ(x).(2)

More generally, if F ∈ k̄{τ} is an isogeny from φ to ψ, we have (see [25], Proposition
2) :

(3) ∀x ∈ k̄, ĥψ(F (x)) = qdegτ F ĥφ(x).

It is also possible to compare the canonical height with the Weil height; indeed,
there exists a positive real number c(φ) such that:

∀x ∈ k̄,
∣∣h(x)− ĥφ(x)

∣∣ ≤ c(φ).(4)

From this inequality and the fact that h satisfies the Northcott property, it follows
that ĥφ also satisfies the Northcott property.

We finally define the height of φ to be the naive height of the polynomial φt =∑r
i=0 aiτ

i, with coefficients in kφ:

h(φ) :=
1

Dφ

∑
v∈M(kφ)

fv max
0≤i≤r

{0,−v(ai)}.

The height of φ appears naturally while bounding the canonical height from below;
we will not be very precise here about this dependence.

3. The Lehmer problem in the inseparable case

In this section, we slightly improve the bound given by Ghioca in [15], which
solves the Lehmer problem for purely inseparable extensions and the Carlitz module.
We first give a few useful lemmas, then we prove Theorem 1.6, and we finally
generalise our estimate to Drinfeld modules with at least one prime of supersingular
reduction. In the sequel, we let φ be a Drinfeld module of rank r ≥ 1 defined over
k̄.

3.1. Preliminary lemmas. We start with a classical reduction of the Lehmer
problem to the case of integers. Let x ∈ k̄ and recall that:

φt := a0τ
0 + · · ·+ arτ

r,

where ai ∈ kφ for all 0 ≤ i ≤ r.

Lemma 3.1. Suppose that v is a valuation of kφ(x) such that v(x) < 0, v(ar) = 0
and v(ai) ≥ 0 for all 0 ≤ i ≤ r − 1. Then:

ĥφ(x) ≥
D−1φ

[k(x) : k]
.

Proof. This is Lemma 4.10 of [15]. For the sake of completeness, let us give a short
proof here. The valuation v is normalized so that: v(K∗) = Z, hence v(x) ≤ −1.
It follows from the assumption of the lemma that:

v
(
aix

qi
)
> v
(
arx

qr
)

for all 0 ≤ i ≤ r − 1, and we get:

v(φt(x)) = qrv(x).
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A straightforward induction yields, for any integer n ≥ 0:

v(φtn(x)) = qrnv(x) ≤ −qrn.
We thus derive the following bound:

h(φtn(x)) =
1

[kφ(x) : k]

∑
w∈M(kφ(x))

fwmax{0,−w(φtn(x))}

≥ qrn

[kφ(x) : k]
≥ qrn

D−1φ
[k(x) : k]

.

Dividing both sides by qrn and taking the limit when n goes to infinity, we obtain
the inequality of the lemma. �

Remark. Suppose for instance that ar = 1, the coefficients ai of φt are in A and
x is not an algebraic integer. Then there exists a valuation v that satisfies the
assumption of the lemma, and the Lehmer conjecture is true for x. This is the case
for a non-integral x in the Carlitz module.

One of the main ingredients in the proof of Theorem 1.6 is the following result
concerning the decomposition of primes in purely inseparable extensions.

Lemma 3.2. Let L/K be a finite and purely inseparable extension. Then every
prime ideal of K is totally ramified in L.

Proof. See [27], Proposition 7.5. �

3.2. Purely inseparable extensions in the Carlitz case. We now give a proof
of Theorem 1.6. We let C be the Carlitz module and remark that kφ = k.

Proof of Theorem 1.6. We fix x ∈ k̄ such that the extension k(x)/k is purely
inseparable. We let L := k(x), with degree D over k and ring of integers OL,
and denote by p := tA the prime ideal of A generated by the polynomial t. By
Lemma 3.2, the ideal p is totally ramified in L, so there exists a prime ideal P of
OL such that:

pOL = PD.

In particular, the corresponding residual extension is trivial:

OL/P ' A/p ' Fq.
Let v be the valuation on L associated toP, normalized as before. If v(x) < 0, the

announced bound is a consequence of Lemma 3.1. So let us assume that v(x) ≥ 0.
Since OL/P ' Fq, we have:

v(xq − x) ≥ 1,

and besides:
v
(
φt(x)− xq

)
= v(tx) ≥ v(t) = D.

We let y := φt(x) − x and derive: v(y) ≥ 1. Since v(t) = D, a straightforward
induction yields, for all m ≥ 1:

v
(
φtm(y)

)
≥ min

{
D + v

(
φtm−1(y)

)
, qv(φtm−1(y))

}
≥ min {D, qmv(y)} .

We now choose m ≥ 1 to be the only positive integer such that:

qm−1 ≤ D < qm.

