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Abstract Pumping tests can be used to estimate the hydraulic conductivity field from the inversion of
hydraulic head data taken intrusively in a set of piezometers. Nevertheless, the inverse problem is strongly
underdetermined. We propose to add more information by adding self-potential data taken at the ground
surface during pumping tests. These self-potential data correspond to perturbations of the electrical field
caused directly by the flow of the groundwater. The coupling is electrokinetic in nature that is due to the
drag of the excess of electrical charges existing in the pore water. These self-potential signals can be easily
measured in field conditions with a set of the nonpolarizing electrodes installed at the ground surface. We
used the adjoint-state method for the estimation of the hydraulic conductivity field from measurements of
both hydraulic heads and self potential during pumping tests. In addition, we use a recently developed pet-
rophysical formulation of the streaming potential problem using an effective charge density of the pore
water derived directly from the hydraulic conductivity. The geostatistical inverse framework is applied to
five synthetic case studies with different number of wells and electrodes and thickness of the confining
unit. To evaluate the benefits of incorporating the self-potential data in the inverse problem, we compare
the cases in which the data are combined or not. Incorporating the self-potential information improves the
estimate of hydraulic conductivity field in the case where the number of piezometers is limited. However,
the uncertainty of the characterization of the hydraulic conductivity from the inversion of the self-potential
data is dependent on the quality of the distribution of the electrical conductivity used to solve the Poisson
equation. Consequently, the approach discussed in this paper requires a precise estimate of the electrical
conductivity distribution of the subsurface and requires therefore new strategies to be developed for the
joint inversion of the hydraulic and electrical conductivity distributions.

1. Introduction

The characterization of hydraulic conductivity (K-) field (in m s21) of an aquifer constitutes a crucial aspect
in the modeling of groundwater flow, the transport of contaminants, and their remediation. The hydraulic
conductivity is usually determined from hydrogeological (invasive) methods such as pumping tests and
requiring a set of piezometers [Bear, 1988].

In hydrogeology, various techniques have been proposed for mapping the hydraulic conductivity field from
a sequence of pumping tests. Yeh et al. [1996] and Zhang and Yeh [1997] have developed an iterative geo-
statistical inverse method in which a successive linear estimator (SLE) was used to include the nonlinear
relationship between the hydraulic parameters and the hydraulic heads. Such type of technique was vali-
dated both in the laboratory, using sandbox experiments [Liu et al., 2002, 2007], and in field conditions [Stra-
face et al., 2007; Cardiff et al., 2009]. Kuhlman et al. [2008] applied the SLE approach at the scale of a
catchment while Cardiff et al. [2009] used recently the quasi-linear statistical approach of Kitanidis [1996] to
image the distribution of the hydraulic conductivity at the Boise Hydrogeophysical Research Site (BHRS).
Recent developments in the field of hydraulic tomography include the works by Hernandez et al. [2006], Liu
et al. [2007], Straface et al. [2007], Cardiff et al. [2009], Brauchler et al. [2013], Mao et al. [2013], and references
therein.

The inverse problem in hydraulic tomography is strongly nonunique and underdetermined. The resolution
of the hydraulic conductivity field depends strongly on the density of piezometers. In general, a limited
number of available piezometers imply a poor reconstruction of the hydraulic conductivity field of
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heterogeneous aquifers, which can be an issue for some hydrogeological problems. To reduce this issue,
researchers have been looking at possible sources of additional information to help constrain the inverse
problem or using various regularizers to shape the objective function to minimize the nonuniqueness of
the solution and to provide solutions with given additional characteristics.

