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FRACTIONAL POWERS ON NONCOMMUTATIVE L, FOR p<1

ERIC RICARD

ABSTRACT. We prove that the homogeneous functional calculus associated to z + |z|? or z
sgn (x)|z|? for 0 < 6 < 1 is 6-Hélder on selfadjoint elements of noncommutative Lyp-spaces for
0 < p < oo with values in L, /9. This extends an inequality of Birman, Koplienko and Solomjak
also obtained by Ando.

1. INTRODUCTION

This note deals with the perturbation theory of functional calculus of selfadjoint operators on
Hilbert spaces. More precisely, given a function f : R — R, the problem is to get a control of
IIf(x) — f(y)|le for some symmetric norm on selfadjoint operators in terms of possibly another
norm |z — yllg:. This topic was developed from the 50’s by the Russian school. Birman and
Solomjak had a strong impact on it by the introduction of operator integrals in the 60’s. Since
then, this subject has been very active. Many mathematicians tried to enlarge the classes of
functions f or norms involved. The list would be too long, but we can quote Arazy [5, 6], Ando
[4], and more recently the breakthroughs by Alexandrov-Peller [1, 2],... and Potapov-Sukochev
[21, 20] and their coauthors [22],... Usually the results are stated for symmetric (quasi-)norms
on compact operators, for instance the Schatten p-classes SP for 0 < p < oo. Nevertheless the
noncommutative integration theory in von Neumann algebras also gives a natural framework to
study these questions.

Our starting point is an inequality in [8], for any fully symmetric norm ||.||¢ and any 0 < 6 < 1,
and x,y positive operators on some Hilbert space, i.e z,y € B(H)™"

[z =yl ||s-

It was extended by Ando [4] to any operator monotone function f : RT — RT instead of
x + 2%, Dodds and Dodds [13] adapted the proof to semi-finite von Neumann algebras for all fully
symmetric norms.

In the case of Schatten classes, Birman Koplienko and Solomjak’s result or Ando’s proof actually
give that for p > 0 and z,y € B(H)™

l2* = 3°lls <

9
l2” = 47,5 < Il =yl

This also holds for semi-finite Neumann algebras by [13] or [20]. For general von Neumann algebras,
Kosaki got the case p = 6 in [15] with an extra factor, a full argument can be found in [11] or [24].

Another remarkable extension was obtained in [2] for Schatten p-classes when 1 < p < oo; it is
shown that for any 6-Hélder function f on R, with 0 < 6 < 1 and any selfadjoint =,y € B(H)*%,
one has

(1) 1£ (@) = F(@)llpse < Cporlle =yl

In particular this holds if f(x) = |z|? or f(x) = sgn(z)|x|’. For them, the arguments can be
adapted to general von Neumann algebras [24] and one can also reach p = 1 in (1).

Surprisingly, when p < 1 even for Schatten classes, very little is known. One can find some
asymptotic estimates in [8] or [26] but (1) seems to be unknown. Weaker related inequalities were
also recently obtained in [27].

Among general results Raynaud [23] proved that z — f(z) from L, to L,y is uniformly con-
tinuous on balls for f as above. In [18], for type II von Neumann algebras a strange quantitative
estimate was obtained for its modulus of continuity.

2010 Mathematics Subject Classification: 46L51; 47B10.
Key words: Noncommutative Lp-spaces, functional calculus.



2 E. RICARD

Our main result is that (1) holds for all 0 < p < oo for both f(z) = |z|? and f(x) = sgn(z)|x|?
and all von Neumann algebras. We hope that the techniques developed here may be useful for
related topics.

We do not address similar questions when § > 1. When p > 1, this is done in [24] and when
p < 1, some local results can be found in [5, 22] for Schatten classes.

As usual to deal with such questions, one has to find norm estimates for some Schur multipliers,
this is done in the second section. Next, they are used to derive the main result for semi-finite
von Neumann algebras. The argument heavily rests on homogeneity of f. To generalize to type
IIT algebras, one usually relies on the Haagerup reduction principle, but it involves approximations
using conditional expectations that are not bounded when p < 1 and it seems difficult to use it
in our situation. The only available tool we have is to use weak-type inequalities in semi-finite
algebras to go to type III. The situation is so particular here that this can be done quite easily in
section 4. We end up with some general remarks and extensions.

In the whole paper, we freely use noncommutative L,-spaces. One may use [19, 17, 29] and [14]
as general references. When 7 is a normal faithful trace on a von Neumann algebra M, we use the
classical definition of noncommutative L, associated to M

LyM,7) = {z € Lo(M,7) | [lz][j = 7(|z[") < oo},

where Lo(M, 7) is the space T-measurable operators (see [29]). When dealing with more general von
Neumann algebras, we rely on Haagerup’s construction. Given a normal faithful semi-finite weight
o on a von Neumann algebra M, Haagerup defined the noncommutative Ly-space L, (M, ¢q) for
0 < p < oo (see [29]). His definition is independent of ¢y (Corollary 38 in [29]). When ¢ is a
normal faithful trace, his definition is equivalent to the previous one (up to a complete isometry)
but the identifications are not obvious. Nevertheless for most of our statements, we won’t need
the reference to g or 7 so we may simply write L,(M). When 0 < p < 1, L,(M) is a p-normed
space so that for all families (ag) in Ly,(M), [| 220y arllh < X270y llaxl[?.