We thus have v
(
φtm(y)

)
≥ D. For all n ≥ m, we obtain by induction:

v(φtn(y)) ≥ (n−m+ 1)D.
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Fix n := m+ αq, with α2 = 4, α3 = 1, and αq = 0 if q > 3. We get:

v
(
φtn(y)

)
≥ (1 + αq)D.

Remark now that x is not a torsion point for the Carlitz module, since x is purely
inseparable over k and torsion points are separable. We can thus apply the product
formula (1) to:

z := φtn(y) = φtn(t−1)(x) ∈ k(x),

which is not zero. We get :

(1 + αq)D ≤ fvv(z) = −
∑
w 6=v

fww(z) ≤ [k(x) : k]h(z) = Dh(z).

By (4), there exists a real number c(C) > 0 such that:∣∣h(z)− ĥC(z)
∣∣ ≤ c(C),

and by [10], Theorem 4, we can take:

c(C) = cq =
2q

(q − 1)2
.

Applying (2), we obtain:

1 + αq ≤ h(z) ≤ ĥC(z) + c(C) = qn+1ĥC(x) + cq,

from which we finally deduce:

ĥC(x) ≥ 1 + αq − cq
qn+1

=
1 + αq − cq
qm+1+αq

≥ βq
q−2

D
,

where:
βq =

1 + αq − cq
qαq

.

Now, a quick computation shows that β2 = 16−1, β3 = 6−1 and βq ≥ 9−1 for q > 3
so that the expected inequality holds. �

Remark. We easily see that (4q)−2 can be replaced by 2−1q−2 for q ≥ 7.

3.3. An explicit estimate within a good model. We now extend Theorem 1.6
to Drinfeld modules with at least one prime of supersingular reduction. The strat-
egy is the same but some technical complications arise. A first problem comes from
the degree of the supersingular prime, which may be greater than one. We also
have to take care of the fact that φ is defined over kφ.

We take a Drinfeld module φ of rank r defined over a field K with [K : k] = d.
We also suppose that there exists a prime p of B := OK of supersingular reduction
for φ. As usual, we denote:

φt = a0τ
0 + · · ·+ arτ

r.

We first assume that:

∀0 ≤ i ≤ r : ai ∈ Bp, and ar ∈ B×p ,
and that the Drinfeld module obtained after reducing φ mod p is supersingular. By
Proposition 2.4, there exists a polynomial P ∈ A such that the following congruence
holds in Bp{τ} :

(5) φP ≡ τ r deg(P) (mod p).

We get the following explicit lower bound.
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Proposition 3.3. For all x ∈ k̄ such that K(x)/K is purely inseparable:

ĥφ(x) ≥ q−rd deg(p)(c(φ)+3)

[k(x) : k]
.

Proof. We consider x ∈ k̄ such that K(x)/K is purely inseparable. Let L := K(x)
with ring of integers OL and

D := [L : K] ≤ [k(x) : k].

Lemma 3.2 says that p is totally ramified in L, hence there exists a prime P of OL
such that pOL = PD. Moreover, the associated residual extension is trivial:

OL/P ' B/p ' Fqp ,

where by definition: qp = qdeg(p).
Let now v denote the valuation of L associated to P, normalized as usual by

v(L∗) = Z. If v(x) < 0, by the assumption made on the coefficients of φt, we can
apply Lemma 3.1 and get a bound even stronger than expected here. So we assume
that v(x) ≥ 0. Let

OP := {α ∈ L | v(α) ≥ 0}
be the valuation ring of P. Since OP/POP ' OL/P, we have the following con-
gruence in the ring OP:

xqp ≡ x (mod POP).

By the remark following Proposition 2.4, we see that: deg(p) | r deg(P). From the
congruence above and (5), we derive:

φP(x) ≡ xq
r deg(P)

≡ x (mod POP).

Let y := φP(x)− x, so that: v(y) ≥ 1. If we write:

φP := b0τ
0 + · · ·+ br deg(P)τ

r deg(P),

the combination of (5) and Lemma 3.2 shows that:

∀0 ≤ i ≤ r deg(P)− 1 : v(bi) ≥ D.

Let m ≥ 1. By an easy induction, we deduce that:

v(φPm(y)) ≥ min
{
D, qr deg(P)v(φPm−1(y))

}
≥ min

{
D, qmr deg(P)v(y)

}
.

We choose for m the only positive integer such that:

q(m−1)r deg(P) ≤ D < qmr deg(P).

We thus have v(φPm(y)) ≥ D, and by another quick induction, for all n ≥ m:

v(φPn(y)) ≥ (n−m+ 1)D.

We take:
n := m− 1 + ([c(φ)] + 2)d,

so that:
v(φPn(y)) ≥ ([c(φ)] + 2)dD ≥ (c(φ) + 1)dD.