Various geophysical methods can be used to provide additional information to the hydraulic tomography
problem. Electrical resistivity tomography (ERT) has been broadly used, alone, or in combination with other
data sources, to estimate the hydraulic conductivity field [see, for instance, Troisi et al., 2000; Bowling et al.,
2006; Bohling and Butler, 2010; Pollock and Cirpka, 2010]. Another relevant method is induced polarization,
which is an extension of ERT to include low-frequency (0.1–100 Hz in field conditions) polarization effects.
In this case, the electrical conductivity is replaced by a complex conductivity with in-phase and quadrature
components. The complex conductivity can be used, in turn, to determine or to image the hydraulic con-
ductivity field (see H€ordt et al. [2006] for a field application and Revil and Florsch [2010], Revil et al. [2012],
and Revil [2013] for the development of new petrophysical models). Two other popular geophysical
approaches in hydrogeophysics have been the use of the ground-penetrating radar (GPR) and seismic sur-
veys [e.g., Hyndman et al., 2000; Chen et al., 2001].

In this paper, we follow the old idea proposed in hydrogeology by Abaza and Clyde [1969] to use the self-
potential data in getting information on flow rate and the hydraulic conductivity field. A description of the
early history of the use of the self-potential method to characterize groundwater flow can be found in Revil
et al. [2012] and Revil and Jardani [2013] and will not be repeated here. The self-potential signals correspond
to the passive measurements of the electric potential field (or its fluctuations) recorded at the ground surface
of the Earth or in boreholes with a set of nonpolarizable electrodes [e.g., Petiau and Dupis, 1980; Petiau, 2000],
and using a high-impedance voltmeter (typically >10 MX). The first hydrogeophysical observation that
groundwater flow produces a recordable electrical field was made by the Russian-born Physicist Porphiry Iva-
novich Bachmetjew [Bachmetjew, 1896]. The physics of this ‘‘streaming potential’’ was developed earlier by
Quincke [1859], first conceptualized by Helmholtz [1879], and later by von Smoluchowski [1903]. Bogoslovsky
and Ogilvy [1973] and Semenov [1980] were probably the first to apply the self-potential method to pumping
tests. Jardani and Revil [2009] used self-potential and temperature data in a geothermal field to invert the
piecewise constant hydraulic conductivity distribution using a stochastic method and known facies bounda-
ries. In the present paper, we are looking for the reconstruction of the hydraulic conductivity field from the
joint inversion of the hydraulic head and self-potential data associated with pumping tests.

The self-potential signals are generated by the drag of the excess of electrical charges contained in the
pore water, more precisely in the electrical diffuse layer coating the surface of the minerals [Kulessa et al.,
2003; Revil et al., 2003; Jardani et al., 2006]. The electrical double layer is formed of (1) the Stern layer [Stern,
1924] that is attached to the mineral surface and (2) the diffuse layer [Gouy, 1910; Chapman, 1913] that is
mobile and can be partly dragged by the flow of the pore water. The resulting electrical current density
(flux of electrical charges per unit surface area per unit time) is known as the streaming current density and
the associated electrical field is often called (improperly) the streaming potential [Bogoslovsky and Ogilvy,
1973]. A general theory of the streaming current in poroelastic and unsaturated porous rocks and soils can
be found in Revil and Mahardika [2013]. Due to its sensitivity to the water motion in the porous medium,
the self-potential method has been used to monitor hydraulic head changes associated with pumping tests
[for instance, Semenov, 1980; Rizzo et al., 2004; Titov et al., 2005; Maineult et al., 2008; Jardani et al., 2009;
Straface et al., 2010, 2011]. These works have been mostly focused on showing the existence of recordable
signals, in performing forward modeling of the self-potential response, and in developing simple interpreta-
tion schemes, mostly based on the linear relationship between the changes in the self-potential signals and
the concomitant changes in hydraulic heads. We will avoid these types of relationships (for instance,
directly between the head the self-potential signals) in our analysis. Malama et al. [2009a, 2009b] developed
recently the mathematical solutions for the self-potential responses associated with pumping tests in both
confined and unconfined homogeneous aquifers. Their semianalytical solutions can be very useful in
benchmarking numerical codes but they do not account for the heterogeneous character of aquifers. This
approach has been extended recently by Malama [2014] to account for the flow in the vadose zone during
pumping tests in an unconfined aquifer.