We will use the notation S7 ; for the Schatten p-class on B(f2(J), l2(])), this is naturally a
subspace of L,(B(¢a(I U J)),tr), where tr is the usual trace. Thus by S7 ;[L,(M)], we will mean
the corresponding subspace of Ly, (B({2(1UJ)) @M, tr@¢q), one can think of it as matrices indexed
by I x J with coefficients in L,(M). We will often use non countable sets like I =|0, 1].

As usual, we denote constants in inequalities by C,, if they depend only on parameters (p;).
They may differ from line to line.

2. SCHUR MULTIPLIERS

A Schur multiplier with symbol M = (m; ;)icr,jes over M; ;, the set of matrices indexed by
sets I and J, is formally given by

Su((aig)ierjes) = Mo A= (mijai;)icrjes-
Definition 2.1. Given a matrizc M = (m; ;)icr jes of complex numbers, we say that M defines a p-

completely bounded Schur multiplier for some 0 < p < oo if the map Sy ®@Idyp, Ay on S?J[Lp(/\/l)]
is bounded for all von Neumann algebra M and we put || M||per = supp [[Sm @ Idp, ()l

Remark 2.2. For 1 < p # 2 < oo, this is not exactly the usual definition of complete boundedness
but it is formally stronger. Indeed an unpublished result of Junge states that |[Sy @ Idp,(am)ll <
I1Sas||ep if M is a QWEP von Neumann algebra.

We start by easy examples that can be found in [1].

Lemma 2.3. Let (ay) € £,(Z) for 0 < p < 1 and assume that (fi) € loo(I)? and (gi) € loo(J)?
are bounded families. Then M given by m;; = Y, arfr(i)gr(j) is a p-completely bounded Schur
multiplier with

1M llpes < lICeve)llp sup {1 filloo - [1gk oo

Proof. It is clear that a rank one symbol My = (fx(4)gr(j))icr,jes defines a p-completely bounded
Schur multiplier with norm || f&||co-|lgk||co for all p and k. The result then follows by the p-triangular
inequality. U

We will often use permanence properties of peb-Schur multipliers.
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Lemma 2.4. Assume M = (m; j)icr jes i a p-completely bounded Schur multiplier, then
o M' = (my;)icr jey withI' CI,J CJ, then ||[M'||pes < ||M||pes-
o M' = (mij)ukerxk,;esxr for any non empty sets K, L, then |M'||pco = ||M||pep-

Proof. We view l5(1"), l2(J') as subspaces of lo(I), ¢2(J). Let P = (1p(¢)1(j))ier,jes, this
is a rank one p-completely bounded Schur multiplier with norm 1, and Sy, coincides with the
restriction of Sp o S); to matrices indexed by I’ x J'.

The second point is classical using tensorisation with B(¢2(L),f2(K)) ® M instead of M. [

Since finitely supported matrices are dense in S7 ;[L,(M)], we also have

Lemma 2.5. If (M,) € MNJ is a bounded sequence of pcb-Schur multipliers converging pointwise
to some M, then M is also a pcb-Schur multiplier with ||M||per < Um || M|l peb-

Remark 2.6. A p-completely bounded Schur multiplier M for p < 1 is automatically g-completely
bounded for p < ¢ < co. Indeed, the extreme points of the unit ball of S* are rank one matrices,
but for those matrices the S' and SP norms coincide. Thus Sj; must be bounded on S'. But
bounded Schur multipliers on S! are automatically 1-completely bounded (see [17]). Thus we get
the result on S? for all 1 < ¢ < oo by complex interpolation and duality. The case p < ¢ < 1 also
follows by interpolation.

The following is a suitable adaptation of classical arguments (see [8, 25, 26]). We use the
measured space Lo ([0, 27]?, (277)2 dmsg) where mg is the Lebesgue measure.

Lemma 2.7. Let K : [0,27] x [0,27] — C be a 2w-periodic continuous function such that for
any d >0 (8) K is continuous. Then M = (K(2,Y))s,yel0,2x) 15 a p-completely bounded Schur
multiplier for all 0 < p< 1 with ford > 1/p

2
||M||pcb < C(dpi ) (H dam HQ + H KHQ + HaxKH2 + HKH )

where C' is a universal constant. Moreover if M; = (Ki(m,y))w,ye[oygﬂ] is a family of matrices as
above, indexed by i € I, then

M = (K;(z, y))(z,i)€[0,27r] xI,y€[0,27)

or its transpose satisfies

2 1/p o4+l 0
Il < (2 +2)'"" s (g Kl + g Bl + o il + ).

Of course, this is relevant only if the above sup is ﬁmte.