Let us apply the product formula (1) to

z := φPn(y) = φPn(P−1)(x) ∈ L.
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Remark that x is not torsion for φ because of inseparability, so z is not zero. We
get :

(c(φ) + 1)dD ≤ fvv(z) = −
∑
w 6=v

fww(z) ≤ [L : k]h(z),

hence
c(φ) + 1 ≤ h(z) ≤ ĥφ(z) + c(φ) = q(n+1)r deg(P)ĥφ(x) + c(φ),

from which we deduce

ĥφ(x) ≥ 1

q(n+1)r deg(P) ≥
q−rd(c(φ)+3) deg(P)

q(m−1)r deg(P)

≥ q−rd(c(φ)+3) deg(P)

D
≥ q−rd(c(φ)+3) deg(P)

[k(x) : k]
.

�

Remarks. Using [10] Theorem 4, it is possible to bound c(φ) explicitly in terms of
h(φ). Compared to [15] Theorem 4.5, our method needs a place of supersingular
reduction. But if such a place is given, our bound is stronger in the rank of the
module.

3.4. The general situation. We can now prove an estimate of Lehmer strength
in the inseparable case, when φ has at least one prime of supersingular reduction.
This is done by handling the changes produced by an isomorphism.

Proposition 3.4. Suppose that there exists a prime of supersingular reduction for
φ. Then for all x ∈ k̄ such that k(x)/k is purely inseparable:

ĥφ(x)�φ
1

[k(x) : k]
.

Proof. Let φ be a Drinfeld module with a supersingular prime. The module φ
is isomorphic to a Drinfeld module ψ that satisfies the assumption made before
Proposition 3.3. The isomorphism is multiplication by an element u ∈ k̄∗. The
module ψ = u−1φu is defined over K = kφ(u) and for all x ∈ k̄∗ (see [9], Corollaire
2):

ĥφ(x) = ĥψ(u−1x).

Now, if x is purely inseparable over k, the number u−1x is purely inseparable over
K and:

[k(u−1x) : k] ≤ [k(x) : k][k(u) : k],

so the theorem follows from Proposition 3.3. �

Remarks. It is possible to cover the case where k(x)/k is no longer purely insepa-
rable by taking K large enough so as to contain the separable closure of k in k(x).
The dependence on the separable degree is exponential.

The same strategy might be applied without any supersingularity assumption.
If φ is a Drinfeld module of rank r and k(x)/k is purely inseparable of degree D, it
should yield:

ĥφ(x)�φ
1

Dr
,

which is better than our general bound below (but this method gives a weaker lower
bound in terms of the separable degree of the extension k(x)/k).
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4. The canonical height on CM modules

In this section, we focus on CM Drinfeld modules, for which an estimate of
Dobrowolski strength on the canonical height has been given by Demangos.

We fix x ∈ k̄ not torsion for φ. It will be more natural in this section to consider
the degree of x over kφ (and it will be of no effect on the bound we want to prove),
so we set D := [kφ(x) : kφ]. We also write D = DsDi, where Ds (resp. Di) is the
separable (resp. inseparable) degree of kφ(x)/kφ.

4.1. Siegel’s lemma for function fields. We start by recalling Siegel’s lemma in
the function field case. This is a statement about systems of linear equations with
coefficients in k̄. Provided that there are sufficiently many unknowns (compared to
the number of equations), we can get a solution with height explicitly bounded in
terms of the linear system. We let m and n be two positive integers.

Lemma 4.1. Let K be a finite extension of k with degree d and ai,j ∈ K, for
1 ≤ i ≤ m, 1 ≤ j ≤ n. If m > nd, there is a non-zero element (x1, . . . , xm) in Am
such that:

∀1 ≤ j ≤ n :
∑

1≤i≤m

ai,jxi = 0,

and:
∀ 1 ≤ i ≤ m : h(xi) ≤

d

m− nd
∑

1≤j≤n

h(a1,j , . . . , am,j).

Proof. See [9] Lemme 5, and remark that the regularity assumption on the field of
definition is not used in the proof of the lemma. �

This result is very important in diophantine approximation. As we will see,
it can be used to construct “auxiliary” polynomials (with coefficients of bounded
height) that vanish on a given x ∈ k̄ with prescribed multiplicity.

If G is a polynomial of k̄[X] and ` ≥ 0 is an integer, denote by ∂`G(X) the
coefficient in Y ` of the polynomial G(X+Y ) ∈ k̄[X,Y ]. We will need the following
interpretation of inseparability (see [8], the proof of Proposition 4).

Lemma 4.2. Let G be a polynomial of kφ[X] and n ≥ 0 an integer. The following
conditions are equivalent:

(i) ∀0 ≤ m < n, ∂mDi
G(x) = 0

(ii) ∀0 ≤ m < nDi, ∂mG(x) = 0.