We need also to consider the petrophysical model for the streaming potential coupling coefficient, a key
sensitivity parameter entering into the determination of the self-potential signals. Jardani et al. [2007]
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introduced an empirical relationship to compute self-potential signals of electrokinetic nature using an
effective volumetric charge density. This parameter can be inferred directly from the hydraulic conductivity,
which reduces the number of petrophysical parameters needed to invert the hydraulic conductivity from
self-potential data. The validity and uncertainty associated with this relationship will be discussed below.

We are interested in developing a novel formulation to infer directly from the joint inversion of self-
potential and head data the hydraulic conductivity field of a heterogeneous aquifer in 3-D. Our approach is
based on the adjoint-state method to compute the sensitivity matrix of the self-potential observations to
the hydraulic conductivity. Our goal is to underline the strengths and weaknesses of the self-potential
method for determining K-fields during pumping tests.

2. Forward Problem

In this section, we define the fundamental equations used to simulate the streaming potential signals in the
quasi-static regime of the Maxwell equations and for steady state groundwater flow conditions for a con-
fined aquifer. The forward problem of the self potential requires the coupling of both the hydraulic and
electric problems. That said, the electro-osmotic contribution in the Darcy velocity is negligible and the
problem can be partially decoupled (the electrical field is generated by the flow of the pore water but does
not measurably influence the Darcy velocity itself, [e.g., Revil et al., 1999]).

For an isotropic, heterogeneous, and water-saturated porous material, the hydraulic problem can be
expressed for an aquifer in steady state conditions using the following continuity and constitutive
equations,

r � u5Qs; (1)

u52Krh; (2)

respectively, where u denotes the Darcy velocity (in m s21), h denotes the hydraulic head (in m), K (in
m s21) is the saturated hydraulic conductivity (a scalar for isotropic formations), and Qs (in s21) represents
the external hydraulic sources sinks due to the pumping/injection tests. Equations (1) and (2) are subjected
to the following boundary conditions for the synthetic tests developed below (other boundary conditions
may exist for other problems):

h5hD at CD; (3)

2n � Krh50 at CN: (4)

In these equations, the constant hydraulic head hD is imposed at the boundary CD, n is the unit vector nor-
mal to the boundary CN. Equations (3) and (4) correspond to the Dirichlet and Neumann boundary condi-
tions, respectively. We will discuss further the boundary conditions for our synthetic case study in section 4.

We first present the boundary-value problem for the self-potential field. In an isotropic heterogeneous
media, the total current density j (in A m22; representing the total flux of electrical charges) is the sum of a
conductive current density (given by Ohm’s law) plus a source current density called the streaming current
[e.g., Jardani et al., 2007]:

j52rru1Q̂V u; (5)

where u is the electrical (self-)potential (in V), r is the electrical conductivity of the porous material (in
S m21; a scalar in isotropic conditions), and Q̂V (in C m23) is the effective excess charge density per unit
pore volume that is dragged by the flow of the pore water. This charge density represents a fraction of the
total charge density of the electrical diffuse layer. The charge density Q̂V can be directly predicted from the
hydraulic conductivity K (m s21) according to the empirical relationships established by Jardani et al. [2007]:

log10Q̂V 523:4920:82 log10K; (6)
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The validity of this equation is
shown in Figure 1 for a broad vari-
ety of rocks and sediments [Jardani
et al., 2007]. As shown in Figure 1,
there is some uncertainty in predict-
ing the effective charge density
with equation (6). This uncertainty is
not considered in the present work
because the uncertainty in Figure 1
is coming essentially from the fact
that the data are not corrected for
the effect of salinity (or TDS, total
dissolved solid) and pH. For a
known pH and mineralization of the
pore water, it is likely that the uncer-
tainty in the relationship between
the charge density and the perme-
ability will be reduced.