Proof. We rely on Fourier expansions, put eg(z) = '@ and hy (z,y) = ex(x)ei(y) . As (hi)kiez
is an orthonormal basis in Ly ([0, 272, ﬁdmg), we have the equality in Lo, K =), ;g b

where o = <_K'7 hk,l> — ﬁ 0271' 0277 K(x7y)6_ik$€_ilydydfﬂ-

Assume for the moment that [ # 0. Integrating by part in y, we get for d > 0, ay; =

(111)d<(dy)dK hii). Let Br; = (1l) ag;. When k # 0, another integration by part with respect

to x gives P = (2,1r)2 o 0% %K(m,y)e’ikxeqwdydm. The Cauchy-Schwarz inequality

gives that
1\1/2 gd+1 N 1/2 i+
|1Bral < — (K, hy)) <C|l———K]|| .
];) k,l (kz;éo k2) (kz:| (6y)d8$ k,l ’ ) H(ay)dax H2
8d+1

Thus ZkeZ |Br,1| < CH Oy)damKH2 + || (8y)dK||2 = (4 independent from [ and one can define a

continuous function fi(z) = >, .7 & Brex(x) bounded by Cy.
In the same way to deal with | = 0, fo(7) = D,z ar0ex(®) is a continuous function. Indeed

as above 1o
Z|ak,o|< (Z ) (Z‘ —K, hy0)] ) + |0l
k#

keZ
fo is bounded by Cy = CH@%KHQ + HKH2
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Choosing d > %7 we can conclude to the pointwise equality

2) K(.) = ho@eoly) + 3 30 filw)ealy)

1£0
The result follows directly from Lemma 2.3 by choosing I = Z, o = (1;#0]%1 +1k=0)r € lp(Z), fr as

above and g = ex. Obviously supy, [|gk|lcc = 1, supy, || fxlleo < Ca+ Co and |||, < (% +2) 1/P.
The second statement also follows from Lemma 2.3 since in (2), the factorization in y and the
sequence « is independent from K;. We have K;(x,y) = fi(z)eo(y) + 2140 [ (x)e(y), hence we
can again take o = (lezogr + le=o)k € Cp(Z), fr(z,i) = fi(x) and gi(y) = ex(y). We also have
supy, [ filloo < Ca + Co.
The same holds for the transpose of M as the condition in Lemma 2.3 is invariant by transpo-
sition. 0

The Sobolev constant (of order d) for K will mean the quantity

gl g <l + 1251, +
Let 6 €]0, 1], for ,y > 0 recall that
2yt 9
) ), mE

where the left hand side has to be understood as 6z~ if = .

Corollary 2.8. The matrix N = (M)
7Y ) 2>0,y€(1,2)]

plier for 0 < p < 1 with | N||pe < Cp for some constant depending only on p.

defines a p-completely bounded Schur multi-

Proof. First we start by showing that (u is a pcb-Schur multiplier.

-y >ogz<1/2,ye[1,2]

We fix a C* function ¢ : [—m, 7] — [0, 1] with support in [—1/4,3/4] that is identically 1 on
[0,1/2] and another C*° function ¢ : [0, 27| — [0, 1] with support in [7/8, 3] that is identically 1 on
[1,2]. We define K(x,y) = ¢(2)¢(y) -2 [—7, 7] x [0,27]. It is C*° and can be extended to a

z—y
2m-periodic C*° function. Thus Lemma 2.7 and a restriction yield that (—)
Y/ 0<e<1/2,y€(1,2)

pcb-Schur multiplier. Then one just need to compose it with (m -y )0<z<1/2 ez which is also

is a

clearly a pcb-Schur multiplier by Lemma 2.3.

] o
Next we show that (%)
Y Jrz1/2,y€(1,2)

This time we fix a C* function ¢ : [0,27] — [0, 1] with support in [1/4, 3] that is identically 1
on [1/2,2].

For i > 0, one uses K;(x,y) = @(m)@(y)% on [0, 27]2. It is clear that K; can be extended
to a C* 2m-periodic function. By construction, for z and y in the support of ¢ and ¢ € [0, 1],
the smallest value of ¢(x + z) (1 — t)y is bigger than 1/4. Thus, the formula (3) shows that any
derivative of order ! of % Z on the support of K; is bounded by 4"1=99(1 — 6)...(1 — #). Thus
using the chain rule, one sees that K; and its derivatives up to order d + 1 are uniformly bounded
independently of 4 and 6. Thus the same holds for the Sobolev constant in Lemma 2.7 for K.

Lemma 2.7 gives that (Kl-(nc7 y))(x,i)E[O,QTr]XN,yE[O,QTr] is pcb. By Lemma 2.4, we can conclude by
restricting x to [1/2,3/2[xN ~ [1/2,00[ (via (z,7) — x + i) and y to [1,2].

The Corollary follows by gluing the two pieces together. O

is also a pcb-Schur multiplier.

Corollary 2.9. For k € Z, the matriz M = ($9:y6>
Y Jaz0y€[2-k1,27 k]

Schur multiplier for 0 < p < 1 with | My||per < Cp27F0=Y) for some constant depending only on p.

is a p-completely bounded

Proof. This is obvious by homogeneity from Corollary 2.8 with a change of variables z <+ 275~ 1z,
y < 27k 1y, O

Remark 2.10. One can exchange the roles of x and y.
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It will be convenient to redefine M_1, gathering all £ < —1:

Corollary 2.11. The matriz M_, = <19:y9>
Y Jaz0y>1

is a p-completely bounded Schur multiplier

for 0 < p <1 with [|M_1|per < Cp(735) e for some constant depending only on p.

Proof. Writing [1, co[= Ug>0[2¥, 2871 and using the previous Corollary for each piece, this follows
from the p-triangular inequality as (28(°=1));54 € £,(N). Since ||(20=D);0]l, < ¢p(1—0) 71/ for
some constant c,. We get that || M_;||,e < ¢,Cp(1 — 0)~/P where C,, comes from 2.9. O

Remark 2.12. The kernel in formula (3) is positive definite because for z,y > 0 "”175 =
co fR+ 9 mlﬂ ; +tdt for some ¢y > 0. Using this fact and similar arguments one can check that

there is some C so that |M_q||per < C for all 0 < § <1 and all p >

We now turn to another family of multipliers.