Proof. It is immediate that (ii) is stronger than (i). In order to prove the other
implication, we proceed by induction on n. If n = 0, there is nothing to prove, so
we let n ≥ 1 and suppose that (i) holds. By the induction hypothesis, we have

∀0 ≤ m ≤ (n− 1)Di : ∂mG(x) = 0,

so that G vanishes at x with multiplicity > (n− 1)Di.
Let ∆ ∈ kφ[X] be the minimal polynomial of x over kφ, and write G := ∆`H,

where H ∈ kφ[X] and ∆ - H in kφ[X]. Since x is a root of ∆ of multiplicity Di,
we have: ` > n− 1, so ` ≥ n and it follows that G vanishes at x with multiplicity
≥ nDi. �

Due to the gap between the Weil height and the canonical height, we apply
Philippon’s “stretched embedding” trick, and consider polynomials in two variables.
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The following corollary of Siegel’s lemma will be used as an interpolation step in
the sequel.

Corollary 4.3. Let N ∈ A of degree N , and L, T two positive integers such that
T is a multiple of Di and:

L2 ≥ 2DφDsT.(6)

Then there is a non-zero polynomial:

F (X,Y ) :=
∑

0≤i,j<L

fi,jX
iY j ∈ A[X,Y ]

such that F (X,φN (X)) vanishes at x with multiplicity ≥ T and:

h(F ) := max
i,j

h(fi,j)�φ
DsT

L2

(
LqrN ĥφ(x) + L+ TN

)
.

Proof. Let:

F (X,Y ) :=
∑

0≤i,j<L

fi,jX
iY j , and G(X) := F (X,φN (X)).

We apply Siegel’s lemma to the system:

∀ 0 ≤ ` < T : ∂`G(x) = 0.

This system is defined over the field K := kφ(x), and it is linear in the unknown
variables (fi,j)0≤i,j<L. We may rewrite it under the following form:

∀ 0 ≤ ` < T :
∑

0≤i,j<L

ai,j,`fi,j = 0,

where for all 0 ≤ i, j < L and 0 ≤ ` < T :

ai,j,` = ∂`
(
XiφN (X)j

)
(x).

The number of unknown variables is:

m =
∣∣{(i, j), 0 ≤ i, j < L}

∣∣ = L2.

Thanks to Lemma 4.2, it is sufficient to consider the previous equations for 0 ≤ ` <
T a multiple of Di. Thus, the number of equations is:

n =
T

Di
.

Now, denote by d the degree of K over k. We have:

nd = DφDsT ≤
L2

2
< m,

so we are in a position to use Siegel’s lemma. The height of the coefficients ai,j,` is
classically bounded by considering formal series (see [8], Proof of Proposition 7; or
[9], p. 221 in the Carlitz case). For 0 ≤ ` < T , we get:

h
(
(ai,j,`)0≤i,j<L

)
≤ Lh(x) + Lh(φN (x)) + h(φ)TN,(7)

so that:

h
(
(ai,j,`)0≤i,j<L

)
�φ Lĥφ(x) + Lĥφ(φN (x)) + L+ TN

�φ LqrN ĥφ(x) + L+ TN.
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By Lemma 4.1, there exists a solution (fi,j)0≤i,j<L such that:

h(fi,j) ≤ nd

m− nd
max

0≤`<T
h
(
(ai,j,`)0≤i,j≤L

)
�φ

nd

m

(
LqrN ĥφ(x) + L+ TN

)
�φ

DsT

L2

(
LqrN ĥφ(x) + L+ TN

)
.

�

4.2. The extrapolation step. In [8], Demangos extends the theorem proved by
Denis in the Carlitz case to Drinfeld modules of CM type. In fact, his result holds
in a slightly different setting. He also considers inseparable extensions and finds a
lower bound for the canonical height which is polynomial in the inseparable degree.

The method used in the previous section to tackle purely inseparable extensions
does not extend well as soon as the separable degree grows. This is mainly because
our strategy relies on the triviality of the residue field. Thus, we do not manage
to extend Dobrowolski’s bound to arbitrary extensions for Drinfeld modules of CM
type.

We now revisit the method used by Demangos and focus on the CM case. We
get a lower bound estimate where the exponents are improved and depend only on
the rank r of φ.

For the remaining of this section, we suppose that φ is of CM type. Using (3),
we see that it suffices to prove Theorem 1.7 for any Drinfeld module ψ over k̄
isogeneous to φ. We will thus assume in the sequel that φ satisfies the properties
of the module ψ of Proposition 2.6; in particular, the field E of CM is contained
in kφ. We pick N ∈ A of degree N ≥ 1, and L, T two positive integers such that
T is a multiple of Di and such that (6) holds. Our Corollary 4.3 yields a non-zero
polynomial F ∈ A[X,Y ] of controlled degree with vanishing properties and height
precisely bounded. Again, we let

G(X) := F (X,φN (X)).

The following result shows that the vanishing properties of G can be extended to
Fp(x), for a prime p well chosen in OE (recall that Fp is a lifting of the Frobenius
morphism, see Proposition 2.6, and above for the definition of Pφ).

Proposition 4.4. Let P be an integer large enough with respect to φ, and T ′ ≥ 1
such that:

h(F ) + 2L
(
qr(N+P )ĥφ(x) + c(φ)

)
+ T ′Nh(φ) <

P

Dφ

(
T − T ′

Di

)
.(8)

For any place p ∈ Pφ of degree P such that x is P-integral for all P | p, the
polynomial G vanishes at Fp(x) with multiplicity > T ′.