The continuity equation for the elec-
trical charge is r � j50 [Sill, 1983],
which combined with equation (5)
yields the following elliptic
equation,

r � rruð Þ5r � jS: (7)

In equation (7), the source current
density js (corresponding to the last
term of equation (5)) is given by:

jS5Q̂V u; (8)

with the following boundary conditions:

u50 at Cd; (9)

2n � rru2jS½ �50 at CN: (10)

The Neumann boundary condition CN is imposed at the insulating air-ground interface and a Dirichlet
boundary condition Cd is imposed at the other boundaries. Equation (8) expressed the idea of proportional-
ity between the streaming current density and the flow rate, an idea that was early explored experimentally
by Abaza and Clyde [1969].

Note that our approach can be used to define the streaming potential coupling coefficient as well:
Cl5 @u=@hð ÞJ5052KQ̂V=r. This coupling coefficient defines the sensitivity of the electrical potential to a
change of hydraulic head under the conditions that the total current density is zero. However, just using a
relationship between the head and the potential changes [e.g., Straface et al., 2010, 2011] is not a rigorous
approach since it is not based on solving the field equation for the electrical potential obtained by combin-
ing the constitutive and continuity equations described above.

In our formulation, the number of the petrophysical parameters is limited to the electrical conductivity and
the hydraulic conductivity. In field conditions, an estimate of the electrical conductivity distribution can be
derived from electrical resistivity tomography (ERT) or from electromagnetic methods. To avoid having to
deal with the joint inversion of resistivity, head, and self-potential data all together, the electrical conductiv-
ity distribution is assumed to be known here for three of the case studies presented below. In the fourth
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Figure 1. Quasi-static charge density Q̂V (excess pore charge moveable by the quasi-
static pore water flow) versus the hydraulic conductivity K for a broad collection of
core samples and porous materials. Data from Ahmad [1969], Bolève et al. [2007],
Casagrande [1983], Friborg [1996], Jougnot et al. [2012], Jardani et al. [2007], Pengra
et al. [1999], Revil et al. [2004, 2007], Sheffer [2007], Revil et al. [2013], and Zhu and
Toks€oz [2012]. These measurements were performed at various salinities and pH val-
ues (pH between 5 and 7 except for the limestones).
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case study, we will focus on the impact of the resistivity distribution on the inversion of the hydraulic con-
ductivity data. Our paper focuses on the characterization of the hydraulic conductivity using head and self-
potential data alone with or without the knowledge of the resistivity distribution.

3. Inverse Problem

The inverse problem consists in retrieving the hydraulic conductivity field by fitting jointly or not the
hydraulic heads measured in the observations wells and the electric (self-)potential data recorded on the
ground surface during a set of pumping tests. To reach this goal, we can minimize an objective function.
Such an optimization is severely ill posed as the number of unknown parameters is (usually) far greater
than the number of available measurements.

In a Bayesian geostatistical framework, the inverse problem consists to minimize the following objective
function [Kitanidis, 1996]:

L5
1
2

dobs
h;u2WðsÞ

h iT
V21

h;u dobs
h;u2WðsÞ

h i
1

1
2
ðs2XbÞT Q21ðs2XbÞ; (11)

where dobs
h;u5½dobs

h ; dobs
u � (n 3 1) denotes the vector of observed data. This vector contains the hydraulic

heads (data vector dobs
h ) and the self-potentials data (data vector dobs

u ). The vector s (m 3 1) is a vector of
discrete values of the logarithm of the hydraulic conductivity log10K. The (n 3 n) diagonal covariance matrix
of the measurements errors Vh,u is given by:

Vh;u5
r2

hINh3Nh 0

0 r2
uINu3Nu

" #
; (12)

where r2
h and r2

u denote the known variances of the measurement errors of the hydraulic head and self-
potential data, respectively, IN3N represents the identity matrix of size N, Nh, and Nu denote the number of
the measurements of the hydraulic heads and the streaming potentials, respectively. The vector EðsÞ5Xb
(implying stationarity of the log K-field) denotes the expected value, X is a m-vector with 1 for all its ele-
ments, b is the (unknown) scalar constant denoting the mean of the parameter field. The matrix Q (m 3 m),
in equation (11), denotes the spatial covariance matrix of the parameters. In our case, this matrix is derived
from a Gaussian variogram but other types of variograms could be used as well. We assume that the struc-
tural parameters such as the variances and correlation lengths of the Gaussian variogram are considered
known from prior information (e.g., downhole measurements or a geological expertise of the sedimentary/
soil structure). However, these geostatistical parameters could be estimated as well using a restricted maxi-
mum likelihood approach as demonstrated by Cardiff et al. [2012]. The vector WðsÞ (n 3 1) corresponds to
the forward problem operator in which the hydraulic heads and the streaming potential data are numeri-
cally predicted given a log hydraulic conductivity field s.

The quasi-linear geostatistical method is based on an iterative process with successive first-order Taylor
derivatives evaluated at the last ~sk :

WðsÞ5Wð~skÞ1~Hk s2~skð Þ; (13)

~Hk5
@WðsÞ
@s

����
s5~sk

; (14)

and where k denotes the number of the iteration step and ~Hk (m 3 n) is the sensitivity or Jacobian matrix
of the measurements with respect to the logarithm of hydraulic conductivity at the estimate ~sk . In our case,
we point out that the Jacobian matrix is composed of two sensitivity matrices corresponding to the both
type of measurements,

~Hk5
~H

h
k

~H
u
k

2
4

3
5; (15)
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where ~H
h
k and ~H

u
k denote the sensitivity of the hydraulic heads and of the self-potential data to the loga-

rithm of the hydraulic conductivity, respectively. The technique followed in computing the two Jacobian
matrices is detailed in section 3.1.

The optimization is done by following an iterative procedure according to [see Kitanidis, 1996]:

~sk115Xbk111QHT
k nk11; (16)

where ~sk11 denotes the updated best estimation of the vector of model parameter, and bk11 and nk11 are
computed by solving the following linear system of equations:

Hk QHT
k 1Vh;u Hk X

ðHk XÞT 0

 !
nk11

bk11

 !
5

dobs
h;u2WðskÞ1Hk sk

0

 !
: (17)

To estimate the uncertainty corresponding to the inverted field parameter, we compute the posterior covar-
iance of s, derived as:

Qssjd5Q2
~Hk Q

XT

" #T ~Hk Q ~H
T
k 1Vh;u ~Hk X

ð~HkXÞT 0

0
@

1
A

21
~Hk Q

XT

" #
: (18)

The diagonal elements of Qssjd represent the posterior variance of individual elements of ~s. We pointed out
that a line search algorithm is included in the optimization process to ensure that our new model update
reduces adequately the objective function.

To visualize the quality of the coverage provided by the arrangements of the sources and receivers for a
given case study and to quantify the nonuniqueness of the inversion, we compute the resolution matrix R
[Menke, 1989; Bohling and Butler, 2010]. This matrix is given by

R5 HT
k V21Hk1M

� �21
HT

k V21Hk; (19)

where,

M5Q212Q21X XT Q21X
� �21

XT Q21: (20)

The matrix element Rij denotes the weight contribution of the jth parameter to the estimate of the ith
parameter. The values of the diagonal elements Rii are comprised between 0 and 1. Zero means the param-
eter in question cannot be resolved at all given the data set while 1 means it can be perfectly resolved.
Thus, the resolution matrix can be used to evaluate the effect of different sampling schemes of the pump-
ing tests on the reconstruction of the hydraulic conductivity [Vasco et al., 1997].

