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THE KK-THEORY OF AMALGAMATED FREE PRODUCTS

PIERRE FIMA AND EMMANUEL GERMAIN

ABSTRACT. In the presence of conditional expectations, we prove a long exact sequence in
KK-theory for both the maximal and the vertex reduced amalgamated free product of unital
C*-algebras that is valid even for non GNS-faithful conditional expectations. However, in the
degenerated case, one has to introduce a new reduced amalgamated free product, that we
call vertex-reduced. In the course of the proof we established the KK-equivalence between
the full amalgamated free product and the vertex-reduced amalgamated free product. This
results generalize and simplify the results obtained before by Germain and Thomsen. When
the conditional expectations are extremely degenerated, i.e. when they are *-homomorphisms,
our vertex-reduced amalgamated free product is isomorphic to the fiber direct sum. Hence our
results also generalize a result of Cuntz.

1. INTRODUCTION

After the development of K K-theory by Kasparov [Ka80b, Ka88|, J. Cuntz obtained in 1982
a very elegant result about the full free product of unital C*-algebras with one-dimensional
representations that leads to a conjectural long exact sequence in K K-theory for amalgamated
free products in a general situation [Cu82|. At about the same time M. Pimsner’s and D.
Voiculescu’s computation of the K K-theory for some group C*-algebras (see [PV82]) culminated
in the computation of full and reduced crossed products by groups acting on trees [Pi86] (or
by the fundamental group of a graph of groups in Serre’s terminology). To go beyond the
group situation has been difficult and it relied heavily on various generalizations of Voiculescu’s
absorption theorem (see [Th03| for the most general results in that direction). Note also that
G. Kasparov and G. Skandalis had another proof of Pimsner long exact sequence when studying
KK-theory for buildings [KS91].

Section 2 is a preliminary section in which we investigate the notion of reduced amalgamated free
products of unital C*-algebras A1*p A in the presence of not necessarily GNS-faithful conditional
expectations. The usual reduced version, due to D. Voiculecscu, which is obtained by looking at
the module over B, is often too small. Indeed, when the conditional expectations onto B are both
x-homomorphisms, the Voiculescu’s reduced amalgamated free product is isomorphic to B and all
the information about Ay and Ay is lost. This is why we consider another reduced amalgamated
free product, that we call vertex-reduced, which is obtained by looking at the two modules
over A1 and As and is an intermediate quotient between the full amalgamated free product
and Voiculescu’s reduced amalgamated free product. When the conditional expectations are
GNS-faithful, these two reduced amalgamated free products coincide and when the conditional
expectations are x-homomorphisms the vertex reduced amalgamated free product is isomorphic
to the fiber sum Ay &g As. Hence, even in the extreme degenerated case, the information on Ay
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2 PIERRE FIMA AND EMMANUEL GERMAIN

and As is still contained in the vertex-reduced amalgamated free product. As the vertex-reduced
free product is a new construction, we devote some time to show some of its properties.

Before proving our long exact sequence in KK-theory we start with an auxiliary and easy result in
Section 3. This result states that the full free product is always K-equivalent to the vertex-reduced
free product. In particular, when the conditional expectations are morphisms, we get exactly
Cuntz result [Cu82|. This result also generalizes and simplifies the previous result obtained by
the second author [Ge96|. The proof is very natural, just a rotation trick. While finishing writing
this paper, the authors have been made aware that K. Hasegawa |[Hal5| just obtained the same
result in the particular case of GNS-faithful conditional expectations (see also [Hal9]). By a
remark by Ueda ([Ue08]), this result also proves the K-equivalence between full and (vertex)
reduced HNN extensions.

The main part and also the most difficult part of our paper comes in Section 4. Under the
presence of conditional expectations, we show that the full amalgamated free product A; E Ay is

K-equivalent with the algebra D of continuous functions f from | — 1, 1] to the full free product
such that f(] —1,0]) C Ay, f([0,1]) C Az and f(0) € B. This is done by generalizing a result in
a paper by one of the authors (|Ge97]). Therefore the full amalgamated free product A; % Ay sits

inside a long exact sequence for the computation of its K K-groups. Of course the vertex reduced
free product has the same long exact sequence. Explicitly, if C' is any separable C*-algebra, then
we have the two 6-terms exact sequences (see Corollary 4.12),

KKO(C,B) — KKO(C,A1)®KKO(C,A2) — KKO(C,Al*BAQ)

T +
KKI(C,Al*BAQ) — KK1(07A1)@KK1(C,A2) — KKl(C,B)

and

KK°(B,C) +— KKY%A,O)P KK°(Ay,C) +— KKY(A;*p Ay, C)

\ T
KKl(Al *BAQ,C) — KKl(Al,C)@KKl(AQ,C) — KKl(B,O)

Again the HNN extension case follows using the isomorphism with an amalgamated free product.
Note that this result greatly simplifies and generalizes the results of Thomsen [Th03]| about
KK-theory for amalgamated free products which are valid only when the amalgam is finite
dimensional.

Let us mention some applications. As a direct corollary, we obtain that the amalgamated free
product of discrete quantum groups is K-amenable if and only if the initial quantum groups are
K-amenable. This generalizes the result of Vergnioux [Ve04] which was valid only for amenable
discrete quantum groups and this also implies that a graph product of discrete quantum groups
(see [CF14]) is K-amenable if and only if the initial quantum groups are K-amenable. Finally,
let us mention that our results will be applied in a future paper to deduce a long exact sequence
in KK-theory for fundamental C*-algebras of graph of C*-algebras, generalizing and simplifying
the results of Pimsner [Pi86] and, as an application, the results of Fima-Freslon [FF13] (and
those of Julg and Valette [JV84]).
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THE KK-THEORY OF AMALGAMATED FREE PRODUCTS 3

2. PRELIMINARIES

2.1. Notations and conventions. All C*-algebras and Hilbert modules are supposed to be
separable. For a C*-algebra A and a Hilbert A-module H we denote by L£4(H) the C*-algebra
of A-linear adjointable operators from H to H and by K4(H) the sub-C*-algebra of £L4(H) con-
sisting of A-compact operators. For a € A, we denote by L4(a) € L4(A) the left multiplication
operator by a. We refer the reader to [B186] for the basics on KK-theory. In general KK-theory is
a bi-functor in the category of Z/2Z-graded C*-algebras. When the two C*-algebras are trivially
graded, we end up with what is called KK%(A4, B). It follows from the standard simplifications
that any element in K K°(A, B) is the homotopy class of a A-B-Kasparov’s module of the form
(H,n,T), with H a Z/2Z-graded Hilbert B-module, i.e. H = Hy@® H; is a direct sum of Hilbert
B-modules, m a morphism of graded C*-algebras (Lp(H) is a naturally graded C*-algebra). As
A is trivially graded, m = mp @ 71, where mp : A — Lp(Hy) are *-homomorphisms. And T a
self-adjoint 1-graded operator in Lp(H) with compact commutator with any element of 7w(A).
0 F*
Therefore T' = < F o0
The operator T also has the additional property that 72 = 1 modulo compact operator (A uni-
tal) and hence F' is unitary up to compact operators in the case A is unital. In part 3 of this
article, we refer to such a Kasparov module as (H, 7, F') to simplify notation.
In part 4 of this article we must deal with KK! elements. Any element in KK'(A, B) has
a simple description. It is the homotopy class of a triple (H, g, F'), where H is a Hilbert B-
module, mp : A — Lp(H) is a *-homomorphism and F' € Lp(H) a selfadjoint operator which
is unitary up to compact operators and commutes with my up to compact operators. But it
actually fits in the general description of Kasparov module but for the couple (A, B® C;) where
C; is the first non trivial Clifford algebra (see section 17.5.2 of [BI86]) . As an Z/2Z-graded
algebra, C; = C® C where (1,1) is 0 graded and (1, —1) is 1-graded. If E is a Hilbert B-module
then E ® C; naturally becomes a Z/2Z-graded Hilbert module over B ® C;. If 7 is an action
of the trivially graded C*-algebra A on this module, then compatibility with the grading as well
as Cq-linearity imply that 7 decomposes as mg @ 7wy with my an action of A onto E. Now a
self-adjoint 1-graded operator T' in Lpgc, (F ® C;) must be of the form (F,—F) where F' is
a self-adjoint operator of Lg(E). So the simple description of a KK!(A, B) element gives a
natural triple (H @ Cy, mg@® 7o, (F, —F)) in KK (A, B®Cy). It must be noted, although we don’t
use it, that by Kasparov stabilisation any element of KK (A, B ® C;) is in the same class as an
element of this simple form. For the largest part of section 4, we use the first description except
for proposition 4.6 where Connes-Skandalis characterization of the Kasparov product between a
KK and a KK element forces us to use the general description.

) with F' € Lp(Hp, Hy) intertwines mp and 7 up to compact operators.

2.2. Conditional expectations. Let A, B be unital C*-algebras and ¢ : A — B be a unital
completely positive map (ucp). A GNS construction of ¢ is a triple (K, p,n), where K is a Hilbert
B-module,n € K and p : A — Lp(K) is a unital x-homomorphism such that K = p(A)n - B and
(n, p(a)n) = p(a) for alla € A. A GNS construction always exists and is unique, up to a canonical
isomorphism. Note that, if B C Aand EF : A — B is a conditional expectation, then the Hilbert
B-submodule n- B of K, where (K, p,n) is a GNS construction of F, is complemented. Indeed, we
have K = n-B® K°, where K° = Span{p(a)n-b : a € A° and b € B} and A° = Ker(F). Since E
is a conditional expectation onto B we have bA° C A° for all b € B. It follows that p(b)K° C K°
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4 PIERRE FIMA AND EMMANUEL GERMAIN

for all b € B. Hence, the restriction of p to B (and to K°) gives a unital x-homomorphism
p: B— Lp(K°).

A conditional expectation is called GNS-faithful (or non-degenerate) if for a given GNS construc-
tion (and hence for all GNS constructions) (K, p,n), the homomorphism p is faithful. In this
paper we will consider reduced amalgamated free product with respect to non-necessary GNS-
faithful conditional expectations. Actually, the degeneracy of the conditional expectations will
naturally produce different types of reduced amalgamated free products. This is why we include
the next proposition, which is well known to specialists but helps to understand the extreme
degenerated case: when F is a homomorphism. We include a complete proof for the convenience
of the reader.

Proposition 2.1. Let B C A be a unital inclusion of unital C*-algebras and E : A — B be a
conditional expectation with GNS construction (K, p,n). The following are equivalent.

(1) E is a homomorphism.
(2) K =n-B.
(3) K° = {0}.

Proof. Since K =n- B & K° the equivalence between (2) and (3) is obvious.

(1) = (3). If E is a homomorphism from A to B then, since E is ucp, it is a unital -
homomorphism and we have for all b € B and all a € A°,

(@)~ b, pla)n - by = b (1, pla*a)m)sch = b* B(aa)b = b* B(a)* E(a)b = 0.
(3) = (1). If K° = {0} then, for all a« € A°, we have E(a*a) = (p(a)n, p(a)n)x = 0. Hence
E((a— E(a))*(a— E(a))) =0= E(a*a) — E(a")E(a) — E(a)*E(a) + E(a)*E(a) for all a € A.

It follows that, for all a € A, we have E(a*a) = F(a)*E(a). Hence, the multiplicative domain of
the ucp map F is equal to A which implies that E is a homomorphism. Il

2.3. The full and reduced amalgamated free products. Let A;, As be two unital C*-
algebras with a common C*-subalgebra B C Ay, k = 1,2 and denote by Ay the full amalgamated
free product. To be more precise, we sometimes write Ay = A, % Asy. It is well known that the

canonical map from Ay to Ay is faithful for k = 1,2. Hence, we will always view A; and Aj as
subalgebras of A;.