Corollary 2.13. For a > 1, the matriz H, = ( L is a p-completely bounded Schur

“+x+y)z y€[0,1]
multiplier for 0 < p < 1 with |[Hy|pev < Cp/a for some constant C,, depending only on p.

Proof. As for Corollary 2.8 take a smooth function ¢ : [—m, 7] — [0,1] that is supported on
[—1/4,5/4] such that ¢(t) = 1 for t € [0, 1]. Define K(x,y) = a+;+ycp(x)<p(y) on [—, 7] and make
it 2m-periodic so that it is C*°. Using the chain rule, one easily sees that the Sobolev norms from
Lemma 2.7 are dominated by Cj/a. O

Corollary 2.14. Given a,b > 0 with a +b > 0, one has

H(x‘giye 1

1/p 01
<Cp(—— b ’
Tty >x>a,y>b peb P(l _ 9) max{a, b}

for some constant C}, depending on p.
Proof. Without loss of generality we may assume a > b.
By a change of variable z +> a(1+ ) and y > a(t +y), with t = b/a, it boils down to show that

H <(1+1”j_)tfz(izy )z>0,y>0 o is bounded independently of ¢ €]0, 1].

We use a dyadic decomposition related to max{z,y}. Assume x € I}, = [2¥, 2¥ [ and y € J; =
[0,2%]. Then by homogeneity and a change of variables z <+ 2¥(x + 1), y <> 2Fy

: =27*|( : )
H (1 +t4+x+ y)welk,ueJk peb 1427%1 +1¢) + 2z + y/ z€f0,1[y€0,1]
Setting @ = 1+ 27%(1 +t) € [1,3] and using Corollary 2.13 the latter multiplier is bounded by

Cp27%. The multiplier (((1 +2)0 £ (t+ y)9)1w61k,y€Jk) is bounded by a fixed multiple of 2%.

Thus H (Wﬂ) < Cp2_k(1_9). A similar estimate holds for the same symbol
+itzty €l ,yeJi llpch

if v € Jpyq and y € Iy or z,y € [0,1] (with & = 0). The sets [0, 1[%, Jry1 X Ip, I X Jp for k >0

form a partition of [0, 00[2 into product sets. Thus, the p-triangular inequality gives

(1+x)? +y)9> —p(1— 1
<CP+2Y crorU=0k < o .
H( 1+t+xz+y 30,y>0 p T 1;) p P1-0

pcb '

pcb

3. ANDO’S INEQUALITY IN SEMI-FINITE ALGEBRAS

Schur multipliers are intimately related to perturbations of the functional calculus of selfadjoint
operators. Illustrations can be found in [9, 5, 2, 1, 21, 20, 22] and many other references.

Indeed let f : R — R be a (continuous) function. Assume that z,y are selfadjoint elements
in some semi-finite von Neumann algebra (M, 7) with finite discrete spectra (x;);cr and (y;) e
and associated spectral projections p; € M and ¢; € M. Asx =) x;p; and y = Zj Yiq;, with

oD = Zj g; =1, one has

() 10) = 50) = S m ) = Sy = S =L 0y,

J
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f(u)*f(v)

where can take any value if u = v € R.

The map T zZ Z”plwzq is very close to be a Schur multiplier with symbol the
divided differences of f.

Lemma 3.1. For any 0 < p < oo, let M = (m; ;) be a p-completely bounded Schur multiplier then
the following map Tpr : M — M

TM Zmz,]pzz%

extends to a bounded map on L,(M) with HTM||L M)=Ly(M) < M || pep-

Proof. Recall that we assume that I and J are finite, (p;);c; and (g;);jes are orthogonal projections
in M summing up to 1. The maps 7 : M — B(la(J),l2(I))@M and p : B({3(J), (1)) @M — M
defined by

b1
m(z) = (pizg;)ier,jes = Cole(a o a)
Dy
q1
i) = ZpiXi,ij = ( P D )(Xi,j) :
v a7)

clearly extend to contractions at L,-levels respectively on M and B(¢2(J),¢2(I)) ® M since the
column and row matrices in the above products are contractions. Since T = po(Sy®Idy, (a1))oT,
we get the lemma.

We want to deal with homogeneous functions of selfadjoint operators, namely f(x) = |z|? or
f(z) = sgn(a)[al? = 2. —a”.
We aim to prove the following theorem that we call Ando’s inequality.

Theorem 3.2. Let 0 < 0 <1 and 0 < p < oo then there exists Cp g so that for any von Neumann
algebra M, and z,y € L,(M)** one has

(5) zl” = 191°llps0 < Cpolle = yllp,  llsen(@)|zl” = sen()lyl’lly0 < Cpoollz — ylly.

The reduction from type III to type II will be explained in the next section so we only deal with
semi-finite algebras here.

Proof. The result for p = oo follows from Theorem 4.1 in [3].

The result for f(z) = sgn(x)|z|’ when 1 < p < oo can be found in [24]. The absolute value
map = — |z| is bounded on L,(M) provided that 1 < g < oco. This is a result by Davies [12]
for Schatten classes, that can be extended to all semi-finite von Neumann algebras (see Remark
6.2 in [10] for instance). Thus for 1 < p < oo, with ¢ = p/f, we have an estimate |||z|® —
[Wllp/0 < Cpollsgn(a)|z|® — sgn(y)|y|?|l,/0- Therefore the Theorem holds for f(z) = |z|? using it
for f(z) = sgn(x)|z|® when 1 < p < occ.