3.1. Sensitivity Analysis
The application of a gradient-based algorithm involves an evaluation of the sensitivity matrix at each itera-
tion. This computation represents the most computationally expensive part of the algorithm. The finite dif-
ference approach is a straightforward approach to determine the sensitivity matrix but nevertheless the
computational effort is very high, especially when the number of the unknown parameters is important. An
alternative approach is to apply the continuous adjoint-state method to reduce the cost for the computa-
tion of the sensitivity matrix [see Sun and Yeh, 1990].

For a given step in the iterative process of the quasi-linear algorithm in which ~sk is the current estimate of
the hydraulic conductivity ~K 510~sk , we solved the hydroelectric forward problem to determine the distribu-
tion of the hydraulic head ~h and the streaming potential signature ~u. Then, we solved a set of adjoint-state
equations for each measurement. The sensitivity of u to log ~K is given by satisfying the following two
adjoint equations w�1 and w�2:
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2r:ðrrw�1Þ5dðx2xi
uÞ; (21)

r � ð~Krw�2Þ52r � j�; (22)

with j�5að~K Þrw�1, and

að~K Þ5Q̂Vð~K Þ~K : (23)

These partial differential equations are subject to the following boundary conditions:

w�150 at Cd; (24)

2n � r � rw�1
� �

50 at CN; (25)

w�250 at CD; (26)

2n � ~Krw�250 at CN; (27)

where d denotes the Dirac (delta) distribution, x is the spatial coordinates vector, and xi
u represents the posi-

tion of the electrode at which measurement i is taken. The sensitivity of the self-potential measurements u
to the logarithm of the hydraulic conductivity ~s5log 10 ~K is then given as:

@ui

@~sk
52lnð10Þ

ð
Xk

~Kr~hrw�21
@að~K Þ
@~K

r~hrw�1

� �
dXk : (28)

The subscript k denotes the position of the unknown parameter ~sk in the domain X. The subscript i denotes
location of the self-potential observation.

A similar procedure is followed to evaluate the sensitivity of the hydraulic head measurements to the loga-
rithm of the hydraulic conductivity data though by solving an equation for the adjoint-state w�3:

2r � ð~Krw�3Þ5d x2xi
h

� �
; (29)

subject to the following boundary conditions:

w�350 at CD; (30)

2n � ~Krw�350 at CN: (31)

The sensitivity of h to s5log 10 K is then given as:

@hi

@sk
52lnð10Þ

ð
Xk

~Kr~hrw�3dXk : (32)

The subscript k denotes the position of the parameter sk in the domain X while xi
h denotes the location of

the piezometric observation at position i. The integration of equations (28) and (32) is performed numeri-
cally with the Gauss-Legendre quadrature method.

Note that computing the sensitivity matrix using the finite differences method requires solving the forward
problem (n 1 1) times in which n denotes the number of model parameters. This can become very tedious
from a numerical standpoint if we are dealing with a high number of unknowns as this is the case. In addi-
tion, the use of adjoint operators gives a better estimate of the integral in equation (28) than the finite dif-
ference method.

4. Numerical Case Studies

We investigate now the usefulness of adding self-potential measurements to hydraulic head data simulated
during pumping/injecting experiments to assess the hydraulic conductivity field of a 3-D heterogeneous
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aquifer. We propose five synthetic case studies in which we attempt to reproduce the hydraulic conductiv-
ity of a confined aquifer from the inversion of either the self-potential or the hydraulic heads data alone
(case study 1), or through their joint inversion of these data (case studies 2–4). Case study 4 focuses on
investigating the effect of the resistivity distribution known with some uncertainty. Case study 5 deals with
a larger portion of an confined aquifer accounting for the finite thickness of the confining unit above the
confined aquifer.