Proof. Let us proceed by contradiction. We suppose that there is a prime p with
prescribed properties as well as 0 ≤ k ≤ T ′ such that:

y := ∂kG(Fp(x)) 6= 0.
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We want to apply the product formula to y ∈ k̄. We start with finite places above
p and take p′ | p a prime of B. Let:

∆ :=
∑

0≤i≤D

δiX
i

be the minimal polynomial of x over kφ. By definition, the order of ∆ at x is
Di. Now, the polynomial ∂kG ∈ Bp′ [X] (for P large enough) vanishes at x with
multiplicity at least T − k, so there is ` ≥ T−k

Di
such that:

∆` | ∂kG in Bp′ [X].

By construction of Pφ, the residual degree fp′|p is 1. So |B/p′B| = qP , and for
0 ≤ i ≤ D:

δi ≡ δq
P

i (mod p′B).

Let P | p′ a prime in Okφ(x). Using the properties of characteristic p, we derive the
following congruence in the valuation ring OP (at least for P large enough):

∆(Fp(x)) ≡
∑

0≤i≤D

δix
iqP ≡

∑
0≤i≤D

δq
P

i xiq
P

≡ ∆(x)q
P

≡ 0 (mod p′OP).

If v is the valuation corresponding to P, we deduce that: v(y) ≥ `eP|p′ . By the
product formula (1):

0 =
∑

v∈M(kφ(x))

fvv(y)

≥
∑
v|p′

fvev|p′`−
∑
v-p′

fv max{0,−v(y)},

and therefore:
[kφ(x) : kφ]P` ≤ [kφ(x) : k]h(y).

The height of y is bounded using (7), and we get:

T − k
Di

P ≤ `P ≤ Dφ

(
h(F ) + Lh(Fp(x)) + Lh(φN (Fp(x))) + h(φ)kN

)
≤ Dφ

(
h(F ) + 2L

(
qr(N+P )ĥφ(x) + c(φ)

)
+ T ′Nh(φ)

)
,

so that:

h(F ) + 2L
(
qr(N+P )ĥφ(x) + c(φ)

)
+ T ′Nh(φ) ≥ P

Dφ

(T − T ′
Di

)
,

which is a contradiction. �

4.3. The lemma of zeros. The next step is to count the number of zeros of G
with multiplicity and then compare this with deg(G). We fix positive integers P
and T ′ as in Proposition 4.4.

Lemma 4.5. Suppose that dE | P and that for any prime p ∈ Pφ with deg(p) = P ,
x is P-integral for all P | p. If qrN ≥ L and qP �φ log(Ds)

2, then:

T ′Ds
qP

P
�φ q

rNL.(9)
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Proof. We observe that:
deg

(
φN (X)

)
= qrN ,

and G(X) = F (X,φN (X)) with degX(F ) < L, degY (F ) < L. So we get:

deg(G) < L(qrN + 1).

Further, the polynomial G is not zero. Indeed, otherwise we would have:(
Y − φN (X)

)
| F (X,Y ) in kφ[X,Y ],

and considering the degrees with respect to X, we derive: qrN < L, which contra-
dicts the assumption of the lemma.

There remains to count the number of roots of the polynomial G, with multi-
plicity. By Proposition 4.4, this polynomial vanishes on

{Fp(x), p ∈ Pφ,deg(p) = P}

with multiplicity > T ′. Since G is defined over kφ, it also vanishes at each Galois
conjugate over kφ. The point x is not torsion for φ, so by a classical combinatorial
argument (see [8], Lemma 3, Dobrowolski’s original result [11], Lemma 3, or its
adaptation to CM abelian varieties [6], Proposition 2.7), for all p, q distinct primes,
the elements Fp(x) and Fq(x) are not conjugates over kφ, and furthermore we have
an inequality: ∣∣{p, [kφ(Fp(x)) : kφ]s < Ds

}∣∣ ≤ log(Ds)

log(2)
.

Now, let MP be the number of prime ideals in Pφ of degree P . By Proposition 2.6,
we get:

MP �φ
qP

P
.

Therefore, if we let |Z| the number of zeros of G counted with multiplicity, we have:

|Z| ≥ T ′Ds

(
MP −

log(Ds)

log(2)

)
�φ T

′Ds
qP

P
.

The lemma follows immediately from this estimate and the upper bound on deg(G).
�

4.4. A bound for the canonical height in the CM case. We are ready to
bound from below the canonical height associated to a CM module. Let us first
explain how the parameters ought to be determined.

Start by remarking that in order to get an inverse polynomial bound in D, we
have to choose L, T, T ′, qN , qP to be at most polynomial inD. The major constraint
concerning N is the assumption of Lemma 4.5. Considering that we need to ensure:

qr(N+P )ĥφ(x)�φ 1,

we will fix N in terms of L as small as possible in order to get a sharp lower bound
for the height. The integer N also appears in (8), but it will be sufficient to remark
that it is logarithmic in D.