We will now construct, in the presence of conditional expectations, two different reduced amal-
gamated free products. One of them, that we call the edge-reduced amalgamated free product has
been extensively studied and it is called, in the literature, the reduced amalgamated free product.
The other one, that we call the vertez-reduced amalgamated free product, does not seem to be
known, even from specialists. As it will become gradually clear, the vertex-reduced amalgamated
free product is actually much more natural than the edge-reduced amalgamated free product. It
is an intermediate quotient of the full amalgamated free product and it is isomorphic to the edge-
reduced amalgamated free product if the conditional expectations are assumed GNS-faithful .
This is the reason why it has not appeared before in the literature since many authors only con-
sider amalgamated free product in the presence of GNS-faithful conditional expectations. Since
the vertex-reduced and the edge-reduced amalgamated free product are the foundations of our
proofs we will now explain in great detail their constructions.
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THE KK-THEORY OF AMALGAMATED FREE PRODUCTS 5

In the sequel, we always assume that, for k = 1,2, there exists a conditional expectation Ej, :
A — B. We write A} = {a € A : Ex(a) = 0}, we denote by (Kp, px,nr) a GNS construction
of E} and by K}, the canonical orthogonal complement of 7 - B in K} as explained in Section
2.2. Recall that the restriction of p;, to B (and to K}) gives a unital *-homomorphism p;, : B —
Lp(K}).

We denote by I the subset of Up,>1{1,2}" defined by
I={(i1,...,in) € {1,2}" : n>1and i # i1 for all 1 <k <n —1},
Recall that an operator x € Ay is called reduced if x # 0 and x can be written as z = ay ...a,

with n > 1 and ay € A7 — {0} such that i = (i1,...i,) € I.

2.3.1. The vertex-reduced amalgamated free products. For i = (i1,...,i,) € I, we define a A;,-
A;,-bimodule H;. As Hilbert A;, -module we have:

Ky K, .. K, ®A4; if n>3,
B ?*B B ™'p "
H, = K ® Aig if n=2,
- B
Ail if n=1.
The left action of A;, on H; is given by the unital *-homomorphism defined by
pi, ®id if n>2,
Ai o Aiy = L, (Hy); A= B
La;,, if n=1.

We consider, for k,l € {1,2}, the subset I},; = {i = (i1,...,9,) € I : iy = k and i, = [} and the
Ap-A;-bimodule defined by

HkJ = @Hl and )‘k»l = @)\1 : Ak*)*CAl(Hk,l)-

i€l i€l
For k € {1,2} we denote by k the unique element in {1,2}\ {k}.

Example 2.2. If, for k € {1, 2}, E} is a homomorphism from Ay to B it follows from Proposition
2.1 that K = {0}. Hence, Hy = A; ® K}, ® K% ® A and Hy . = K ® Ag. Note that, since
B B ’ B
K}, ~ B, we have Hyj ~ Ay EBK%@A;C ~ Ky ® Ay = Hy . Also we have H, ; = Kj, @ Ag
B B ’ ’ B
and Hy; = Az, Again, H, + ~ A = Hy;. Actually the isomorphism of Hilbert A;-modules
Hyy ~ Hy, is true in full generality as explained below.

For k,I € {1,2} we define a unitary ug; € La,(Hy;, Hy,), by the following formula. Let i =
(i1,...,ip) € I, with iy = k and 4, = [. For { € H; we define uy ;& € Hg, in the following way.

o If n > 2, write i = (k,7'), where i’ = (ig,...,i,) € I ;. For & = pp(a)n, ®¢&', with a € Ay,
/ ., . nE®§ if Ek’(a’) = 07
and ' € Hy, we define uy § := { )\i/(a)é’ i acB.
o If n=1then k=1, i=(I) and { € A; = H;. We define uy ;& := n; ® &.
Since pi(b)nr = ni - b for all b € B, the operators uy,; are well defined and it is easy to check
that, for all k,1 € {1,2}, the operators u;; commute with the right actions of A; on Hy,; and
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6 PIERRE FIMA AND EMMANUEL GERMAIN

Hy,, and extend to a unitary operators, still denoted uy, in L4, (Hpy,, Hz l) such that uy ; = ug ;.
Moreover, the definition of uy; implies that,

(1) Uj Ay (B)uks = Ay(b)  for all b e B.

Definition 2.3. Let k£ € {1,2}. The k-vertez-reduced amalgamated free product is the C*-sub-
algebra A, C La, (Hy) generated by Ay x(Ax) U u",;k)\Ek(AE)ukk C L, (Hgpr). To be more

precise, we use sometimes the notation A, ; = A; 3 As.

For a fixed k € {1,2} the relations (1) imply the existence of a unique unital *-homomorphism

)\k,k(a) if ae Ak,
T+ Ay = Ay such that m(a) = { UZ7kAE7k(G)Uk,k if ac A
In the sequel we will denote by & the vector &, := 14, € Ay C Hy . We summarize the main
properties of A, j, in the following proposition.

Proposition 2.4. Fiz k € {1,2}. The following facts hold.
(1) The morphism my, is faithful on Ay.
(2) If B is GNS-faithful then my, is faithful on Ag.
(3) There exists a unique ucp map Ey, : A, = Ay such that E(mi(a)) = a Ya € Ay and

Ep(mi(ar...a,)) =0 foralla=ay...an, € Ay reduced withn >2 orn =1 and a =a; € A%

Moreover, By is GNS-faithful.
(4) For any unital C*-algebra C' with two unital x-homomorphisms v; : A; — C, j = 1,2,
such that
o v1(b) =1a(b) for allb € B,
e C is generated, as a C*-algebra, by v1(A1) Ura(Ag),
o vy is faithful and there exists a GNS-faithful ucp map E : C — Ay such that
E(vg(a)) = a for all a € Ay and

E(vi,(a1)...vi,(an)) =0 for alla= a1 ...a, € Ay reduced withn > 2 orn =1 and a = a1 € Ay,

there exists a unique unital x-isomorphism v : A, — C such that v o m(a) = vi(a) for
all a € Ay U Ay. Moreover, v satisfies Eov = Ey.

Proof. Fix k € {1,2}. By definition of m; we have, if a € Ay, (&, mx(a)ék) = a. It follows
directly that m is faithful on A,. Moreover, the map Ey : A, — Ak,  — (&, x&) satisfies
Ei(mk(a)) = a Ya € Ag. By definition we have, for all reduced operators © = a;...a, with
i=(i1,...,ip) € [ and a5 € A7 forall s € {1,...,n},

pi (@), @ ... pi,_(apn—1)ni, |, @ an if i17==Fkandi, =%k,

@) Tl an)ee = 4 ™ ® pir (a)iy @ -+ @ piyy_y (@n—1)Mipy @ @ I iy # K and iy = K,
n pi(a1)ni, @ ... ® pi, (an)ni, @14, if iy =k and i, #k,

e @ pi (@1)Ni, @ ... @ pi, (an)ni, @ 1a, if i1 # k and i, # k.

Hence we have Ey(my(a1...a,)) =0forall a =a;...a, € Ay reduced with n > 2 or n =1 and
a=ai € A% It also follows easily from the previous set of equations that my(Af)&k - Ay = Hy .

Hence the triple (Hj,x,id, &) is a GNS construction for Ej. This shows that Ej, is GNS-faithful.
Note that the uniqueness statement of the third assertion is obvious since Ay is the linear span
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THE KK-THEORY OF AMALGAMATED FREE PRODUCTS 7

of B and the reduced operators. Also, the second statement becomes now obvious since, by the
properties of By we have, for all x € Ay, Eyp(mp(2)) = Ep(mp(z — Ep(2))) + Ep(mi(Er(x))) =
mi(Er(x)). It follows easily from this equation that 7y is faithful on Az whenever Er is GNS-
faithful. Indeed, let x € Az such that m(x) = 0. Then, for all y € A we have 7 (y*z*zy) = 0.
Hence, 7, o Er(y*z*wy) = Ej o mp(y*x*2y) = 0 for all y € A, Since 7y, is faithful on Ay we find
Er(y*r*xy) = 0, for all y € Ay, Since Ey is GNS-faithful we conclude that 2 = 0.

(4). The proof is a routine. We write the argument for the convenience of the reader. Let
(K, p,n) be the GNS construction of E. Since E is GNS-faithful we may and will assume that
p=id and C C L4, (K). By the properties of Ej, and F, the map U : Hyj — K defined by, for
T =ay...an € Ay reduced with a, € A7 , U(mi(2)8k) := vy (a1) ... v4, (an)n and, for z = b € B,
U(mi (b)) = vi(b)n = v2(b)n, is well defined and extends to a unitary U € La, (Hyx, K).
By construction, the map v(z) := UxU*, for € A, , satisfies the claimed properties. The

uniqueness is obvious. O

Remark 2.5. Tt is known that the canonical homomorphism from Ay, to Ay is faithful for k € {1,2}
without assuming the existence of conditional expectations from Ay to B. However, assertion
(1) of Proposition 2.4 gives a very simple proof of this fact, since it shows that the composition
of the canonical homomorphism from Aj to Ay with the homomorphism 7, is faithful, which
implies that the canonical homomorphism from Ay, to Ay itself is faithful.

Example 2.6. Suppose that, for a given k € {1,2}, Fj is a homomorphism. Then, as observed
in Example 2.2, we have Hy 7 = Ay (and Az = La,). It follows from the definition of 77 that

- o LAf(CL) if ae€ AE’
”k(“)_{ 0 if ae A

Hence, since Ay the closed linear span of A; and the reduced operators and 77 : Ay — A 1 is
surjective, we find that A + = m(A;). Moreover, since 7y is faithful on A; we conclude that
the restriction of 7 to Az gives an isomorphism Az ~ A 7.

Definition 2.7. The vertex-reduced amalgamated free product is the C*-algebra obtained by
separation and completion of Ay with respect to the C*-semi-norm || - ||, on Ay defined by

|lz|lo := Max{||m(x)]], [|m2(x)||} forall z € Ay.

By separation and completion we mean the completion of the pre-C*-algebra obtained by con-
sidering the quotient by the null ideal of the C* semi-norm.

We will note it A; % Az or A, for simplicity in the rest of this section and let m : Ay — A,

be the canonical surjective unital *-homomorphism. Note that, by construction of A,, for all
k € {1,2}, there exists a unique unital (surjective) *-homomorphism m,  : A, — A, j such that
o © T = 7. We describe the fundamental properties of the vertex-reduced amalgamated free
product in the following proposition. We call a family of ucp maps {y; }ier, i : A — B; GNS-
faithful if N;cKer(m;) = {0}, where (H;,m;,&;) is a GNS-construction for ;. From Proposition
2.4 and the definition of A, we deduce the following result.

Proposition 2.8. The following facts hold.
(1) m is faithful on Ay for all k € {1,2}.
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8 PIERRE FIMA AND EMMANUEL GERMAIN

(2) For all k € {1,2}, there is a unique ucp map Ea, : A, — Ay such that Eg, o mw(a) = a
for all a € Ay and all k € {1,2} and,

Ea,(m(a1...an)) =0 for alla=ay...a, € Ay reduced withn >2 orn=1 and a = aq GA%.

Moreover, the family {Ea,,Ea,} is GNS-faithful.
(8) Suppose that C' is a unital C*-algebra with x-homomorphisms vy : Ax — C such that
o v1(b) = 1a(b) for allb € B,
e C is generated, as a C*-algebra, by v1(A1) Ury(Ag),
e vy and vy are faithful and, for all k € {1,2}, there exists a ucp map Ey, : C — A
such that E4, o vg(a) = a for all a € Ay, and all k € {1,2} and,

Ea,(viy(a1) ... vi,(an)) =0 for alla=ay...an € Ay reduced withn >2 orn =1 and a = a1 € Ay,

and the family {Ea,,Ea,} is GNS-faithful.
Then, there exists a unique unital x-isomorphism v : A, — C such that vom(a) = vi(a)
for all a € Ay, and all k € {1,2}. Moreover, v satisfies E5, ov =Ey4,, k € {1,2}.