We just need to prove the Theorem for p < 1.

If the result holds for the couples (p,01) and (p/61,65), it also holds for (p,6162). Indeed for
instance if

s I

— 191" lp/6, < Cpollz =yl and ||z

|||Z‘ |92 - |t‘02||13/(0192) g Cp/91,92||z th/Q )

then one gets with z = |z|%, t = |y|%:

||+ yllp.

— 19177l 0162) < Cry61,0,C%, I —
Hence Cp 9,0, < Cp0,, 920 . By this transitivity, we reduce the proof to p < 6; indeed if p > 0,
then (p,0) = (p.1,p.0/p) and the estimate follows from that for (p,p) and (1,8/p).

We do it only for f(t) = [t|’ as the other case is similar.

We prove the inequality from case to case regarding M and the values of = and y.

Case 1: We assume that x,y € M?*® with finite discrete spectra and ||z —y||oc < 2 and ||z —y||,/2 <
2. We prove that |||z|® — |y|?||,/o < Cp.¢ for some C, g > 0.
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We denote by = >, ., 2ip; and y = >, ; y;q; the spectral decompositions of 2 and y, so that
pi =1z (x) and ¢; = 14y ().

We will rely on the formula (4), decompose |x|® — |y|? = 2”_71 a;(|z|? — |y|?)b; where a_; =
Loo,0[(), a0 = 10} (z) and a1 = 1jg oo[(z) and similarly for b;.

We use dyadic decompositions. Set I}, = [27%71, 27, J,, =]0,2 %[ for k > 0and I_; = [1, 00,
J_1 =]0,1[, J_2 =]0, 00[. The definition is made so that the sets I x Ji_1 and Jy x I} are disjoint
with union {(z,y) €]0,00[? | max{x,y} € I;}. Hence we have a partition ]0, —|—oo[ = Ug>—1(Ix ¥

0
Je—1 U Ji x I;). Define accordingly the maps T} (z) = Zzielk,yjelk 1plI ;3 2q;, TZ(z) =

0,0
Em-eJk,yjeIk pi%zquj For any 0 < a < 1, Lemma 3.1 says that | T}}| 1, (M) Lo (M) is dominated
(=) =)
TiYi ) xi€lyy;€d5—1 Y/ welyy>0

Using Remark 2.10 and Corollary 2.9 for k > 0, this norm is bounded by C,27 %=1 When
k = —1, using Corollary 2.11 instead, we also get a bound by C, 9. We have similar estimates for
T2 L (M) Lo (M)

Put rp =15, (2), sk = 15, (y) as well as u,, = 1, (z), v, = 14,_, (y), we can write (note that the
sums are actually finite)

. By Lemma 2.4, this norm is smaller than H(

acb acb '

0
alel — 1y = 3 pis ( —y)g;
z;>0,y,;>0 Li
= ZTkx— )+ T2z —y)
k>—1
= > Ti(rele — y)vr) + TF (ur(x — y)sp).-
k>—1

We use the above norm estimates for Tg with a = p/6 to get ”Tlg”Lp/e(M)—wp/e(M) < Cp792’“(1"9).
By the p/0-triangular inequality

6 4 — 6
lax (121 — [y|*)bu[255 < C21 >~ 25020 |y (@ — yyu |2 + llun (@ — y)sil|2g).
k>—1

But by definition 0 < rpz, upr, yvg, ysr < 27% for k > 0 and ||z — y||e < 2, so that we have
7% (2 — Y)vklloo < 707 — YUk||oo < 27%, and also ||uk:1: — Ysplloo < 27F for all k > —1 . But also
17 (@ = y)vkllp/2, lur(z =) skllps2 < [l2=yllp/2 < 2. Thus as 0/p = (0/2).2/p+(1-0/2)/00, by the
Holder inequality |[r(z — y)vk /0, [|uk(@ — y)skllpye < 2.27¥3=0/2) This is enough to conclude
that
0 0 0 0 —k
lar (21 — ly|”)bal2g < ACE) S 27kl
E>—1

To deal with a1(|z|? — |y|?)b_1, one can do exactly the same using Corollary 2.14 as the Schur
a®—b° (ag—bs)
atb ) eribedo_i \ 9t Jacg ver,’

The terms a_1(|z|? — |y|?)by and a_1(|z|? — |y|?)b_1 can be treated similarly.

It is a well known fact that complex interpolation remains valid for L,(M,7) in the range
0 < p <1, see Lemma 2.5 in [18] for what we need. Using it, one easily deals with the remaining
terms as for instance

multipliers involved have shape

6 6 6 0 0 0
lao(lz|” = [y[))lps6 = llaolyl”llpse < llaolylll, = llaoyll, = llao(z —y)|; <2
Gluing the pieces together, we find a constant C, ¢ so that (5) holds in Case 1.
Case 2: We assume M finite, =,y € M*®, y = x + ¢ for some projection ¢ with ||¢||, = 1, that is

T(¢) = 1.

Consider (z,) a sequence in the von Neumann algebra generated by x that |z,| < |z|, ||z, —
z|loo — 0 and each z,, has a finite spectrum, and similarly for (y,) and y.