We know that the “Dirichlet quotient”

DsT

L2
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is bounded, so the only dangerous contribution in the bound for h(F ) comes from
TN . If we want (8) to hold, we have to compensate the N factor; this can be done
by forcing:

P

Di log(D) log(P )
�φ

DsT

L2
�φ

P

Di log(D) log(P )
(10)

Using this and choosing T ′ as big as possible in terms of T so as to satisfy (8), we
find how to fix qP in order to get a final negation of (9). Now, the inequality in (8)
implies a precise bound for L in terms of T . Injecting this in (10), we get L (and
T ) in terms of D.

Let us now state our lower bound in the CM case. In order to avoid heavy compu-
tations, we do not optimize our method (this would bring a power of log(Di) log log(D)
at the numerator) or specify the dependence on φ except for the exponents.

Proposition 4.6. Let x ∈ k̄ not torsion for φ and of degree D = DsDi ≥ 2. Then:

ĥφ(x)�φ
1

D
(
Di log(D)

)2r+1 .

Proof. We may assume that the degrees are taken over kφ and that D is large
enough in terms of φ. Let us proceed by contradiction. Choose P ∈ N such that:

D2
i log(D)2 �φ q

P �φ D
2
i log(D)2;

this is possible for D large enough, and we may also assume that dE | P . Let:

L := DDi

[
log(D) log(P )2

P 2

]
, T := DD2

i

[
log(D) log(P )3

P 3

]
, N ∈ N with L ≤ qrN �φ L,

the last condition being easy to ensure for D large enough; also fix N ∈ A of degree
N . The assumption (6) is valid, so we have a polynomial F ∈ A[X,Y ] such that
G(X) := F (X,φN (X)) vanishes at x with order ≥ T , and:

h(F ) �φ
DsT

L2

(
LqNrĥφ(x) + L+ TN

)
�φ

P

Di log(D) log(P )
(L+ T log(D))�φ

TP

Di log(P )
.

We apply Proposition 4.4 with

T ′ :=

[
TP

Di log(D) log(P )

]
≤ T

2
,

where the inequality holds for D large enough. We check that:

h(F ) + 2L
(
qr(N+P )ĥφ(x) + c(φ)

)
+ T ′Nh(φ) �φ

T

Di

P

log(P )
,

so for D (and thus P ) large enough:

h(F ) + 2L
(
qr(N+P )ĥφ(x) + c(φ)

)
+ T ′Nh(φ) <

P

Dφ

(
T − T ′

Di

)
.

Thus, condition (8) holds and G vanishes at Fp(x) with multiplicity > T ′ for p as
in Proposition 4.4. Remark that we may assume that x has non-negative valuation
above all primes of Pφ with degree P (large enough). Otherwise, Lemma 3.1 yields
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an even stronger bound for ĥφ(x). The assumptions of Lemma 4.5 are satisfied and
we have:

qrNL�φ L
2 = D2D2

i

log(D)2 log(P )4

P 4
,

whereas:

T ′Ds
qP

P
�φ D

2D2
i

log(D)2 log(P )2

P 3
.

This contradicts (9) for D and thus P large enough, so the proof of the theorem is
complete. �

Remark. This result is close to the main theorem of [8]. Our proof follows a similar
strategy, except that we use a lifting of the Frobenius instead of the properties of
supersingular primes. On the one hand, our exponents are a bit better, and they
do not depend on h(φ) and Dφ. On the other hand, part of the work of Demangos
was to compute the constant in the bound, which we have not done here.

5. A polynomial bound for general Drinfeld modules

We are now going to prove an estimate for the canonical height in general Drinfeld
modules. Without any specific assumption on our Drinfeld module φ, we give
a lower bound for the height, with a power of the degree at the denominator.
Furthermore, this power only depends on the rank r of φ. In the sequel, since the
result we have in view is already known in rank 1, we will suppose that r ≥ 2.

We fix x ∈ k̄ not torsion for φ. As in the previous section we will consider degrees
over the field of definition kφ of the Drinfeld module φ; this has no effect on the
lower bound we are going to prove. Let us set: D := [kφ(x) : kφ] = DsDi, where
Ds (resp. Di) is the separable (resp. inseparable) degree of kφ(x)/kφ.

5.1. Characteristic polynomial of the Frobenius and extrapolation. Like
in the previous section, we use diophantine approximation. The first step is the
construction of an auxiliary polynomial.

Let N ∈ A of degree N , and L, T two positive integers with Di | T such that (6)
holds. By Corollary 4.3, there is a non-zero polynomial F ∈ A[X,Y ] of controlled
degree with vanishing properties and height precisely bounded. We still let:

G(X) := F (X,φN (X)).