Proof. (1). It is obvious since, by Proposition 2.4, 7y is faithful on Ay for k =1, 2.

(2). By Proposition 2.4, the maps E4, = Ej o m, j satisfy the desired properties and it suffices
to check that the family {E4,,E4,} is GNS-faithful. Let zg € Ay be such that z = m(x¢) € A,
satisfies E4, (y*z*zy) = 0 for all y € A, and all £ € {1,2}. Then, for all £ € {1,2} we have
Ey(y*myp(x*x)y) = 0 for all y € A, . Since E; is GNS-faithful, this implies that m, ;(z) =
mr(xo) = 0 for all k € {1,2}. Hence, ||z||4, = Max(||m1(z0)]|, ||72(x0)]]) = 0.

(3). The proof is a routine. We include it for the convenience of the reader. Let (Lg, my, fi) be the
GNS construction of Ey4,. By the universal property of A, j, the C*-algebra m(C) C L4, (L)
is canonically isomorphic to A, . Hence, in the remainder of the proof we suppose that my(C) =
A, 1. By the universal property of Ay, we have a unital surjective *-homomorphism vy : Ay — C
such that v¢|s, = 1. Note that, by the identification we made, my o vy = m,. Hence, by
construction of A,, there exists a unique unital (surjective) *-homomorphism vy : C — A, such
that m, , o vy = my, for all k € {1,2}. Note that vy is faithful since the identity m, j o 19 = my,
k = 1,2, implies that Ker(vy) C Ker(m;) NKer(mgy) = {0} (because the pair (E4,, E4,) is GNS-
faithful). Hence vy is a unital *-isomorphism and v := v, ! satisfies the required properties. [

Corollary 2.9. If both E1 and Es are homomorphisms then there is a canonical isomorphism
A, ~ Ay Eg Ay, where Aq % Ay = {(al,ag) €A DA El(al) = EQ(CLQ)}.

Proof. We use the universal property of A, described in Proposition 2.8. Define v : Ay —
A1 ® Ag by v1(z) = (z, E1(x)) and 1»(y) = (E2(y),y). It is clear that 14 and v, are both faithful
B

unital *-homomorphisms such that v1(b) = v»(b) for all b € B. Define E4, : A1 & Ay — Ay by
B

E4, (a1,a2) = a1 and Ea,(a1,a2) = az. Then, for all k € {1,2}, Ej, is a unital *-homomorphism
such that F4, o vg(a) = a for all @ € Ai. In particular, both E; and E, are conditional
expectations and, since Ker(E4,) N Ker(E4,) = {0}, the family {F4,, Fa,} is GNS-faithful.
Hence, it suffices to check the condition on the reduced operators. Since v1(A9) = {(z,0) : = €
A} and 12(AS) = {(0,y) : y € AS}, we have v1(AF)ra(A3) = va(AS)ri(AT) = {0}. Hence, it
suffices to check the condition on elements (a1, az) € v1(AJ) U ra(AS) which is obvious. O
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THE KK-THEORY OF AMALGAMATED FREE PRODUCTS 9

2.3.2. The edge-reduced amalgamated free product. In this section we show how the construction
of the edge-reduced (or, in the literature, the reduced) amalgamated free product in full generality
is related to the vertex-reduced free product we just defined.

For i € I, we consider the B-B-module K7 = K, % . %) K7 as Hilbert B-module with the left
action of B given by the unital *-homomorphism p; : B — Lp(K}), pi(b) = pi, (b) % id for all
b € B and we define the Hilbert B-bimodule K = B @& (@161 Kf)

Example 2.10. If, for some k € {1,2}, F} is a homomorphism then K = B& K7 ~ Ky. Hence,
if both F7 and E5 are homomorphisms then K = B.

For [ € {1,2} define K(I) = B® < b K7 > and note that we have a unital x*-homomorphism

pri B EpR) defined by ZZEIL:ZE . @ pi- Let Uy € Lp(K; ® K(1), K) be the unitary
operator defined by i€l i1 Al o
U : KeK(Il) — K
U ;B =y B
Klfl® B = K7
Yl %MHZ- = K?
KpoH = Kiy

where (1,1) = (l,i1,...,iy) € I if ¢ = (i1,...,iy) € I with i3 # [. We define the unital
*-homomorphisms \; : Lp(K;) — Lp(K) by N(z) = Ui(x ® 1)U". By definition we have
A1(p1(D)) = Aa(p2(b)) for all b € B. It follows that there exists a unique unital *-homomorphism
p : A = Lp(K) such that p(a) = Ap(px(a)) for a € Ay, for all k € {1,2}.

Proposition 2.11. There are canonical unitaries Vi, € Lg(Hy ® B, K) for k = 1,2 satisfying
Ey

Vi(m(a) @ 1)V)F = p(a) for all a € Ay, and all k € {1,2}.

Proof. Note that, for i = (i1,...,i,) € I with i; = i,, = k (hence n is odd) we have, if n = 1,
H@B=A,@ B~Ky~K @B, and,ifn>3 H, ® B=K,® (K°®...® K2 | ® K, ~

" Eg Ey T Eg B k B B k) B
K © K; ® K, ® K, where i =(ig,...,in), 9" = (i1,...,in—1) and i = (i2,...,ip—1). Hence
the existence of Vi, : Hyp ® B — K. It is easy to check that V}, satisfies Vi, (7 (a) @ 1)V = p(a)
Ey
for all @ € Ay and all k € {1,2}. O

Definition 2.12. The edge-reduced amalgamated free product is the C*-subalgebra A, C Lp(K)
generated by A1(A1) U Xa(A2) € Lp(K). To be more precise, we use sometimes the notation

Ae = Al EAQ

The edge-reduced amalgamated free product has been constructed by Voiculescu in [Vo83| and
is known in the literature as the Voiculescu’s reduced amalgamated free product.
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10 PIERRE FIMA AND EMMANUEL GERMAIN

Example 2.13. If, for some k € {1,2}, Ej is a homomorphism then A, is the C*-algebra
pr(Az) C Lp(K%). If both Ey and Ej are homomorphisms then A, ~ B.

The preceding example shows that the edge reduced amalgamated free product may forget every-
thing about the initial C*-algebras A; and A, in the extreme degenerated case: it only remembers
B. This shows that, in general, one should consider instead the vertex-reduced amalgamated
free product. Indeed, even in the extreme degenerated case, the vertex reduced amalgamated
free product correctly remembers the C*-algebras A; and As, as shown in Corollary 2.9.

In the following proposition we recall the properties of A.. The results below are well known
when E; and Ey are GNS-faithful. The proof is similar to the proof of Proposition 2.4 and we
leave it to the reader.

Proposition 2.14. The following facts hold.
(1) p is faithful on B.
(2) For any k € {1,2}, if Ey is GNS-faithful then p is faithful on Ay.
(3) There exists a unique ucp map E : Ac — B such that E o p(b) = b for allb € B and,

E(p(a1,...a,)) =0 foralla=ay...a, € Ay reduced.

Moreover, E is GNS-faithful.
(4) For any unital C*-algebra C with two unital x-homomorphisms vy, : Ay — C, k = 1,2,
such that
e v (b) = 1a(b) for allb € B,
e C is generated, as a C*-algebra, by v1(A1) Ura(Asz),
e vi|p = wo|p is faithful and there exists a GNS-faithful ucp map E : C — B such
that E ovg(b) = b for allb € B, k= 1,2, and,

E(vi(a1)...vi,(an)) =0 for alla =ay ...a, € Ay reduced,

there exists a unique unital x-isomorphism v : A — C such that vo p(a) = vi(a) for all
a € Ag, k € {1,2}. Moreover, v satisfies Eov =E.

Proposition 2.15. For all k € {1,2} there ezists a unique unital x-homomorphism
Aok @ Ay — Ae such that Ay o m = p.
Moreover, Ay, is faithful on m,(Az) and, if Ey is GNS-faithful, A, ) is an isomorphism.

Proof. The formulae A, () = Vi(z ® 1)V} defines a unital *-homomorphism A, ; : A, — Ae
satisfying A, 1 o m = p. The uniqueness of A, j is obvious. Let us check that A, is faithful on
7 (Az). Suppose that x € Ay and A,y (7 (2)) = 0. Then, for all y € Ay, we have p(y*z*zy) =
Aok(me(y*z*zy)) = 0. Hence, 0 = E o p(y*z*zy) = E o p(Er(y*z*zy)) = E(y*z*zy). It
follows that = € Ker(pg) hence, A, (z) = EBgE[E’ka(x) ® 1 = 0 which implies that m;(z) =
“lt,k)‘E,k ()ugr, = 0. The last statement follows from the universal property of A, since the ucp

map E oEy : A, — B is GNS-faithful whenever Ej, is GNS-faithful. O

In the next proposition, we study some associativity properties between the edge-reduced and
the vertex-reduced amalgamated free product. The result is interesting in itself and it will be
used to easily obtain ucp radial multipliers on the vertex-reduced amalgamated free product.
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Proposition 2.16. Let Ay, Ao, Az be unital C*-algebras with a common unital C*-subalgebra B
and conditional expectations B : A, — B. After identification of Ay with a C*-subalgebra of

both Aq %Ag and Aq %Ag, the canonical GNS-faithful ucp maps A %Ag — Ay and A %Ag — Ay

become conditional expectations and, with respect to these GNS-faithful conditional expectations,
we have canonical isomorphisms

[ <A1>II<A2> i <A1>II<A3> §A1>ll< <A2>iA3>.
B Aq B B B

. (AH%AQ)E (AgéAQ) ~ <A1£A3> %Ag.
2

~ 1
Proof. We prove the first point. The proof of the second point is similar. We write A = A3 E

(Ag % Ag). Let p : AQ;Ag — A2£A3 and T : Al; <A2 % A3> — A be the canonical surjections

and E : A — Aq the canonical GNS-faithful ucp map. Define, for £ = 1,2, v, : A — A by
v = mla, and 9 = T o p|a,. By definition, v1(b) = va(b) for all b € B and vy is faithful.
Let C be the C*-subalgebra of A generated by 1v4(A1) U re(Az). We claim that there exists

1 ~
a (unique) unital faithful *-homomorphism v : A; g Ay — A such that v om|s, = vy for

1
k =1,2, where m : A % Ay — Ay % Ag is the canonical surjection. By the universal property
of the 1-vertex-reduced amalgamated free product, it suffices to show the following claim, where
E= E|C :C — Al.

Claim. The ucp map E is GNS-faithful and satisfies Eovy = ids, and, for alla = ay...a, € Ay
reduced with ay, € A7 E(vi, (a1)...v,(ayn)) = 0 whenever n > 2 orn =1 and a = a; € A3.

Proof of the Claim. The fact the E vanishes on the reduced operators (not in A?) is obvious,

since E satisfies the same property. The only non-trivial property to check is the fact that F is
GNS-faithful: indeed, it is not true, in general, that the restriction of a GNS-faithful ucp map to
a subalgebra is again GNS-faithful. So suppose that there exists x € C such that E(y*z*zy) =0

for all y € C' and let us show that z is equal to zero. Since E: A— A is GNS-faithful, it
suffices to show that E(y*z*zy) = 0 for all y € A. By hypothesis, we know that it is true for all

y € C. Since A is the closed linear span of 7(A;) and 7(2), for z € A; N <A2 g A3> a reduced

operator not in A and since w(A;) U T o p(Az) C C, it suffices to show that E(y*z*zy) = 0
fory=m(z) and z =21 ...2, € A3 ; Ay % As ) a reduced operator with letters z; alternating

from AS, p(A3) and p(A3) and containing at least one letter in p(A§). Since one of the z
is in p(A§) and = € C we have, by the property of E, E(y*(z*x — E(z*x))y) = 0. Hence,
E(y*z*zy) = E(y*E(z*z)y) = E(y*E(xz*x)y) = 0, since E(z*z) = 0.