Obviously [[|2,|? — ||%||,/¢ — 0 by the dominated convergence theorem as M is finite (similarly
for y). As ||zn — ynllt = llgllt = 1 for t = 00, p/2, z, and y,, satisfy the assumptions of Case 1 for
n big enough. Going to the limit in (5) for =, y,, we get (5) for z,y with the same Cp g.
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Case 8: We assume M finite, z,y € M** and y = = + tq for some projection ¢ with 7(¢) = 1 and
teR.

If t > 0, this follows by homogeneity applying the result for y/¢, x/t and ¢. If t < 0, one just
needs to exchange x and y. The constant Cj, ¢ is the same as in the previous cases.

Case 4: We assume M finite, z,y € M** andy =z + )., t;q; where ¢; € R and ¢; are orthogonal
projections with 7(¢;) = 1.
Simply put 79 = x and x = x + Zle t;q; and use the p/0-triangular inequality and Case 3 for
Tp_1 and xg.
n

0
If () - z;z\ZHm ) (xnuzjz\c”/92<||tiqz-||z)”/ .

i=1
n p .
But ||z —yll, = <Z¢:1 |ti\p) and we get this case as ||¢;||, = 1.

Case 5: We assume M finite, z,y € M** and y = 2+, t;q; where t; € R and ¢; are orthogonal
projections with 7(¢;) € Q.

Consider the von Neumann algebra (M, 7) where M = M® Lo ([0, 1]) with the trace 7 = N7® [
where N is such that for all i, N7(¢;) € N. Put Z=2®1 for z € M. We have y — & = >, t;G;.
For each i, and k < N7(q;), let ¢ x = ¢i ® L{(k—1)/(N+(a:)).k/(Nr(a:))]- LThe (gix)x are orthogonal

projections with 7(g; 1) = 1 and ZNT(% ¢ix = ¢;- By Case 4:

%
N2 (@)= F )z, 000 = W@~ FDls, o0 < CoolF=ll5, o = Cro (N le=yllz,00) -

We still obtain the same constant Cp, g.
Case 6: We assume M finite and z,y € M?*°.

By considering again (M, 7) where M = M & Lo ([0,1]) with the trace 7 = 7 ® [, in a masa
containing it, one can approximate = —y for the Li-norm by elements of the form 6, = > "%, t; k¢ k
where 7(g; 1) € Q. With y, = x4 dg, yx converges to y in Ly it also does in L, as M is finite. The
Ando inequality for the index 1/6 also gives that || f(yx) — f(¥)ll1/0 < Collyr — y||{, hence f(yx)
converges to f(y) in Ly/e. Since x,y; satisfy the assumptions of Case 5, the conclusion follows by
going to the limit in (5).

Case 7 We assume M semi-finite and z,y € L,(M)**.

This is again a matter of approximation. By the semi-finiteness of M and functional calculus in a

masa containing z, we may approximate « in L,, by elements of the form z,, = Zfil tiqn commuting

with « where g, are finite projections. We can as well assume that f(z,) converges to f(z) in
L,, similarly for y, and y (these are purely commutative results). Then y, and z, are in some

finite subalgebra of M and we have (5) for them by Case 6: || f(zn) — f(yn)llp/0 < Cpollzn —ynll?.
Taking again limits as n — oo gives the result. O

Remark 3.3. One can get a proof of the case p = oo following case 1 (since p/2 = co0) and then
case 6 directly. A careful analysis of the constant shows that limsupy_,;(1 —6)Cs ¢ < o0 as in [3].

We slightly extend the result to 7-measurable operators Lo(M, 7). With its measure topology
[29, 14], it becomes a complete Hausdorff topological -algebra (Theorem 28 in [29]) in which
M is dense. We recall the Fatou Lemma in Ly (Lemma 3.4 in [14]) if v, — v in Ly and then
|v||l; < liminf ||v,||, for all g. Moreover, the functional calculus associated to our f(t) = [t/ or
f(t) = sgn(t)|t|? is continuous on L§* (Lemma 3.2 in [23]).

Theorem 3.4. Let 0 < 6 < 1 and 0 < p < oo then there exists Cp g so that for any semi-
finite von Neumann algebra (M,T), and z,y € Lo(M,T)°* such that x —y € L,(M,T), then
|z — [y|’, sgn(z)|z|” — sgn(y)|y|® € Ly/e(M,T) and

] 6 6 9 6 6
lz” =Tyl llpso < Cpollz =yl llsgn(@)]]” = seny)[yl"[lp/0 < Cpollz = yllp-

Proof. This is a matter of approximations.
We start by giving arguments to get the result when z,y € M** and v —y € L,(M). First note
that if a bounded sequence (z,,), € M*® goes to x for the strong-topology then (f(z,)), also goes
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to f(z) for the strong-topology (Lemma 4.6 in [28]). Take any finite projection v € M and (gp), a
sequence of finite projections that goes to 1 strongly, it follows that (vf(gnxqn)y)n goes to v f(z)y
in L. since Ly C Ly is continuous, we get that in the topology of Lo, lim,, vf(gnxg,)y = vf(x)y
and similarly for y.

As ¢nxg, and ¢,ygy, are in Ly, we get

17(f(@n@an) — f(@nyan))Vpse < Cpolln( — v)anlll < Cpallz —yll%.