We take a prime p of the ring of integers B of kφ where φ has good reduction.
Let Pp ∈ A[X] be the characteristic polynomial of the p-Frobenius on the l-adic
Tate module, where l is a prime ideal of A with p - l (this polynomial is independent
of the choice of l). Write:

Pp(X) :=
∑

0≤i≤r

pp,iX
i = Xr −Qp(X),

where deg(Qp) < r. Let pp := pp,0 ∈ A, which satisfies:

deg(pp) = deg(p).

Let ksφ be the separable closure of kφ and for a place P′ | p in ksφ, let σP′ ∈
Gal(ksφ/kφ) a Frobenius element associated to P′. Now, if we let P | p in k̄φ, the
prime P is totally ramified over a prime P′ of ks, and we define σP to be the unique
extension of σP′ to the field of definition of P.



LOWER BOUNDS FOR THE CANONICAL HEIGHT ON DRINFELD MODULES 21

The next proposition shows how to extrapolate the vanishing properties of G in
the general case. The main idea is that Pp vanishes on a conjugate of x modulo a
prime above p (by Cayley-Hamilton), providing a useful metric estimate.

Proposition 5.1. Let P an integer large enough in terms of φ, and T ′ such that:

h(F ) + 2L
(
qr(N+P )ĥφ(x) + c(φ)

)
+ T ′Nh(φ) <

P

DDφ

(
T − T ′

Di

)
.(11)

For any prime p ⊂ B of good reduction with deg(p) = P and for any place P | p
such that x is integral at P, the polynomial G vanishes at ψP(x) := Qp(σP)(x)
with multiplicity ≥ T ′.

Proof. We proceed by contradiction, following lines similar to the proof of Proposi-
tion 4.4. Suppose that there is a place P of kφ(x) above a good prime p of B with
stated degree as well as 0 ≤ k ≤ T ′ such that:

y := ∂kG(ψP(x)) 6= 0.

The minimal polynomial ∆ of x over kφ has order Di at x. Once again, there is
` ≥ T−k

Di
such that:

∆` | ∂kG in Bp(X).

If x is separable over kφ, we have the following congruence in the localization OP

of Okφ(x) at P (by the theorem of Cayley-Hamilton and [17], Theorem 4.12.12):

Pp(σP)(x) ≡ 0 (mod P).

For general x, the same equality holds with x replaced by xα, where α is the smallest
power of qDφ such that xα is separable over kφ, and P replaced by PDi (by Lemma
3.2). We use the properties of characteristic p and remark that the valuation v
corresponding to P takes integral values to find once again:

Pp(σP)(x) ≡ 0 (mod P),

which in turn implies:
ψP(x) ≡ σrP(x) (mod P).

The polynomial ∆ also vanishes at the conjugate σrP(x) of x; therefore:

∆(ψP(x)) ≡ ∆(σrP(x)) ≡ 0 (mod P),

and we see that v(y) ≥ `. By the product formula (1):

0 =
∑

w∈M(kφ(x))

fww(y)

≥ fv`−
∑
v-p

fv max{0,−v(y)},

and thus:
deg(p)` ≤ [kφ(x) : k]h(y).

Using classical bounds on the zeros of Pp (see [7], 4.2, p. 1063) and the invariance
of the canonical height under conjugation, we get:

ĥφ(ψP(x)) ≤
r−1∑
i=0

qr deg(pp,i)ĥφ(x) ≤
r−1∑
i=0

qi deg(p)ĥφ(x) ≤ qr deg(p)ĥφ(x).
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The height of y is bounded using (7), and we derive:(
T − k
Di

)
P ≤ deg(p)` ≤ DDφ

(
h(F ) + 2L

(
qrN ĥφ(ψP(x)) + c(φ)

)
+ T ′Nh(φ)

)
≤ DDφ

(
h(F ) + 2L

(
qr(N+P )ĥφ(x) + c(φ)

)
+ T ′Nh(φ)

)
,

so:

h(F ) + 2L
(
qr(N+P )ĥφ(x) + c(φ)

)
+ T ′Nh(φ) ≥ P

DDφ

(
T − T ′

Di

)
,

which is a contradiction. �

5.2. Counting the roots. The last step in the diophantine process is to count the
roots of G as deduced from the previous proposition, and to compare this result
to the estimate for the degree of G that was found earlier. We combine a box
principle with the classical estimates on the roots of the characteristic polynomial
of the Frobenius in order to show that the extrapolation set is big enough. Again,
we fix P and T ′ as in Proposition 5.1.

Lemma 5.2. Suppose that Dφ | P and that qrN ≥ L. Then:

q
P
r
T ′

P
�φ LqrN .(12)

Proof. Again, the polynomial G is not zero, and:

deg(G) < L(qrN + 1).

We can therefore focus on the number of roots of G (with multiplicity). For P a
multiple of Dφ large enough, the set SP of primes in B with good reduction and
degree P satisfies (see [27], Theorem 5.12):

MP := |SP | �φ
qP

P
.