End of the proof of the Proposition. Define, for k = 1, 3, the unital *-homomorphism 7 : Ax — A
by m = m|la, = v1 and 13 = T o p|a,. Using the universal property of the 1-vertex-reduced
amalgamated free product one can show, using exactly the same arguments we used to construct
the homomorphism v, that there exists a (necessarily unique) unital faithful *-homomorphism
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12 PIERRE FIMA AND EMMANUEL GERMAIN

n : Ali;Ag — A such that nomila, = ni for k = 1,3, where 7} : A1§A3 — A1£A3 is the
canonical surjection. Note that v(a) = n(a) for all a € A; and Ais generated, as a C*-algebra,
by v(A; iAg) Un(A; éAg). Since the GNS-faithful ucp map E : A — A; obviously satisfies

the condition on the reduced operators we may use the universal property of the edge-reduced
amalgamated free product to conclude that there exists a canonical *-isomorphism

<A1 i Ag) i (A1 i Ag) — g
B Aq B

Using the previous identifications one can prove the following result about completely positive
radial multipliers. For i = (i1,...,4,) € I and | € {1,2} we define the number

n@i,0) = [{s € {1,....n} : is = 1}].

Proposition 2.17. For all k,l € {1,2} and all 0 < r < 1 there exists a unique ucp map
©r @ Ay — Ay such that o, (m(b)) = w4 (b) for allb € B and,

O

or(mr(ar...ap)) = r"@’l)ﬂk(al c..ap) forallay...an € Ay reduced with a, € A7, and i = (i1, ..., in).
Proof. We first prove the proposition for £k = 1. We separate the proof in two cases.

Case 1: [ = 2. Since m is faithful on Ay, we may and will view Ay C A, ;. After this
identification, the canonical GNS-faithful ucp map E; : A,; — A; becomes a conditional
expectation. Consider the conditional expectation 7 ® id : C([0,1]) ® B — B, where 7 is the
integral with respect to the normalized Lebesgue measure on [0,1]. We will also view A; C

Ay % (C([0,1]) ® B) so that the canonical GNS-faithful ucp map Ey : A; % (C([0,1]) ® B) — A;

is a conditional expectation. Define A = Ay E <A1 ;EE (C([0,1]) ®B)> with respect to the
1

conditional expectations [E; and IEl Since Eq and I~E1 are GNS-faithful, the edge-reduced and the
k-vertex-reduced amalgamated free products coincide for £ = 1,2. Hence, we may and will view
Ay C A and we have a canonical GNS-faithful conditional expectation E:A— Av 1. Also,

by the first assertion of Proposition 2.16 we have a canonical identification A= Aq E Ag, where
Ay = Ay % (C([0,1]) ® B). Let pa : As % C(]0,1]) ® B — Ay be the canonical surjection from

the full to the edge-reduced amalgamated free product and 7 : Ay E Zg — Ay % 112 — A be the
canonical surjection from the full to the vertex-reduced amalgamated free product. Fixt € R and
define the unitary v, € C([0,1]) by v,(z) = €2 Let p; = |7(v;)|? and u; = To pa(v, @ 15) € A.
Define the unital x-homomorphisms vy = 7|4, @ A1 — Aandvy : Ay — A by va(x) = wm(z)u;.
Note that v is faithful. To simplify the notations we put Ay = A

Claim. Forallx=z1...2, € A E AVQ reduced with x;, € ka and it = (i1,...,i,) € I one has:

n(i,0) ~ p o~
E(v: (2 U (o)) = d Pt T(xy...xn) if 7~r(:n) € Ay,
E(V’Ll( 1) e Zn( ’VL)) { 0 ! ’Lf ]E(%(:C)) :10.
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THE KK-THEORY OF AMALGAMATED FREE PRODUCTS 13

Proof of the Claim. To prove the formula of the claim, we may and will assume that each
letter x, of x coming from Aj is a reduced word, in the edge reduced amalgamated free product

Ay = Ay % (C([0,1]) ® B) with letters alternating from p2(A$) and pa2((B ® C(]0,1]))°). Now
for such x, by the property of the conditional expectation E and the canonical identification

Ay %112 = A1 ;‘i <A1 % (C(o,1]) ® B)), we have m(x) € A, 1 if and only if all the letters xj of
1

x for which 2, € A we actually have z, € p2(AS). Note that we also have E(7(z)) = 0 if and
only if there is at least one letter xj, of x coming from A5 which, itself viewed as a reduced word

in Ay = Ag%(C’([O, 1])® B, contains a letter which comes from pa((C([0, 1]) ® B)°). We prove the

formula by induction on n. If n = 1 we have cither € A$ in that case E(vi(z)) = E(7(z)) = 7(z)

or x € p2(A3) and

E(ra()) = E(um(z)u)

= E((u = 7(ve))7(2)(w; = 7(vr))) + 7(0))E(7(2) (ug = 7(vr)))

+7 () E((ur — 7(v))7(2)) + [ (v) PE (7 (x))
= [7(v)PE(R(2)) = pE(7(2)).
p(x) if 7(x) € Ay,

Hence, B(vs(x)) = { 0 it B(F () = 0.
This proves the formula for n = 1. Suppose that the formula holds for a given n > 1. Let

X = x1...Tpy1 be reduced with xp € Afk and define 2/ = x1 ...z, and z = v, (21) ... v, (2p).
Let 1 = (il, e ,in+1) and @‘/ = (il, N ,Zn)

Suppose that z,+1 € AS. Then n(i,2) = n(i,2) and,

E(Vh(xl)-~lﬁn(xn)VuH4($n+1» =E(v, (z1) ... v, (20)T(@041)) ::E(Z)%($n+1)

Hence, if m(x) € Ay, then also m(2’) € A, 1 and we have, by the induction hypothesis,

E(viy (21) Vi (20)Via (wn41)) = 9 VT @) F (@nr1) = 9 WP ().
If E(%(z)) = 0 then also IE(%(:L")) = 0 and we have, by the induction hypothesis, IE(Z) =0 so
E(vi, (1) .. Vi, (0 ) Vi 1y (Tn41)) = 0.

Suppose now that x,11 € ZS then z,, € A and we have,
E(avi, 1 (@ns1) = Bloui(ns)ul)
= E(z2(ur — 7(00))F(@nt1) (uf — 7(00))) + 7(0)E(zF (@n 1) (uf — 7(0r)))
0B — 7(00))F (011)) + 7 (00) PE(F (1)
= |[r()PE(GR (2n41)) = pE(F (2n11))-
Hence, if 7(z) € A, then also m(z') € A,1 and xp41 € AS so T(xp41) € Ay and n(i,2) =
n(i’,2) + 1. By the preceding computation and the induction hypothesis we find:

E(2vi, 0, (1)) = pB (7 (2041)) = piE(2)7 (2ns1) = poppE D7 (@ Vi (@ngr) = p) E7 ().
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Finally, if E(7(z)) = 0, we need to prove that E(z7 (2,41)) = 0. Note that, since z,, € A7, we
have z = vy, (1) ... v, (¥n_1)2n. Hence, if E(7(2’)) = 0 so by the induction hypothesis we
have E(z) = 0, z may be written as a sum of reduced operators, containing at least one letter
from p2((C([0,1]) ® B)°) and ending with a letter from AS. It follows that 27(x,4+1) may be
written as a sum of reduced operators, containing at least one letter from p2((C([0,1]) ® B)°).

Hence, E(27(2n41)) = 0. If E(F(z)) = 0 and E(7(2')) € Ay then, xq,...2, € A U A3 but
E(7(zp+1)) = 0. It follows that z = v, (1) . .. v, _, (¥n—1)x, may be written as a sum of reduced
operators ending with a letter from AS. Hence, zm(z,+1) be be written as a sum of reduced

operators containing at least one letter from pa((C(]0,1]) ® B)°). Hence, E(27(2p11)) = 0.

End of the proof of the Proposition. By the Claim, Ei o E(v;, (1) . .. v, (2,)) = 0 for all reduced
operators © = x1...x, € Ay ;Ag which are not in A; and, we obviously have, E; ocEov; =idy4,.
Viewing A=A % Ay and using the universal property of the vertex-reduced amalgamated free

product, there exists, for all ¢ € R, a unique unital *-isomorphism oy : A — A such that
a(m(a)) = w(a) if a € A1 and oy ((7(z)) = wr(z)uy if z € Ao % (C([0,1]) ® B). In particular,
it follows from the Claim that E o at|a,, © Ay — Ay1, which is a ucp map, satisfies the

. 2
properties of the map ¢, described in the statement of the proposition, with r = p; = M‘ .

i

This concludes the proof.

Case 2: [ = 1. The proof is similar. This time, the automorphism a; : g — % is defined,
by the universal property, starting with the maps v1 : Ay — A and vy : As — A defined by
vi(a) = wr(a)uf and va(z) = 7(x). The remainder of the proof is the same.

The proof for k = 2 is the same, using the second assertion of Proposition 2.16. O

3. K-EQUIVALENCE BETWEEN THE FULL AND REDUCED AMALGAMATED FREE PRODUCTS

Let Ay, As be two unital C*-algebras with a common C*-subalgebra B C A, k = 1,2 and
denote by Ay the full amalgamated free product.

Let A := Ay % Aj be the vertex-reduced amalgamated free product. For k = 1,2, let E4, (resp.

Ep) be the canonical conditional expectation from A to Ay (resp. from A to B). We will denote
by the same symbol A the set of reduced operators viewed in A or in Ay. Recall that the linear
span of A and B is a dense unital *-subalgebra of A (resp. Ay).

We denote by A : Ay — A the canonical surjective unital *-homomorphism which is the identity
on A. In this section we prove the following result.

Theorem 3.1. [\ € KK(Ay, A) is invertible.

The following lemma is well known (see [Ve04, Lemma 3.1]). We include a proof for the conve-
nience of the reader.

Lemma 3.2. Letn > 1, a; € Afk for1 <k <n,anda=ai...a, € A a reduced word. For
1 =1 or2, one has
Ej (a*a) = Eg(a®a) whenever 1, # 1.

%
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Proof. We prove it for ¢ = 1 by induction on n. The proof for i = 2 is the same.

It’s obvious for n = 1. Suppose that n > 2, define b = EB(aTal)%, xz = (bag) . ..ay. One has:
FEa (a*a) = FEa (a), ...a1a1...ay) = Ea,(a; ...a5Fp(ajal)as. . .ay) = Ea, (z"z) = Ep(z*x),

where we applied the induction hypothesis to get the last equality. Since the same computation

gives Ep(a*a) = Ep(x*z), this concludes the proof. O

We denote by (Hy, 7, &) (resp. (K, p,n)) the GNS construction of E4, (resp. Eg). We may
and will assume that A C L4, (Hy) and 7, = id.

Observe that the Hilbert Ag-module &;.Ar C Hjp is orthogonally complemented ie. Hj =
&k-Ap @ Hp, as Hilbert Aj-modules, where Hy is the closure of {a; : a € A, Ejy, (a) =0}.

We now define a partial isometry Fy, € L4, (Hy, K ® Ay) in the following way. First we put
B

Fy(&;.a) = 0 for all a € Ag. Then, it follows from Lemma 3.2 that we can define an isometry
Fy, « H — K ® A, by the following formula:
B

plai...ap)n®1 if 1, #k
B

par. . an)n@an if b=k for all aj...a, € A a reduced operator.
e ln— n n —
B

Fi(ay...an&g) =

Let g € L(K) be the orthogonal projection onto words which do not end with % i.e. onto the

complemented B submodule eai:(z‘l,...,in)el,in;ék K? and note that Fj, defines a bounded linear

map from Hy to K %) Ay, with image the complemented sub Aj-module (r @ 1)K % Ay. Hence,

Fy € La, (H,, K % Ay) is a well defined partial isometry such that 1 — F}F}, is the orthogonal
projection onto §.Ay, and FF} = g, ®p 1. Note also that the image of 1 — FjF} is
((1—qk)®1)K%Ak = (n®1).A®Span{p(a; ...a,)n®1 : a =ay...a, € A reduced with I, = k}.Ay.