Using the Fatou lemma, we obtain

Iv(f(@) = F)Vpre < Cpollz — yll5-

It is a simple exercise to check that if z € L§® is so that sup ||yz7[[,/¢ < C where the sup runs over
all finite projections, then z € L,/ with norm less than C'. This allows to conclude.

Next take any x,y € Lo such that x —y € L,. Let g, = 1j3/<n A ljy|<n, then g, is an increasing
sequence of projections to 1 with 7(1 —¢,) — 0 as ,y € Ly. Moreover ¢,2zq, € M goes to z in Lg
(similarly for y) (see [29] page 20). By the continuity of the functional calculus in Lo, (f(gnxqn))
and (f(gnyqn)) go to f(z) and f(y). Once again with the help of the Fatou lemma and the previous
case

1 (@) = FW)llpso < liminf || f(gn2gn) — f(anyan)llpjo < Cpolimint ||gn(z — y)anlly < Cpo

2l
O

4. ANDO’S INEQUALITY IN TYPE III ALGEBRAS

Before going to type I11 algebras, we need to extend Ando’s inequality to weak-L, spaces. We
will use the K-interpolation method see [7].

As usual, given two compatible quasi-Banach spaces Xg and X1, we let for ¢ > 0 and x € Xo+ X3
Ki(z, Xo, X1) = inf{||zo|[x, + tllz1]|x, 5 @ =20 + 21}
For0<n<1land0<gqg< oo set

_ o dt\
fellg = =Ko Xo. X0,y = ([ it Xo, X005 )
0

with the obvious modification when ¢ = oo.

The interpolated space (Xo, X1),,q is { € Xo + X1 | ||2]|5,¢ < 00} with (quasi)-norm ||.||;,q-

If (M,7) is a semi-finite von Neumann algebra, and z € Lo(M,7) we denote as usual its
decreasing rearrangement by u:(x) (see [14]).

The noncommutative Lorentz spaces Ly, (M, T) for 0 < p < oo and 0 < ¢ < oo are defined as in
the commutative case. The space Ly, ,(M, T) consists of all measurable operators x € Lo(M, T) so
that ||z||z, , = ||t1/put(f)||Lq(R+,dt/t) < oo. With the (quasi)-norm |||z, , it becomes a (quasi)-
Banach space.

The results about real interpolation of commutative L,-spaces ([7] Theorem 5.3.1) remain avail-
able for semi-finite von Neumann algebras. Indeed for any 0 < pg < p1 < oo, for all £t > 0, z €
Ly, (M, 7)+L,, (M, 7), the quantities K¢(x, L,, (M, T), Ly, (M, 7)) and K¢ (u(x), Ly, (RT), Ly, (RT))
are equivalent with constants depending only on pg and p;, see [30] for details. As a conse-
quence, we get that for pg # p1 < o and 0 < ¢ < 00, 0 < 7 < lwith% = 1;—0"4—1%,
(Lpg (M, T), Lp, (M, 7T))p.q = Lpq(M,T) with equivalent norms (depending only on the param-
eters but not on (M, 7)).

We drop the reference to (M, 7) to lighten notation.

When x = 2* € Ly, + Ly, we can also consider

K{(x, Lpy, Ly, ) = inf{||zollp, + tll21lp, ; ® = 20 + 21 with z; = 27}
Lemma 4.1. Let 0 < pg < p1
Ktsa(vamePl)

00, t >0 and x € (Lp, + Ly, )°*, then
Kt(x’ LPO’ Lpl) > Kisa(mv Lpov LP1)/2maX{1/p0’l}_1.

Proof. This is a standard fact. Let 2 = ag + a1 with a; € L,, such that |aglp, + tllai|lp, <
Ki(x,Lp,, Ly,) + € Then x = by + by with b; = (a; + af)/2. We have ||b;]|,, < Ql/m—lnaini if
pi < 1or |bllp, <llaillp;, otherwise, hence we get the result letting e — 0. O

\VAR/AN
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Remark 4.2. Similarly one can easily show that for z > 0, Ky(x, Lp,, Ly, ) is equivalent to
inf{||zollp, + tllx1llp, ; * = zo + z1 with x; > 0}.
Lemma 4.3. Let 0 < py < p1 < o0 and 8 €]0,1] and z,y € (Lp, + Lp, )**. Then for allt > 0 and
f(s) =1s|” or f(s) = sgn(s)|s|’:
Ko (f(y) — f(2), Ly, /0, Lpl/é) < Cpy pr o Ki(y — , LpoaLp1)0~

Proof. Thanks to the previous Lemma, it suffices to do it with K;* instead of K;.

Choose selfadjoint operators dg € Ly, and 61 € L,, so that y—xz = do+91 and ||do]|p, +1191|lp,
2K;a(x - Y Lpo’ Lp1)'

Set ag = f(y) — f(z +01) = f(y) — f(y — do) and a1 = f(x + 61) — f(x), then f(y) — f(z) =
ag + a;. By Theorem 3.4 for p;, we obtain ||a;|,, /6 < Cp, 0 |5iHZ,~' Since, ||aol|p, /0 + t9||a1||p1/9 <

Cpopr0(|100]l1 + t]|61][p,)?, we have found a suitable decomposition to conclude.