4.1. Synthetic Aquifer
The heterogeneous hydraulic conductivity field is geostatistically generated using the software SGEMS
[Deutsch and Journel, 1992]. For that purpose, we use an anisotropic Gaussian variogram (see Table 1). The
resulting hydraulic conductivity field is highly heterogeneous in XY directions and moderately heterogene-
ous in the Z direction. The values of the hydraulic conductivity are chosen to approximate a sandy alluvial
environment (Figure 2a). The dimension of the area of interest is a square (10 m by 10 m) with thickness of
4 m (Figure 2a). The aquifer domain is encircled by a large area in which the electrical and hydraulic conduc-
tivities are constant to minimize the effect of boundary conditions chosen to solve the partial differential

Table 1. Summary of Parameters Used to Construct the (True) Model in the Synthetic Examplesa

Dimensions 3-D

Geometry 10 m 3 10 m 3 4 m domain (cases 1–4)
40 m 3 40 m 3 40 m domain (case 5)

Number of nodes 48,690 (cases 1–4)
128,652 (case 5)

Number of parameter cells 392
HH Measurements error HH Gaussian, r 5 1 cm in head
SP Measurements error SP Gaussian, r 5 0.1 mV in voltage

SP Gaussian, r 5 0.08 mV in voltage (case5)
Variogram for true log(K) 0.001 1 1 Gau(60, 80, 0, 0, 0.66, 0.3)b

Variogram for true log(r) 0.001 1 1 Gau(300, 80, 0, 0, 0.6, 0.43)

aHH stands for hydraulic heads and SP for self potential (Case Studies 1–5).
bC0 1 C1Gau(a, p, q, r, s, t) where C0 denotes the nugget, C1 denotes the variance, a is the maximum range in the major direction p, q

is the dip angle for the principal direction of continuity, r is the third rotation angle to rotate the two minor directions around the princi-
pal direction defined by p and q. Anisotropy ratios s and t are the ratios between the major range and each of the two minor ranges.
The error in the head data should account for both the uncertainty in the measurement of the head in the piezometer but also about
the perturbation associated with the local disturbances in the K-field generated by the introduction of a piezometer in the ground.

Figure 2. Description of the synthetic model. (a) True distribution of the hydraulic conductivity field generated by SGEMS [Deutsch and Journel, 1992]. This field is used to simulate the
hydraulic heads and the self-potential data for a set of pumping tests. (b) Location of the nine wells used in case 1. This set of wells is used to simulate a sequence of pumping tests
(pumping/injection at three discrete depth intervals (23, 22, 21 m)) and to compute the hydraulic heads. The 25 filled circles on the top surface of the domain denote the position of
the electrodes where the self-potential measurements are performed.
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equation of the electrical and hydraulic problems. The boundary CD denotes the boundary at which the
constant hydraulic head hD is imposed. This boundary is located away from the domain of interest to ensure
that the boundary conditions have no influence on the computation of the hydraulic heads. The Neumann
boundary CN is imposed at the surface and at the bottom of the domain of interest. The electrodes are
located at the top aquifer/aquitard contact but they could be located further up and this will not change
our results (see discussion below and see Figure 11 of Titov et al. [2005]).

The distribution of the electrical conductivity of the aquifer is assumed homogeneous only for case studies
1–3 (with r 5 1022 S m21) and heterogeneous in the fourth case. In this fourth case, we study the influence
of the uncertainty of the electrical conductivity pattern on the result of the inversion of the self-potential
data in terms of the hydraulic conductivity distribution. In the case of complex geological environments, an
estimate of the electrical conductivity distribution can be derived independently from galvanometric or
inductive electromagnetic methods. The efficiency of the hydraulic conductivity prediction from the pump-
ing experiments depends on the number of piezometers and electrodes. We first investigate therefore three
case studies with different densities of wells and electrodes in order to explore the potential benefits of
including the self-potential data into the hydraulic tomography problem. As explained above, we only study
the steady state conditions, that is for the self-potential signals, the difference in the electrical potential
prior to the pumping tests and when the flow reaches a steady state equilibrium.