We will denote in the sequel go the orthogonal projection of K onto n.B. It is clear that
1 = q1+q2+qo and that these projections are pairwise orthogonal. Define also F'y, = Fy+0,0,1.¢, -

It is again clear that F'j, is an isometry and kaz =q+q=1—q for k #1.

Lemma 3.3. For k = 1,2 the following facts hold.
(]) p(a)Fk = Fra € ,CAk(Hk,K%Ak) for all a € Ay.

(2) p(a)Fy = Fra Va € A; with | # k.
(3) Forallxz € A, p(l‘)?k—Fle € KAk(Hk;K%Ak) and p(l‘)Fk — Frx € K:Ak(HkyK%Ak)

Proof. We prove the lemma for £ = 1. The proof for £k = 2 is the same.

(1). When a € B the commutation is obvious hence we may and will assume that a € Aj. One
has Fla&y = 0 = p(a)F1&. Let nown > 1 and z = aj...a, € A, a; € A7, be a reduced
operator with E4, (x) = 0. It suffices to show that Flaz&; = p(a)Fizé;. If n =1 we must have
z € A3 and Frazé = p(ax)n® 1 = p(a)F1x& . Suppose that n > 2. If [; = 2 then ax is reduced
and ends with a letter from Afn. It follows that Fiaxzés = p(a)Fix&s. If I3 = 1 then we can write
ax = (aay)as...an+ Ep(aay)as...a,. Since ay. .. a, is reduced and ends with /,, we find again
that Frax& = p(a)Fizé;.
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16 PIERRE FIMA AND EMMANUEL GERMAIN

(2). Let a € A3. Clearly F1af; = Fra&; = p(a)n® 1 and p(a)F1& = p(a)n @ 1. Let now n > 1
and x = a1...an € A, a € A} , be a reduced operator with Ex, () = 0. If n =1 we must have
x € A5. It follows that Fiaxé = Fi(ax)°& + Opee, Eplax)é = p((ax)®)n ® 1+ Eg(az)n ® 1
and p(a)F12&1 = p(a)Fizé = plaz)n ® 1. If n > 2, arguing as in the proof of (1), we see that
Fraz€&) = Frazéy = p(a)Fiaéy = p(a)Fraéy.

(3). We only prove the first statement of (3), the proof of the second statement is the same. By
statement (2), it suffices to prove that p(x)F; — Fix € K4, (Hg, K ® Ag) for x € Ay. Note that
B

F4 is a compact perturbation of Fy and denote by 6 the compact operator 6 := Fi — F then,
using statement (1) we get, for x € Ay, p(z)F1 — Fixz = p(x)(F1 +6) — (F1 + 0)x = p(z)0 — O,
which is compact since 6 is. [l

We define the following Hilbert A-modules:
Hm:H1®Af@HQ®Af and Km:K®Af:<K®Ak>®Af,
A Ay B B A

with the canonical representations m : A — L, (Hp), n(r) = 1(481 ly, @ 1(48; lag,and p @ A —
La;(Km), p(r) = p(r) % La,. We consider, for k = 1,2, the partial isometry
Fkg{; la, € £Af(Hk2Af,(K%Ak)§iAf).

Observe that F Sa 1a, and Fy g); la, have orthogonal images. Indeed, the image of Fj, %@ la,is the
closed linear span of {p(a; ... an)n%y :y € Aypand ay...a, € Areduced with a,, ¢ A}}. Hence
the operator F' € EAf (Hp, Kyy) defined by F' = Fl;% lAféBFgf?; ly,isa partial isometry such that
1 — FF* is the orthogonal projection onto (n®14,).Ay and 1 — F*F is the orthogonal projection
onto (51391 lAf).AfQB(@g;; 1Af).Af. In particﬁlar 1—F*F and 1— FF* belongs to ICAf(Hm) and

K, (Km) respectively. Moreover, it follows from lemma 3.3 that Frrr(x) —p(z)F € Ka,(Hpm, Km)
for all x € A. Hence, we get an element a = [(Hy, © K, m @ p, F)] € KK(A4, Ay).

To prove Theorem 3.1 it suffices to prove that a @ [A] = [ida] in KK(4, 4) and [A\] ® o = [id 4]
Ay A
in KK(Af, A¢). We prove the easy part in the next proposition.
Proposition 3.4. One has [\] @ a = [ida,] in KK(Ay, Ay).
A

Proof. Observe that [\|®@ a = [(Hpm © K, T @ pm, )] where mp, = mo X+ Ay — La,(Hy,) and
A
pm =poX: Ay — La,(Ky). Hence, by compact perturbation, [A] ® a — [id4,] is represented
A

by the Kasparov triple (H,, ® Ko, Tom ® Pms ﬁ), where Ky, = Ky ® Ay and pp,(z) = pm(z) Dz,

where we view Ay = L4,(Ay) by left multiplication. Finally, Fe L, (Hm, Kyy,) is the unitary
defined by

F(& ®1a,)=n®1a,, F(&®1a;) =14, and,
Ay B Ay

F(§) = F(€) for all € € Hyy © ((51 ©14).478 (6 1Af>.Af> |
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THE KK-THEORY OF AMALGAMATED FREE PRODUCTS 17

We collect some computations in the following claim.

Claim. Let v € La,(Hy) be the self-adjoint unitary defined by the identity on Hp © ((§1 1(48)
1
1Af).Af ® ({2 ® 1Af).Af) and v(§ ® 1Af) =6 ® 1Af; (€ ® 1Af) =6 ® 1Af- One has:
Ao Aq Az As Aq

(1) F*pu()F = w0 (b) and v* 0, (b)v = 7 (b) for all b € B.
(2) F*p(a)F = v*mm(a)v for all a € Ay.
(3) F*pm(a)F = mm(a) for all a € As.
Proof of the claim.The proof of (1) is obvious and we leave it to the reader.

(2). By (1), it suffices to prove (2) for a € AY. Let a € A. On the one hand:

Fpm(a)F& @14, = F*(p(a)n®1a,) = a&a®1a, and F'pn(a)F& @14, = F(a) =& @a.
Aq B Ao Ao Az

On the other hand:

U*ﬂm(a)v&%lflf = v*(afggilAf) = a§21<48;1,4f and v*wm(a)v.fggilAf = v*(aflfalAf) = 52?2(1.
Let now x = ay ...a, € A be areduced operator with a; € A;’k. We prove by induction on n that
F*pm(a)Fzé, @ La, = v*mm(a)vaéy @ 14, for all k € {1,2}. Suppose that n = 1s0z € A7UA;3

Ak Ak
and let k € {1,2} such that = ¢ A} (the case x € A} has been done before). We have:

(az)°6 ® 14, + & @ Eplar) if € A,
A2 Al

F*pm(a) Fxéy, EE; la, = F (P(ax)n% 1Af) = azéy ? 14, if xe A3
1

On the other hand we have:
(az)°&2 ® la, +& @ Ep(az) if z € A (k=2),
2 1

vimm(ajvaty © 1a, = vN(awb ©1a,) = § g,  1a, itz A3 (k=1).
1

Finally, suppose that n > 2 and the formula holds for n — 1. Write ax = y + z, where, if [ = 1,

y = (aay)®as...a, and z = Eg(aay)as...ay, and, if [ = 2, y = az and z = 0. Observe that, in

both cases, y is a reduced operator ending with a letter from A7 and z is either 0 or a reduced

operator ending with a letter from A7 . By the induction hypothesis, we may and will assume
that k # [,,. We have:

Fom(a)Fagy © 1a, = F(plaz)n @ La,) = F*(p(y)n @ L) + F*(p(2)n & Lay)
k
= Y& ® 1Af + z& ® 1Af = azxlp ® 1Af'
Ay A Ay
Moreover,
v (a)vréy @ 1o, = v (axé @ 1a,) = 0" (Y€ @ 1a;) + 07 (28 @ 1a,)
Ak A A A
= Y&k @ 1a, + 28 @ 14, = axdy ® 1a,.
A A A

The proof of (3) is similar. O
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18 PIERRE FIMA AND EMMANUEL GERMAIN

End of the proof of Proposition 3.4. Let t € R and define v, = cos(t) + ivsin(t) € La,(Hpn).
Since v = v* is unitary, v; is a unitary for all ¢ € R. Moreover, assertion (1) of the Claim implies
that vymy, (b)vf = my,(b) for all b € B. It follows from the universal property of Ay that there
exists a unique unital *-homomorphism 7; : Ay — La,(H,;,) such that:

| vimp(a)ve if a € Ay,
mi(a) = { Tm(a) if ae€ As.

Then the triple oy = (Hy,, © I?m, Tt D Py ﬁ) gives a homotopy between «g which represents
[\l ® a — [ida,] and az which is degenerated by the claim. O
A

We finish the proof of Theorem 3.1 in the next proposition.

Proposition 3.5. One has « S@) [A] = [ida] in KK(A, A).
!

Proof. Observe that a 1(48 A = [(H, & K, 7 & pr, F})] where
f

H =H,®A=H Q A®H,® A and Kr:Km®A:K®A:<K®Ak) ® A,
A A1 Ao A B B Ag

with the canonical representations 7, : A — La(H,), mp(z) = 7(x ) ®l=2x ® la®x ® 14 and
ot A= LAK), pr(z) = p(x)®@1 = p(x )®1A and with the operator F, = F®1 € ﬁA(HT,K ).
A

Hence, « ® [A] — [ida] is represented by the Kasparov triple (H, @ Kr,m ® pr,Fr), where
Af
K, =K, ® A and p.(z) = py(2) ® x, where we view A = L£4(A) by left multiplication. Finally,

F, e LA(H,, K, ) is the unitary defined by

F&@la)=n®ls, F(&®1a) =14 and,
Al B A2

F(§) = F(¢) for all € € H, © <(§1 ® 14).A® (& ® lA).A> .

The claim in the proof of Proposition 3.4 implies the following claim.

Claim. Letu € LA(H,) be the self-adjoint unitary defined by the identity on H, © ((51;2‘{) 14).A®
1
(&2 ® 14).A) and u(§ ® 14) =& ® 14, u(éa ® 14) =& ® 14. One has:
Ay Ao As Ay

(1) F*ﬁr(b)F = m.(b) and w*m,(b)u = m,(b) for allb € B.

(2) F*pr( )F = u*m(a)u for all a € A;.

(3) F*pr(a)F = m,(a) for all a € As.
Let ¢t € R and define the unitary u; = cos(t) + iusin(t) € La(H,). Assertion (1) of the Claim
implies that uym,(b)u; = m,(b) for all b € B. By the universal property of full amalgamated free
products, for all ¢ € R, there exists a unique unital *-homomorphism m; : Ay — L4(H,) such
that:

| ufme(a)uy if a€ Ay,

mi(a) = { 7 (a) if ae A,
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THE KK-THEORY OF AMALGAMATED FREE PRODUCTS 19

Arguing as in the end of the proof of Proposition 3.4, we see that it suffices to show that, for all
t € [0,5], m factorizes through A ie. ker(\) C ker(m;). Since it is obvious for ¢ = 0, we only
need to show that ker(\) C ker(m;) for all ¢ €]0, 5]. To do that, we need the following claim.

