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Abstract. In recent decades, the study of mechanisms of localized structures for-
mation in non-equilibrium media attracted attention of researchers. Such structures
were found in chemically active media, in granular materials, and in many numerical
experiments with model equations. In this paper we investigate theoretically and
experimentally localized patterns on sandy bottoms arising under the in�uence of
steady �ows in the vicinity of vertical obstacle. Present experiments performed in a
hydrodynamic channel show that spatially periodic quasi-stationary patterns whose
width increases downstream in the wake of an obstacle arise from a sub-critical insta-
bility of the water-sandy bottom interface. We study the dependence of the topology
of the area occupied by patterns on the �ow velocity. It is shown that the character-
istics of pattern on the bottom can be explained using the Swift-Hohenberg equation.
Experiments show that for a correct description of structures, supplemented terms
which take into account the impact of the vortices arising in the wake of an obstacle
must be added into the Swift-Hohenberg equation.

Keywords: Sand ripples, pattern formation, steady currents, vortices, Swift-Ho-
henberg equation.

1 Introduction

The interface between water �ow and sand bottom is unstable to perturba-
tions with zero phase velocity. This instability is studied in detail for over a
hundred years (Dey 2014 [2]). It was found that the development of this insta-
bility may lead to the generation of di�erent stationary patterns at the bottom:
roller structures, modulated rollers, cellular structures consisting of rhombus or
squares. These structures were studied in detail for the case of super critical in-
stability when spatially periodic pattern arose from in�nitesimal perturbations
and occupied the area substantially greater than the period of the pattern. In
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this paper, we investigate the localized patterns. These patterns appear on
the sandy bottom as a result of sub critical instability under the in�uence of
�nite-amplitude perturbations. Finite amplitude perturbations can be caused
by an obstacle in the �ow. It should be noted that around an obstacle, under
the in�uence of vortices in the sandy bottom there appears a deepening - a
localized structure, the so-called scour (Breusers et al. 1977 [1], Ho�mans and
Verheij 1997 [5], Niedorada 1982 [8], etc.). Features of the scour have been
investigated in detail, as they are essential for the design of hydraulic struc-
tures (Qi and Gao 2014 [9], Melville and Coleman 2000 [7], Sumer and Fredsøe
2002 [10], Whitehouse 1998 [12], Ettema 2011 [3], etc.). Our research concerns
sand structures appearing under the in�uence of vortices in the wake at some
distance from the obstacle. In our experimental conditions in the absence of
vortex, the boundary water - sand is stable with respect to small perturbations.
Vortices contribute to �nite perturbations and initiate development patterns
on the sandy bottom. Such a mechanism of occurrence of localized patterns is
investigated in this paper. Paper is organized as follows. First of all, we present
the hydrodynamic channel where experiments are performed, followed by re-
sults we obtained. After this, we present a theoretical model and a comparison
of these eperimental and theoretical results is exposed to �nally conclude.

2 Methods and materials

The experiments were carried out in a 0.5 m wide, 10 m long �ume in 0.2
cm water depth. This hydrodynamic channel is able to generate a current as
illustrated in Figure 1:
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Fig. 1. Sketch of the experimental setup

We adopted a bed consisting of a 0.07 m sand layer where a cylindrical
cylinder with diameter D=0.014m is embedded. The sediments have a relative
density s = 2.7 and a median size D50 = 340µm. The experiments were
performed under current without waves in subcritical regime (θ < θc), where θ
is the Shields number:

θ =
τ0

(ρs− ρ).g.D50
(1)
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τ0 the bed shear stress, ρs the density of the sediment, ρ the density of the
�uid and g the acceleration due to gravity. Shields number is a dimensionless
number that represents the ratio between the forces which tend to move the
sediments and those which stabilize the sediments and above a critical threshold
(θc), the live-bed regime is reached. All our experiments were carried out in
the clear-water regime (θ < θc), thus, the sedimet transport is only due to the
presence of the cylinder, generating vortices responsible of particles motion. To
characterize the �ow, we use the Reynolds number de�ned as follows:

Re =
V.H

ν
(2)

where V is the mean velocity of the �ow, H the water depth and ν the kine-
matic viscosity of the �uid. To characterize regime in Karman street, another
Reynolds number is used:

Red =
V.d

ν
(3)

with d the diameter of cylinder.
In order to estimate the pressure forces acting at the soil-water interface,

we used an optical method, namely the particle image velocimetry (PIV) as
shown in Figure 2, without sediment:
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Fig. 2. Sketch of the PIV

This method allows to obtain the velocity �eld near the bottom and to
deduce the hydrodynamics forces acting on the sand bed, using a horizontal
laser plane. The acquisition frequency is 15 Hz, the vizualisation window side
is 12 x 8 cm and the resolution of the camera is 4 Mega pixels.
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3 Experimental results

In the experiments, we observed sediment structures formed downstream the
cylinder. The experiments were performed during 50 hours at least to be sure
to reach the quasi-equilibrium state of formed patterns. Patterns are shown
below in Figures 3, 4 and 5 for a Reynolds number Re of 38000, 42000 and
43000, respectively:

Fig. 3. Sedimentary structures downstream the cylinder; Re=38000 (Test 1)

Fig. 4. Sedimentary structures downstream the cylinder; Re=42000 (Test 2)

A signi�cant change between the patterns is the lateral extension of sed-
iment structures (transversal width) which is function of the velocity �ow.
Indeed, this lateral extension increases with the velocity �ow. It can be ob-
served that a slight variation of the Reynolds number Re leads to an important
di�erence of width for the transversal and longitudinal extension.