Let S′P := {pp, p ∈ SP }. There are at most Dφ prime ideals in B above a prime of
A, so we get:

|S′P | ≥
|SP |
Dφ

.

Now, the number of elements of A with degree

<

[
(r − 1)P + logq(2r)

r

]
+ 1

is bounded by:

q

[
(r−1)P+logq(2r)

r

]
+1
.

If we let:

M :=
[
MP q

−1−
[

(r−1)P+logq(2r)

r

]
D−1φ

]
,

Dirichlet’s box principle shows that there exist p1, . . . , pM ∈ SP such that:

∀ 1 ≤ i < j ≤M : deg(ppi − ppj ) ≥
[

(r − 1)P + logq(2r)

r

]
+ 1.
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For 1 ≤ i ≤M , we letPi|pi be a place of kφ(x). We claim that the (ψPi(x))1≤i≤M
are pairwise distinct. If not, let i 6= j such that ψPi(x) = ψPj (x). Then:

φppi−ppj (x) =
∑

1≤k≤r−1

φppj ,k
(
σkPj (x)

)
− φppi,k

(
σkPi(x)

)
.

We compute the canonical height on both sides and deduce (by [7], 4.2, p. 1063
once again):

qr deg(ppi−ppj )ĥφ(x) ≤ 2ĥφ(x)
∑

1≤k≤r−1

qkP

≤ 2(r − 1)q(r−1)P ĥφ(x).

Since x is not torsion, we get:

qr deg(ppi−ppj ) ≤ q(r−1)P+logq(2(r−1)),

which is a contradiction. We can now compare the degree of G with the number of
its roots with multiplicity, which yields:

q
P
r
T ′

P
�φ T

′M ≤ 2LqrN ,

so the announced inequality holds. �

5.3. Bounding the height in the general case. Let us finally state and prove
our lower bound for the canonical height in general Drinfeld modules. The param-
eters are chosen following a procedure close to that of the CM case. The main
difference is that the p-adic properties at finite places p are much weaker.

In order to ensure (11), we have to take T large enough. In fact, the quotient
T/(DDi) should dominate L as well as the contribution DsT

2/L2 from h(F ). This
determines L and T in terms of D and Di, and then T ′ so as to satisfy (11). Again,
the parameter N is chosen according to the condition in Lemma 5.2. We finally
take P large enough to invalidate (12).

Proposition 5.3. Let x ∈ k̄ not torsion with degree D := DsDi. Then:

ĥφ(x)�φ
1

(D3Di)r
2+1 log(D)2r2+r

.

Proof. We suppose as usual that the degrees are taken over kφ and that D is large
enough in terms of φ. Let us proceed by contradiction. We set:

L := D3Di , T := D2
i

[
D4√

log(D)

]
, and N ∈ N such that L ≤ qrN �φ L;

this last condition is satisfied for D large enough. Also fix N ∈ A such that
deg(N ) = N . The assumption (6) holds, so there is F ∈ A[X,Y ] such that

G(X) := F (X,φN (X))

vanishes at x with order T , and:

h(F ) �φ
DsT

L2

(
LqNrĥφ(x) + L+ TN

)
�φ

DT

DiL2
(L+ T log(D))�φ

T
√

log(D)

DDi
.
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We want to apply Proposition 5.1 with:

T ′ :=

[
T

DDi

√
log(D)

]
≤ T

2
,

this inequality being true at least for D large enough, and P ∈ N a multiple of Dφ

such that:
Lr log(D)2r+1 �φ q

P ≤ Lr log(D)2r+1.

Because P is supposed to be large enough in terms of φ, we can assume x to have
non-negative valuation above all places of B with degree P . Otherwise, Lemma 3.1
yields an even better lower bound for ĥφ(x). We have:

h(F ) + 2L
(
qr(N+P )ĥφ(x) + c(φ)

)
+ T ′Nh(φ) �φ

T

DDi

√
log(D),

so for D, and thus P , large enough:

h(F ) + 2L
(
qr(N+P )ĥφ(x) + c(φ)

)
+ T ′Nh(φ) <

P

DDφ

(
T − T ′

Di

)
.

Therefore, condition (11) holds and G vanishes at ψP(x) with multiplicity ≥ T ′
for any prime P|p in kφ(x) and p a prime in B of good reduction with deg(p) = P .
The assumption of Lemma 5.2 is satisfied and we have:

qrNL�φ L
2,

whereas:

T ′
q
P
r

P
�φ T

′L log(D)1+
1
r �φ

TL log(D)1+
1
r

DDi

√
log(D)

�φ L
2 log(D)

1
r .

This contradicts (12) for D large enough, and the theorem is completely proved. �

Remark. An analogous bound has been found by Masser for the canonical height
on abelian varieties, as a consequence of his counting theorem for points of small
height (see [23]). An adaptation of this counting result to Drinfeld modules might
bring a bound of the same kind, but with exponents possibly improved.
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