Claim. For allt € R and alla =a;...a, € A a reduced operator with a; € Afk one has
(1) m(a)uf(a @ 14) = e #(aly @ 14) if I, =1 and m(a)(é1 @ 14) = aéy @ 14 if I, = 2.
As As Ay Ay

5 if n is even,
(2) (uj(&1 ® 1a), m(a)uf (€1 @ 14)) = sin®*(t)a where k =< 251 ifn is odd and I, = 1,
A A il ifn s odd and I, = 2.

if n is even,
(8) (&2 @ 1a,m(a)ér @ 14) = sin®*(t)a where k = . ifnis odd and l,, = 1,

Az Az "Tfl if n is odd and l, = 2.
Proof of the Claim. (1) is obvious by induction on n once observed that u;& = ¢ (and uj¢ =
e 1) for all € € H, © (& g@ 14.AD & g@ 14.4).

1 2
(2). Define, for ay...a, € A, F(ay,...,a,) = (uf(& 1(? 1a), m(a)uy (& 1(? 14)). First suppose
1 1
that a € A then F(a) = (u; (& g@ 14),uim(a)(& g@ 14)) = (& S‘b 14,&1 g@ a) = a. Now, let
1 1 1 1

a=ai...ap, € Awithn > 2 and {,, = 1. We have:

F(ay,...,an) = (uf (&1 g@ 1a),m(ay ... an—1)u; (&1 E‘Z) an)) = F(ai,...,an—1)an.
1 1

3803

Hence, it suffices to show the formula for /,, = 2. Suppose a € A3, we have:
Fla) = (u{(&1 ® 1a),m(a)u; (&1 ® 14))
A1 Al
= (cos(t)é; ® 14 —isin(t)& @ 14,cos(t)aly ® 14 —isin(t)és @ a) = sin®(t)a.
A1 A2 A1 A2
Now suppose ajas € A, with I =2, [; = 1. We have:
F(ai,a2) = <51§? 1A4ﬂ%(a1)ﬂtﬂ%(02)uf(§15? L4))
1 1
= <£1 X 1A,7rr(a1)ut(cos(t)a2§1 ® 14 — ’iSil’l(t)éb X a2)>
Ay Ay Az
= (& ® 1A,cos(t)eita1a2§1 ® 14 —icos(t)sin(t)ai1&s ® ag + sin2(t)§1 ® ajag)
Aq A Ag Ay
= sin®(t)ajas.
Finally, suppose that n > 3 and ay ...a, € A with [, = 2. Define z = ay...a,_2. We have
Flay,...,an) = (ui(& ® La), m(@)uimr (an—1)uemr (an)ug (& ® 14))
1 1
= (u; (& ® 1a), m(x)uymr(an—1)u(cos(t)anés @ 14 —isin(t)ée ® ay))
Ay Ay Az
= (u; (& g@ 1a), me(x)uf (cos(t)eitan_lanél g@ 14 —icos(t)sin(t)an,—1&2 E‘Z) an +sin2(t)fl g@ (p—10n))
1 1 2 1

= (uj (& ® 14),cos(t)ay ... an&1 ® 14 —ie " cos(t)sin(t)ay . ..an_1&2 @ ay)
Aq A1 Ao

Hui(& @ 1), sin?(t)m(x)ui & © an-10n)).
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20 PIERRE FIMA AND EMMANUEL GERMAIN

Hence we find:

F(ai,...,a,) = sin®(t)(u} (& g@ 14), m(x)uf&y g@ Un_10,)) = sin®(t)F(ay, ..., 0y 2)0n_10n.
1 1

The result now follows by an obvious induction on n. The proof of (3) is similar. u

End of the proof of Proposition 38.5. Fix t €]0, 7] and let A; be the C*-subalgebra of £4(H,)
generated by m; (A1) U mi(A2). Hence, mp @ Ay — A; is surjective. Consider the ucp map

or : Ay — A defined by ¢ (z) = % ((u,’{(& g@ 14), zu; (&1 g@ 14)) + <£2§) 1,4,3:52? 1A>) and
1 1 2 2

note that ¢; is GNS faithful. Indeed, let z € A; such that ¢y (y*z*zy) = 0 for all y € A;. Then
L C ker(z) where,

L = Span (Atu;k(fl ® 14) AU A (& ® 1A).A) = Span (At(ﬁl ® 14) AUA (&2 ® 1A).A)
Ay Ay Ar Ag

= Span (At(£1 1(4@ IA)AUAtUz((£2 1(48 1A)A> = HT7
1 2

where we used Assertion (1) of the Claim for the last equality. Hence z = 0. Let A, for
k = 1,2 be the k-vertex-reduced free product and call i; the natural inclusion of A in A,
and 7, = i; o A the natural map from Ay to A, . Clearly ||z||4a = max(||i1(x)]],]],i2(z)||) for
any x in the vertex-reduced free product A. From the Assertions (2) and (3) of the Claim and
Proposition 2.17 with 7 = sin?(t) > 0 we deduced that for any & = 1,2 there exists two ucp
maps 1 and ¢§ from A, to itself such that ix(¢i(m(a))) = (W (mr(a)) + ¥ (mk(a))) for all
a € Ay. Therefore || (m¢(a))||a < max(||71(a)|],||m2(a)|]) = |[A(a)|| for all @ € Af. Let us show
that ker(\) C ker(m;). Let x € ker(X). Then, for all y € Ay we have A(y*z*zy) = 0. Therefore
@i omi(y*x*xy) = 0 for all y € Ay. Since 7 is surjective we deduce that o (y*m(x)*m(z)y) =0
for all y € A;. Using that ¢; is GNS faithful we deduce that m(x) = 0. O

We obtain the following obvious Corollary of Theorem 3.1 and Corollary 2.9.

Corollary 3.6 (|[Cu82]). If we have conditional expectations Ey, : Ay — B which are also unital
x-homomorphism, then the canonical surjection Ay EAQ — A1 ®p Ay is K-invertible.

4. A SIX TERM EXACT SEQUENCE IN K K-THEORY FOR FULL AMALGAMATED FREE
PRODUCTS

Let A1 and Ay two unital C*-algebras with a common unital C*-subalgebra B. We will denote
by 4; the inclusion of B in A; for [ = 1,2. The algebra Ay is the full amalgamated free product.
To simplify notation we will denote by S the algebra Cy(] — 1, 1[).

Let D be the subalgebra of S® Ay consisting of functions f such that f(]—1,0[) C Ay, f(]0,1]) C
A9 and f(0) € B. This algebra is of course isomorphic to the cone of i1 @iy from B to A; @ As.
We call j the inclusion of D in the suspension of Ay.

Theorem 4.1. Suppose that there exist unital conditional expectations from A; to B forl =1,2,
then the map j, seen as an element [j] of KK®(D,S ® Ay), is invertible.

The proof of this result will be done in several steps. We will start with the construction of an
element z of KK'(Af, D). As KK'(Ay, D) is isomorphic to K K°(S® Ay, D) this will produce a
candidate y for the inverse of j. The proof that y ®p [j] is the identity of the suspension of A in
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THE KK-THEORY OF AMALGAMATED FREE PRODUCTS 21

KK°(Af, Ay) will use 3.4. Finally the proof that [j] ®sga;, y is the identity of D in KK°(D, D)
will be done indirectly by using a short exact sequence for D.

4.1. An inverse in KK-theory. In order to present the inverse, we need some additional
notations and preliminaries. Let x; be the inclusion of Cp(] —1,0[; A1) in D and kg the inclusion
of Cp(]0,1[; A2) in D. There is also ko the obvious map from S® B in D. As K of the preceding
section is a B-module, we can define

KO = (K®S)®I€0Da Kl = (K®i1A1®CO(]_170D)®H1D and K2 = (K®i2A2®OO(]Ov 1[))®'€2D'
If one defines I; as the images of x; in D for [ = 1,2, it is clear that these are ideals in D.

Lemma 4.2. K; is canonically isomorphic to Ko.I; for 1 = 1,2 as D Hilbert module.

Proof. We will show the statement for [ = 1. Indeed as I; = Cy(] —1,0]).I; because an
approximate unit for Cp(] — 1,0[) is also one for I, it is easy to see that Ky.I; is isomor-
phic to (K ® 5).Co(] —1,0]) ®x, D.I1, ie. (K ® Co(] — 1,0[)) ®g, D.I;. Considering that
Co(] —1,0[; A1) ®4, D is D.I;, one gets that Ky.I; is nothing but (K ® Cy(] —1,0])) ®z, Co(] —
1,0[; A1) ®x, D where Rg is the natural inclusion of Cy(] — 1,0[; B) in Cp(] — 1,0[; A1), i.e.
11 ® Idco(]—LOD' Therefore (K iy Al) & Co(] — 1,0[) is (K & Co(] — 1,0[)) Rk C()(] — 1,0[; Al)
and Ko.Il is Kl. O

We will also need the following lemmas :

Lemma 4.3. (1) If f € C([-1,1];R), then f is a self-adjoint element in Z(M (D)) and more
generally for any D-Hilbert module £ the right multiplication by f induces an element
feZ(Lp(E)) such that the map f — f is an algebra homomorphism.

(2) Let f in Co(] —1,0[;R). Then f € Iy N Z(D) and the right multiplication by f induces a
morphism f of Lp(Ko, K1) such that f*f = £2 in Lp(Ko) and ff* = f2 in Lp(K1).

(3) Let f in Cy(]0,1[;R). Then f € Io N Z(D) and the right multiplication by f induces a
morphism f of Lp(Ko, K2) such that f*f = £2 in Lp(Ko) and ff* = 2 in Lp(K,).

The first point is pretty obvious and (2) and (3) are also clear in view of Lemma 4.2.

Lemma 4.4. (1) If f € Co(] — 1,1[;R) then for any B-module €& and F € Kp(£), we have

(F®1g) ®u, 1p)f is a compact operator of (€ ® S) @, D.
(2) If f € Co(] — 1,0[;R) then for any Ai-module € and F € Ka,(E), we have (F &

Ley(=1,0) @1 1D)f is a compact operator of (€ ® Co(] —1,0])) @k, D.
(8) Similarily for f € Co(]0,1[;R) and Az-modules.

Proof. Point (2) and (3) are similar to (1). To show (1), let F' be the rank one operator 6 , for
€ and 7 vectors in £ which is defined as 6¢ () = & <,z > for all z in £. Then (F ® 1g) ®4,
lpf is 9£®f2®f2,n®f2®f2fl and therefore compact for any function f = ffy with f; and fo in
Co(] — 1,1[;R). As any function can be written like that, for example by polar decomposition,
we get our result. O

Define now two functions in C'([—1,1];R) : CF(¢) is cos(nt) if ¢ > 0 and 1 if ¢ < 0, the function
C~(t) is cos(mt) if t <0 and 1 if ¢ > 0. Similarly, we have two functions in S ; S¥ is sin(7t) if
t >0 and 0 if ¢ <0, the function S™(¢) is sin(nt) if t < 0 and 0 if ¢t > 0. And finally 7" is the
identity function of C'([—1,1];R).
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With the notation of the first part, we have a natural D-module

H = (H; @ Co(] —1,0[)) ®4, D& (H2 ® Co(]0,1])) @x, D & (K ® 5) @4, D.
It is also clear that H is endowed with a natural (left) action of Ay as Hy, Hy and K have it.
Let G be the operator of Lp(H) defined in matrix form by

C- 0 —((F1 ®1¢gy(-1,0p)" ®ny 1)S™
G = . 0 . -C* (F2 ® 1yqo,p)” @y 1)ST
=57 (F1 @ 1gyq=1,0p) @ 1) ST ((F2 ® 1gyqo,1))) @ra 1) Z

where Z = —C~ ((q1 ® 15) R 1) + CH (g ® 1) o 1) — T((qo ® 1g) @4y 1). Thanks to Lemma
4.3, G is well-defined. Moreover the following facts hold.

Proposition 4.5. The operator G satisfies that G?> — 1 is a compact operator of H and G
commutes modulo compact operators with the action of Ay.