N

O

Proposition 4.4. For all0 <p <00, 0 < g <00 and 0 <60 <1, there exists Cp 40 > 0 such that
for x,y € L3¢, with f(s) = |s|® or f(s) = sgn(s)|s|’:

p )
1£@) = F@)L, 0, < Crasly — 2l
Proof. Put pg = p/2, p1 = 2p and n = 2/3 so that % = 1;—0’7 + pll. We have
1) = £y piog 1EE(FW) = £, Ly s Ly o)l e ey

”y - :L.”Lp,qf) =p.qo ”u_nKu(y -, me Lp1)||Lq9(]R+,du/u)~
But by Lemma 4.3

17K (f(y) = f(2), Ly jos Lpy jo) |, &+ ey < Cpoollt " Kp1s0(y — @, Ly, Lp, )Pl 1, v+ e -

But by a change of variable u = t!/¢:

P’

||t_nKt1/e (y — T, Lpo 5 Lp1)9||Lq(R+,dt/t) = 91/q||u_"Ku(y - 7T, Lpo’ LPl)H‘qu(R*,du/u)
and we get the estimate. O

We can conclude with the proof of Theorem 3.2 for type III algebras.

Proof. Assume that M is given with a n.s.f. weight ¢ with modular group o. Let R = M x5 R
be its core (with the dual action &), this is a semi-finite von Neumann algebra with a trace 7 such
that 7 0 6, = e~ 7. Then by definition L,(M, ¢) is isometrically a subspace of L, (R, 7), more
precisely
Ly(M, ) = {x € Lo(R,7) | 6:(x) = e /Px, ¥t € R} C Ly oo (R, 7T),

with by definition ||z, = [|z[|z, (=) (see [29] Definition 13 and Lemma 5 or Lemma B in [16]).

Thus Theorem 3.2 for type III algebras follows from Proposition 4.4 for the weak-L, spaces
noticing that f(L,(M,¢)) C L,/9(M, p) as 6; is a representation and f is f-homogeneous. O

5. FURTHER COMMENTS

By very classical arguments using the Cayley transform see [24], estimates for the functional
calculus are equivalent to some for commutators or anticommutators.

Proposition 5.1. Let 0 < p < oo and 0 < § < 1, then there exists a constant Cp g so that for
z € L,(M)*® and b € M with f(s) = |s|® or f(s) = sgn(s)|s|’:

1L£). DI < Coo e, B 01
If 2,y € L,(M)" and b € M, then
|bx9 :I:yebH

Let M, , denote the Mazur map for p < ¢ given by M, ,(f) = f|f|?P~9/49. The 2 x 2-tricks from
[24] also give

oo < Coollbw £ o] b=

Proposition 5.2. Let 0 < p < oo and 0 < § < 1, then there exists a constant Cp, g so that for
z,y € Lp(M): ,
HMp,p/@(m) - Mp,p/9(y)]“p/9 < Cpollr —yllp-
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This improves the estimates for M, , when p < ¢ of Theorem 4.1 in [18] and gives the expected
Holder continuity.

Remark 5.3. The above two propositions are valid for all von Neumann algebras. For semi-finite
ones, similar estimates are true for the Lorentz norms as in Proposition 4.4.

Contrary to the case p > 1, at least for p < 1/2, there is no constant C), so that for all 0 < § < 1,

xeiye) < C
||( T—y I}l,y}l”pdy N Yp-

Indeed if this is so, then taking § = 1 — ¢, x = e!/¢, y = e%/¢ by Lemma 2.5, letting ¢ — 0, we
would get that || (e’ max{t*s}> N llpes < Cp. Using that 2max{z,y} = |r — y| + = + y, we would
0

35 =

deduce that || (e“t_s‘) llpeb < Chp.
0<t,5<1

By easy arguments going from a discrete situation to a continuous one, one can deduce that the
same matrix has to be a Schur multiplier on S?(L[0,1]). The constant kernel 1 on [0,1]? is in

SP(L5[0,1]) with norm one, thus we would get that || (e_‘”_yl) s (L20,1]) < Cop-
0<Lz,y<1

<

The operator T on Ly[0,1] with kernel K(z,y) = e~ 1%l is obviously positive and Hilbert-
Schmidt with HS norm less than 1. One easily checks that the eigenvectors f) associated to
A must satisfy Af” = Af — 2f. Letting A = 14-% with a > 0, the only possibilities are fy(z) =

. . . . —x — i . . 2
ae'®®+he % But T'(e'**) = 1+2a2 N Elja . Thus, X is a eigenvalue iff e?'® = (};:z) .
Set tan § = o with @ €]0,7/2[, so that e?'® = e=4%. The equation tant = —2¢+ k7 admits a unique
solution 0y in |0, 7/2[ for k > 0 so that tan @y ~ km. We deduce that the set of eigenvalues of T" is
(W);@l with associated eigenvector fx(z) = €l*® — IH2e~i Thus T ¢ SP(L,[0,1]) when
p<1/2.

As fa/llfrll2 is uniformly bounded in C[0,1], we can also deduce using Lemma 2.3 that for
p>1/2

H(e—max{t,s})0<t <1||pcb<00 and ”(e—max{t,s})
ILSX

About Corollary 2.11, it is easier to see that the norm cannot be independent of 0 < 6 < 1 for

< 1. Indeed the multiplier (ﬂ) ﬂ)
P x p z+y z>1,y>1 Tty 30,y>0

not bounded for p =1 (hence also for p < 1) as shown in [12].

< Q.
t,s}O”pCb

, or equivalently ( using homogeneity, is
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