Chaotic Modeling and Simulation (CMSIM) 2: 143�152, 2016 147

Fig. 5. Sedimentary structures downstream the cylinder; Re=43000 (Test 3)

Let us consider the velocity �uctuations �eld, shown in Figure 6 for Re=
42000:

High

Low

Fig. 6. Amplitude of velocity �uctuations in an horizontal plane 2 cm above the bed
(Re=42000)

We observe that the amplitude of velocity �uctuations is very important
right behind the cylinder; this amplitude decreases for increaing values of the
distance to the cylinder, and increases for increasing values of Red. However,
the size of the area with a high amplitude is the same regardless the value of
Red.
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4 Theoretical model

In order to modelize the observed patterns, we use the Swift-Hohenberg equa-
tion (Swift and Hohenberg [11]), a phenomenological equation:

∂u

∂t
= εu− (1 +∇2)2u+ qu2 − u3 (4)

where:

∇ = −→x0
∂

∂x
+−→y0

∂

∂y
(5)

ε corresponds to the linear instability of the system. In this equation, instability
to in�nitesimal perturbations occurs if ε > 0. If ε < 0, linear instability is
absent. q corresponds to quadratic instability.

Swift-Hohenberg equation is widely used to describe pattern formation
(Lloyd and Sandstede [6], Hilali et al. [4], etc.). With a �ow in one direc-
tion, this equation becomes:

∂u

∂t
= εu−

(
1 +

∂2

∂x2

)2

u+
∂2

∂y2
+ qu2 − u3 (6)

In our case, ε < 0 because our experiments were carried out in subcritical
regime (θ < θc), therefore patterns forms only in the wake of the cylinder
where velocity and pressure perturbations are important.

This equation can be modi�ed as follows:

∂u

∂t
= −Eu−

(
1 +

∂2

∂x2

)2

u+
∂2

∂y2
+ qu2 − u3 + f(x, y, t) (7)

E is proportional to V − Vc where V is velocity of �ow in our experiments.
It means that if V > V c (Vc is critical velocity), E < 0 instability occurs
everywhere, and if V < V c, E > 0 instability occurs in the wake of the cylin-
der, where perturbations with �nal amplitudes exist. We take into account
the in�uence of these perturbations adding force f(x,y,t) into Swift-Hohenberg
equation. We suppose that this force is proportional to V 2, where V 2 is spa-
tially modulated random �eld, because for Reynolds numbers Red of several
thousand in our experiment turbulent Karman street is observed. Amplitude
of velocity �uctuations is approximated using experimental data presented in
Figure 6. The shape of this force can be qualitatively explained as follows.

According to Bernoulli's equation, we can write along a streamline:

P + ρ
V 2

2
= constant (=) P = constant− ρV

2

2
(8)

a decrease of pressure inducing an increase of velocity, low pressure corresponds
to positive forces acting at the sand-water interface. This force introduces
perturbations on water-sand bottom interface.
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5 Comparison theory-experiments

The theoretical model allows to reproduce qualitatively the patterns observed
experimentally, test parameters are listed in Table 1. Figures 7,8 and 9 show
the superposition of theoretical and experimental results. At the bottom of
Figure 7, the perturbation (due to the cylinder) resulting in patterns formation
has a limited size, in particular with a weak lateral extension of sediments
downstream the cylinder. The corresponding theoretical result at the top of
Figure 7 displays patterns which are qualitatively in good agreement with those
observed for present experiments.

Experimental tests Theoretical tests

Test number 1 2 3 Test number 1 2 3

Test duration (h) 70 68 65 Integrations numbers 30 30 30

Re 38000 42000 43000 E 0.23 0.14 0.07

Red 2660 2940 3010 q 1.6 1.6 1.6

Table 1. Tests parameters

Fig. 7. Top: theory; Bottom: experiment (Test 1)

As far as the other tests are concerned, Figures 8 and 9 show that the
pattern width increases for increasing values of the Reynolds number Re. This
leads to a decrease of the value of the parameter E in the Swift-Hohenberg
equation to obtain a similar description of experimentals patterns. Thereby,
the patterns simulated with the present theoretical model are consistent with
our experimental results.
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Fig. 8. Top: theory; Bottom: experiment (Test 2)

Fig. 9. Top: theory; Bottom: experiment (Test 3)
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Conclusions

In this paper, we investigate theoretically and experimentally localized patterns
on sandy bottoms arising under the in�uence of steady �ows downstream of a
vertical obstacle simulating a pile. Experiments carried out in a hydrodynamic
channel show that spatially periodic quasi-stationary patterns whose width
increases downstream in the wake of a vertical cylinder arise from a sub-critical
instability of the water-sandy bottom interface. The width of these spatially
periodic quasi-stationary patterns increases for increasing values of the �ow
velocity. It is shown that the characteristics of patterns on the bottom can
be explained using the Swift-Hohenberg equation. Experiments show that
for a correct description of sand structures, the variation of the parameter
corresponding to linear instability is su�cient.
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