Proof. To make reading easier, we will note, in this proof only, F; for (F} ® Log(—1,00)) ®x, 1 and
B, for (F, ® Loo(o,1))) ®ry 1. Computing G? one gets as upper left 2 x 2 corner :

— 2 T~ g~ ——k___
C-— +F S-S F —F'S-St F
e~k —~___ — 2 e~
—F'S— StF C+ + F'StS+ Fy
2

As FYF is the identity modulo compact operators, using Lemma 4.4 ( the function (S7)° is in

Co(] —1,1[) ) one has that Fy @ﬁ is @ modulo compact operators. Recalling also that
F}Fy =0, one gets that this matrix is then the identity modulo compact operators.

Let’s focus now on the last row of G?. We get first —C/'\_ﬁ*g’: — ?1*§:Z As Fi'qy ®;, 1 = FY
and F'q2 ®;, 1 = 0 along with F'qo ®;, 1 =0, ?1*512 is —ﬁ*g:C/’: The second component
of that row is treated in the same way. Finally the last component is ‘S/Y: 2?1?1* + §J\F QEE* +
(a1 15) 91y 1)+ CF (@29 15) 8 1) + T2((a0 © 1s) By 1) 25 g0, 01,2 ave commting
projections. But FjF}" is q;®;, 1 s0 S= Fy F is S— ((g1®1g) @, 1). Hence, as g1 +q2+qo = 1,
the last component is 1 —|—T7\—1((q0 ®15) Dy 1). As T? —1isin Cy(] —1,1[) and qq is compact,

this component is then 1 modulo compact operators.

Addressing now the compact commutation with the left action of Ay, it is very obvious using
Lemma 4.4 and Lemma 3.3 (3) for every component of G except Z as it contains multiplica-
tion with functions not in Cy(] — 1,1[). So let @ be in A;. We need to compute [Z, p(a) @4,
1]. But we know that [g1,p(a)] = 0. As g2 = 1 — ¢1 — qo we get that [Z,p(a) R, 1] =

—(C* +T)(([q0, p(a)]) ®k, 1) which is compact as CT + T is a function that vanishes on —1
and 1. The case when a is in As is treated in a similar way, hence the compact commutation
property is proved for all @ in Ay. U

As a consequence, the couple (H,G) defines an element of K K'(A #, D) which we will call z in
the sequel.
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4.2. K-equivalence. In all the following proofs we will very often use the external tensor
product of Kasparov elements. Instead of the traditional notation 7¢(x) for the tensorisation
with the algebra C' of an element = in KK*(A, B), we will write 1¢ ® x for the element in
KK*(C®A,C® B) or x® 1¢ for the element in KK*(A® C, B® C). Of course B® C'is (non
canonically) isomorphic to C'® B, but as we will perform several times this operation, the order
will matter. Note that we do not specify the tensor norm as the algebra C' we will be using is
always nuclear. Also when 7 is a morphism between A and B, we will write [r] for the canonical
element in KK°(A, B).

We will denote by b the element of K K*(C, S) which is defined on the S-Hilbert module S itself
by the operator T. Tt is well known that b is invertible. Indeed let’s describe its form as an
extension. The projection associated to the orthogonal symmetry T is the multiplication by
the function p(t) = (1 +t)/2 on Cy(] — 1,1[)/Co(] — 1,1]). Now in Cy(] — 1,1[), the C*-algebra
generated by Cy(] — 1,1[) and p is obviously Cp(] — 1,1]). So the extension we have to consider
is given by the map from C to Cy(] — 1, 1])/Co(] — 1,1]) that sends A to Ap. Using the evaluation
at 1, one gets the standard extension

0— Co(] —1,1]) = Co(] — 1,1]) = C — 0.

Using UCT for example, as all K-groups appearing here are torsion-free, we deduce that b is
invertible. The interested reader can also check section 19.2 of [BI86].

Proposition 4.6. With the hypothesis of Theorem 4.1, one has in KK (A, Ay®S) that z®@p [j]
is homotopic to 14, @ b.

Proof. We will actually show that x ®p [j] is homotopic to [Ida,] ®a, (14, ® b). To prove
that, we will choose the representant of [Id4 f] that appear in 3.4 and show that its Kasparov
product with 14, ® b is homotopic to = ®p [j]. Call j; for | = 1,2 the inclusions of A; in Ay
and jo = j1 041 = jo 0y the inclusion of B in A;. First it is obvious that H ®; (Af ® S) is
Hy ®j, Ay @ Co(] — 1,0[) ® Hy ®;, Ay ® Cp(]0,1]) ® K ®;, Ay ® S which is not quite the same
as (Hy ®j, Ay @ Hy ®j, Ay ® K ®j, Ay) ® S. So we will realize now a homotopy to fix that.

Lemma 4.7. Consider the following two spaces : A; = {(t,s) €R? : 0<s< 1, -1 <t < s}
and Ay = {(t,s) € R* : 0 < s <1, —s <t < 1}. The Hilbert module H = Hy ®j, Ay @
Co(A1) ® Hy ®j, A @ Co(A2) ® K ®j, Ay @ S® C([0,1]) is endowed with a natural structure of
Ay ®S®C([0,1]) Hilbert module, as Co(A1) and Co(Asz) naturally embed in Co(] —1,1[x]0,1])
(with inclusion maps di and dz), and Ay left action. Moreover the operator

B C—® 10([071]) R 0 —(F1 ®j 1® dl)*(/SL_ & 10([071}))
‘=1 . 0 ., O elequ (F2 ®j, 1@ d2)* (ST @ 1o(oy)
—(57 @ 1lgqa)) 1 ®), 1@di) (ST & lo(o))(Fe ®), 1 ®d2) Z

with Z = 7 ® o)) where Z = —C~ (g1 @, 1 ® 1g) + C (g2 @5y 1 ® 1g) — T(go 5, 1 © 1g)

makes the pair (H,G) into an element of KK'(Af, Ay ® S® C([0,1])) for which the evaluation
at s =0 is x ®p [j] and the evaluation at s =1 has (H1 ®j, A @ Hy®j, A ® K ®j, Af) ® S as

R c- 0 —(Ff®;, 1®1)S"
module and G = 0 —-Ct (Fy ®j,1®1g)St as operator.
—-S- (Fl ®j1 1® 13) S+ (F2 ®j2 15) Z
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Proof. As it is a straightforward check, details will be omitted. O

Using Connes- Skandalis characterization of the Kasparov product, we will now establish that G
is a representant of the Fredholm operator for the product [Id4,] ®4, (14, ®b) by checking the
connection and positivity properties (see [BI86] Chap 18.4). But to do that we of course need to
revert to the general presentation of K K1 elements as graded KK elements (see preliminairies).
Let’s denote eg = (1,1) and e; = (1, —1) the basis of C;. The element of graded KK-theory that
we have now for  ®p [j] is given by the module (H; ®;, Af @ Hy ®j, Ay ® K ®;, Af) ® S ® Cy
and operator R such that if { is in H1®;, Ay @ Ha®;, Ay @K ®j, Ar and fin S, R(E® f®ey) =
(N?(ﬁ ® f)®e1. As R is C;-linear, that completely characterizes R. There is a similar statement
for b as an element of KK (C,S ® C;). We will call T the 1-graded operator that appears.

Looking first at the module for [Ida,] ®a, (14, ® b), we obtain (Hy; ®; Ay ® H2 ®j, Ay @
K ®j, Af)®(S ® C1). Note that we used the graded tensor product. Of course when one
term is trivially graded the graded tensor product is the usual tensor product. At first look,
it is the same as (H; ®;j, Ay ® Hy ®j, Ay ® K ®j, Ay) ® S ® C; except that the grading is
not the same. But of course there is a Ay ® S ® Cy-isomorphism U that corrects that, sending
(Hi®j, Af® Ha®j, Ap) @ S@eg® (K ®j, Ar)@S®er to (H1®j, Ap@ Ha®j, Af® K ®j, Ap) @ S®eo.
Through this isomorphism, R becomes R.

Let’s look now at the connection condition (see [BI86] Definition 18.3.1 p 170). As R and T are
self-adjoint, there is only one condition to test. For £ in Hy ®;, Ay ® Hy ®;, Ay, one should look
at the Ay ® S ®C;-linear map from A ®S®Cy to (H1®;, Ay Ha®;, Ay K ®;) Af)@(S®Cq)
defined for f in S and ain Ay as a® f @ eg — (—1)" ' R(£.a(f @ eg)) — £.aRT(f @ eg) (as we
do the Kasparov product with 14, ® b Jand prove that it is compact. Observe that the operator
leaves in C([—1,1]) ® L(A; @ Cy, (H1 ®j, Ay ® Hy ®j, Af & K ®j, Af)®C1). As Ay is unital
and therefore Ida ; compact, this is C([—1,1]) tensored by compact operators. Hence we simply

need proving that the evaluation at —1 and 1 of the operator is 0. On both ends G is diagonal,

-1 0 0
equals to | 0 —1 0] or the opposite matrix as q; + g2 + go = 1. So the evaluation at —1
0 0 1

of (—1)"!R will send (£®eg) to —£&@e; which is what the evaluation at —1 of T' does. For the
evaluation at 1, the two operators are also identical.

Similarly if € in K ®;, Af, one looks at (—1)"*'R(£.a®(f ®eg)) — £.aQT(f ®ep). The evaluation
at —1 of (—1)™1R will send (£®eg) to £&e; which is again what the evaluation at —1 of T' does
and similarly for the evaluation at 1.

We now concentrate on the commutator condition (see |BlI86| Definition 18.4.1 p 172). One
needs to compute the anti-commutator of R with F&1, using the operator F that appeared
before Proposition 3.4. We will call Gy and G the diagonal and anti-diagonal part of G.

For ¢ in Hy ®;, Ay @ Hy ®;, Ay and f in S, one has that F®L({ ® f @ eg) = F(§)&(f ® ep).
As F(€) is then of degree 1, R(F(S(f ® co)) = R(F() & f ® e1) = UG(F(€) @ f) © ep =
Go(F(&)® f)®e1+G1(F () ® f)®ep. On the other hand (F®1).R(ER(f®ep)) = (F®1g).Go(€®
f)®er + (F ® 15).G1(£ @ f)®eg. As the same is true for £ in K ®j, Ay, we will be done once
the following Lemma is proved.
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Lemma 4.8. The anti-commutator of Gy and F ® 1g is 0 modulo compact operators and the
anti-commutator of G1 and F ® 1g is positive modulo compact operators.

c- 0 0 0 0 Ff®i,1®1g
Proof. 1t is clear that 0 —-Ct 0] and 0 0 Fy ®i,1®1g
0 0 Z Fle,10ls FHhe,lels 0

anti-commutes modulo compact operator as we have (modulo compact operator) ¢; F; = F; and
q2F1 = qoF1 = 0. On the other hand the anti-commutator with the anti-diagonal part is

—2((F}F)) ®;, 1 ®1g)S~ 0 R 0
0 2((F3 F2) ®j, 1 © 15)5% 0 N
0 0 —2(q1 ®j, 1 ®15)S™ +2(q2 ®j, 1 ® 15)5+
As —S~ and ST are positive functions and ¢; and ¢o are orthogonal projections, the previous
matrix is a diagonal matrix of positive operators hence positive. [l

End of the proof of Proposition 4.6. Having checked the two conditions that characterize the
Kasparov product we have our proposition. Note that as [Id4 f] is a Kasparov cycle given by a
homomorphism, we obviously have [Ida,] ®4, (14, ®b) = (14, ®b) ®4,¢s ([[da,] ®1s). Hence
z ®p [j] is also equal to (14, ®b) ®a,es ([[da,] ® 1s). This is the form we need in the final
stage of our proof of the theorem. Il

We need now the following two lemmas to get some information about [j] ®4,gs (z ® 1) as an
element of KK'(D, D ® S).

Lemma 4.9. Call evy the morphism from D to B that evaluates a function at 0. Then we have
in KK'(D,B® S) that [j] ®4,es ((x ®p [evo]) ® 1s) = —[evo] @5 (15 ® b).

Proof. Let’s first describe the left hand side. The Hilbert module is K ® S as the module
(H1®Co(] —1,0]) @k, D ®en, B is 0. The left D action is given by (p® 1g) o j and the operator
is just (—¢q1 + q2) ® 1g. We can replace this operator with Go = (—q1 + ¢2) ® 15 — f(qg ® 1lg)
as for any f in D, (p® 1g) o j(f) T\(qo ® 1g) is compact. Observe that Gq is an operator of
C([-1,1]) ® L(K). Note now that the evaluation at —1 of G is —q1 + ¢2 + g0 = (1 — 2q1)
and at 1is —qg1 + g2 — qo = 2¢go — 1 as q1 + g2 + qo = 1. It then enables us to do a homotopy.
Consider the pair (K ® S ® C([0,1]), Go ® 1¢(po,1))) Where the left action of D is defined now

for any fin D and k € C(] — 1,1[x[0,1]; K) as (f.k)(t,s) = p(f(¢t(1 — s)))k(t,s). This is still a

Kasparov element as (G — 1) ® 1o = ((T? — 1)(q0 ® 15)) ® (o)) hence compact. Also
the commutator of the left action with the operator Gy ® 1 is compact. Indeed, as the ¢; have
compact commutators with the left action, any commutator of Gg ® 1 with a left-acting element
lives in C([—1,1]) ® IC(K). It is then only necessary to check that the evaluation at —1 or 1
of any commutator is 0. But this is true as [¢1,p(A1)] = 0 and [g2, p(A2)] = 0. Therefore
] ®4,05 ((z @p [evg]) ® 1g) is homotopic to an element of KK'(D, B ® S) which is described
with the pair (K ® S,Go) where D acts on K ® S as the constant morphism p o evg. So it is
[evg] ®p 2z with z an element of KK'(B, B ® S) which is only non trivial on goK ® S ~ B® S
where G acts as —T. Thus z = —1p®b. O

Recall that for [ = 1,2, x; is the inclusion of 4; ® C(] —1,0]) in D. To be precise we will use &;
for the induced map from A; ® S to D via the isomorphism of C(] — 1,0[) with S.
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Lemma 4.10. For all 1 = 1,2, one has [ji] @4, © = ([Ida,] ® b) @ a,0s [F1] € KK*(A;, D).

Proof. We will do the lemma for [ = 1. The element [j1]®4, = has the same module and operator
as x, the only change is that we only consider a left action of A;. We first perform a compact
perturbation of the operator G. With the operators F; defined before Lemma 3.3, consider

c- 0 —((5’1 ® 1eo(-1,00)" Ory 1)~
Gy = . 0 N —Ct (F2 @ 1yoap)” @y 1)5F
=57 (F1 ®1gp-1,0p) ®ry 1) ST (F2 ® 1gy(0,1)) ®rz 1) 7

where Z = —C~((q1 ® 15) ®py 1) + CT(((1 — q1) ® Ls) @po 1).

As Fy — F3 is compact (see Lemma 3.3 ) and Z — Z = CT—I—\T((qO ® 1g) ®g, 1) is compact as
CT + T isin S, we get the same element of K K!(A;, D). Observe now that G2 is the identity
because F5 is an isometry and S/’:((Fl ®1oy(-1,0)) @ry 1) vanishes and that G1 commutes exactly
with the left action of A; as F; and F'y does.

We will now construct a homotopy to remove the [0, 1] part of our module. Consider the space
Az ={(t,s) eR: 0<s<1,0<t<stand Ay ={(t,s) eR:0<s<1,-1<t<s}
which are open in | — 1,1[x[0,1]. Hence we also have a natural imbedding d4 of Cy(Ay; B) in
D® C([O, 1]) and 53 of Co(Ag;AQ) in D® C([O, 1]) Then ﬁ = (Hl X Co(] — 1,0[)) Rk D®
C([0,1]) & (H2 ® Cp(A3)) ®s5, D @ C([0,1]) & (K ® Cp(A4) ®5, D @ C(]0,1]) is well defined and
the pair (H,G; ® Lo(oay) is a Kasparov element in KK'(Ay, D ® C([0,1])). Indeed the only
thing to check is whether G2 ® Le(o,1)) 1s the identity modulo compact operator as G1 @ 1¢(jo,1))
has exact commutation with the action of A;. But this is true by the previous observation.

Therefore [j;] ® ; T can be represented by the evaluation at 0 of this Kasparov element. Let’s
describe it: the module part is (H1 & K ®;, A1)®@Co(] —1,0[) ®4, D with obvious left A; action as
(K®Cp(]—1,0[)) ®s, D is isomorphic to (K ®;, A1) ®Coh(]—1,0]) ®x, D. With this identification,
the operator is

B = ( . ¢ —((FY ® 1yq=1,0) Ona 1)5‘>
=S~ ((F1 ® Lgy(-1,00) ®ry 1) 7

where Z1 = —C_((ql iy 1) X 100(]_170[)) Rk 1+ (((1 — Ch) Xiq 1) X 100(]_170[)) Rk 1.
It is then clear, after identifying Co(] — 1,0[) with S, that [j1] ®4, 7 is 2 ®4,es [F1] with 2 in
KK (A1, A1®85). By recalling that 1—¢; commutes with the left action of Ay, it is obvious that z

C —(Ff ®15)5:
=51 (F1®1ls) —Ci(q1 ®i, 1® 1g)
where C is the function cos(m(t/2 —1/2)) and S; the function sin(7(¢/2 — 1/2)).

is represented by the pair ((H1©q1 K®;, A1)®S, E1) with B, =

Following the proof of Proposition 4.6, z is obviously the product 2z’ ® b where 2’ is the element of
KKY(Ay, Ay) given by the module Hy @ ¢1 K ®;, A1 with Hj positively graded and the obvious

*

left action of A; and the operator ( 12 }81 ) . Now the action of A; stabilizes H{ and commutes
1

with F; by 3.3 (1) and moreover Fj is a unitary between H} and ¢; K ®;, A;. Hence this part
is degenerated and can be removed from the Kasparov element. What remains is the graded

30 Jan 2020 23:48:48 PST
170719-PierreFima Version 3 - Submitted to Adv. Math.



THE KK-THEORY OF AMALGAMATED FREE PRODUCTS 27

module &1.41 &0 with left action of A; by multiplication and 0 as operator. This is a description
of [[ d Al] .
O

We are now ready to prove Theorem 4.1.

Proof of Theorem 4.1. Call a € KK'(S,C) the inverse of b. The element y = (la, ®a)®a,
is an element of KK°(A; ® S, D). We claim that this is the inverse of [j]. Indeed thanks to 4.6

we have that
y®p [j] = (1a; ®a) ®a, 2 @p [j] = (14, ®a) ®a, (14, ®b) ®a,es ([[da,] ® 1s).

As a®cb = [Idg] we get that y®p [j] = (14, @ [Ids]) ®a;es ([[da,]®1s) is [Ida,zs]. To prove
the reverse equality, we will need a trick that can be found already in [Pi86]. Observe first that
for any [ = 1,2 and using Lemma 4.10,

[Fil @p il ®a;esy = [Jok]®a,sy= ([0l ®1s) ®a,es (14, ®a)®@a, @
= (la,®a)®4, [ji] ®a;
- (1Al ® a) @A, (1Al ® b) @A, ([IdAz] ® 13) QA0S [Rl]
- (&l

K1)
Now we need to compute [j] ®4,05 y ®p [evo]. To do this we will use the following lemma.
Lemma 4.11. In KK (D® S, A;® S), one has ([j] ®a;0s (1a, ®a))®1s = —(1p®@a) @p [j].
Proof. Indeed,

(1p ®b) @pes ([J] ®ases (14, ®a)) @ 1 = [j] ®a,es (14, ® (1s @ b) ®sas (a @ 1g)).
If ¥ is the flip automorphism of S ® S then clearly [¥] = —[Idsgs] in KK°(S®S,S®S). As a
consequence (1g ® b) Rggs (a®1g) = —1g ® (b®c a) = —[Idg]. Hence

(1p ®b) ®pas (1] ®a,0s (14, ® a)) @ 1) = —[j].

Multiplying both sides by 1p ® a gives the result. O

In view of Lemmas 4.11 and 4.9 one has:

(1 ®a;05y @p [evo]) ®1s = —(1p®a)®p ([j] ®a,es (z @p [evg]) ® 1g)
= +(1p®a)®p [evy] @5 (15 ® D)
= (Ip®a)®p (1p ®b) ®pgs ([evo] ® 1g)
= [evo] ®1g
As — ® 1g from KK(B1, Bs) to KK(By ® S, By ® S) is an isomorphism for any B; and B, we
get ] ®a,05 Yy ®@p [evo] = [evg]. Denote now g = [Idp] —[j] ®a,05y. Asy®@p [j] = [lda,es], g
is an idempotent in the ring KK°(D, D). On the other hand, D fits into a short exact sequence

05 A0S0 A S P52 p % p .

The induced six term exact sequence for the functor K K°(D, —) then shows that, as ¢®p [evg] =
0, there exist ¢ in KK°(D, A;) for I = 1,2 such that ¢ = (1 ® q2) ®@A,04, ([F1] ® [F2]). So
4d=q®pq=(q1Dq) @A pA, ([F1] D [F2]) ®p ¢ = 0 because [7;] ®p g = 0 for [ = 1,2 as observed
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before Lemma 4.11. Therefore [Idp] = [j] ®4,¢s y and the K-equivalence between Ay and D is
established. N

We obtain the following immediate corollaries.

Corollary 4.12. Let C be any separable C*-algebra. Recall that i; is the inclusion of B in A;
and j; is the inclusion of A; in Ay xg Ag for I = 1 or 2. Then we have the two 6-terms exact
sequences,

KK°C,B) %% KKY(C,A)@KK(C,A) "TF KKO(C, A x5 As)
) \

KKYC, A vp As) "8 KKVC,A)DKKNC, 4)) 22 KKY(C,B)

KKY(B,C) "% KKY(A,C)@ KK (A, C) 5 KKO(A #p As, O)

3 T
KK'Y(Ay+p A5,0) 2% KKY(A,,0) e KK'(4,,0) =%  KK'(B,0)
Proof. The proof can be found in [Ge97] or [Th03]. It is simply the application of the six-term

exact sequence to the short exact sequence for D that has been used just above. Identification
of the horizontal maps as well as the connecting maps can also be found there. O

The following is a generalization of a similar statement in [FF13].

Corollary 4.13. Let Gy1,G9, H be e_compact quantum groups and suppose that H is a common
discrete quantum subgroup of both Gl, G2 and Gk is K-amenable for k = 1,2. Then the amalga-
mated free product of the two discrete quantum groups is K-amenable.

Proof. Write, for k = 1,2, Cp,(Gk), Cpp(H) the full C*-algebras and C(Gy), C(H) the reduced
C*-algebra and view Cy,,(H) C Cp,(Gk), C(H) C C(Gy), for k = 1,2. Let G be the amalgamated
free product discrete quantum group. One has C,,(G) = Cy,,(G1) . ﬂEH) Cin(G2) and C(G) =

m
(&

C(Gh) C (*H) C(G2), where the edge-reduced amalgamated free product is done with respect to

the faithful Haar states on C(Gy), for k = 1,2. Let A\g, : Cnn(Gg) — C(Gj) be the canonical
surjection. By assumption, Ag, is K-invertible for £ = 1,2. Observe that the canonical surjection
A¢ @ Cn(G) = C(G) is given by A\g = m o A, where

A Co(G Chn(G c(G c(G
(l)cTH) (G2) — (1)0(*H) (G2)

m

is the free product of the maps A\g, and A\g, and 7 : C(G1) C(*H) C(G2) = C(Gh) C(;;H) C(Ga) is

the canonical quotient map. By Theorem 3.1 7 is K-invertible and using the exact sequence of
the full free product and the five Lemma, X is K-invertible. O
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