4.2. Case Study 1
In the first case study, we use nine wells considered to be packed off so that the head measurements and
the pumping/injecting tests can take place at three discrete depth intervals [23, 22, and 21 m] (Figure
2b). Such a setup can be used to simulate a set of 324 hydraulic head data derived from 15 dipole tests
(water is pumped in one well at one depth interval and injected into another one at various levels in the dif-
ferent wells). In parallel to the hydraulic head measurements, we also simulate the associated self-potential
data at the ground surface of the domain using 25 electrodes with respect to a reference electrode placed
95 m away from the region of investigation (Figure 2b). The self-potential signals mimic the behavior of the
hydraulic heads. The self-potential anomaly associated with the injection wells presents a negative signa-
ture and positive for the pumping wells (Figure 3) with a good signal-to-noise ratio as discussed below in
section 5. Note that in real case studies, the temperature changes may cause drift in the self-potential

Figure 3. Distribution of heads (in the aquifer) and self potential (at the ground surface) for a single dipole test. (a) Distribution of the hydraulic heads (as meters above base datum)
under steady state conditions. The filled circles correspond to the positions of located pumping and injecting wells. (b) Distribution of self potential at the ground surface corresponding
to the hydraulic heads distribution in which the pumping and injecting zones characterized by the negative and positive signatures, respectively. Note that the magnitude of the self-
potential signals is much above the typical noise level (0.1 mV) [e.g., Rizzo et al., 2004].
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temporal record. This drift needs to be removed/corrected prior analyzing the data (see details in Jardani
et al. [2009]).

The hydraulic head data were contaminated with an artificial 5% Gaussian noise (using 5% of the mean
of the hydraulic head data). This realistic level of noise is used to approximate real field conditions. We start
the iterative process of our algorithm with a homogenous model of hydraulic conductivity K 5 1026 m s21

for this inversion and also for the examples discussed below in this paper. The convergence was obtained
in 11 iterations with an excellent fit for the hydraulic head observations (see Table 2). The inverted hydraulic
conductivity field using the heads reproduces successfully the main pattern of the true K-field (see Figures
4a and 4b). This adequate estimate is due to the excellent spatial resolution associated with the use of a sig-
nificant density of wells, which are well distributed in space to cover the heterogeneities of the aquifer. The
sensitivity map obtained by the resolution matrix is shown in Figure 5a. It shows that the most sensitive
regions are located close to the wells as expected.

In the next step, we examine the results of the inversion of the self-potential data associated with a set of
dipole tests in the confined aquifer. A Gaussian random noise with a standard deviation of 5% of the mean
value of the absolute value of the measurements was added to these data. The iterative inversion of the
self-potential data starts also with a homogenous hydraulic conductivity model using K 5 1026 m s21. The
convergence was reached in eight iterations (see Table 2). The hydraulic conductivity tomography obtained
from the inversion of the self-potential data can also be used to identify the major features of the hydraulic
conductivity field (see Figures 4c and 4d). In order to explain the good result for the inversion of the self-
potential data, we show the resolution matrix in Figure 5b. Good resolution is obtained close to the electro-
des and a poor resolution is obtained at depth. This clearly indicates that the self-potential signals simulated
at the ground surface are not very suitable to resolve vertical variations in the K-field.

Comparing the resolution maps of Figure 5a with Figure 5b, we can conclude that the head and self-
potential data are complementary to each other in order to determine the distribution of the K-field. That
said, there are still some areas in the aquifers that are poorly resolved by each of the method. Therefore,
the joint inversion of the head and self-potential data should improve the determination of the K-field by
comparison with using the head data alone. However, the joint inversion will still not be able to resolve the
K-field in some area. In the next section, we analyze in what cases the self-potential signals could be advan-
tageous in bringing useful information in the joint inversion problem.

4.3. Case Study 2
In the second case study, we reduced the number of wells to five and we increase the number of electrodes
to 70. We simulated nine dipole tests and we obtained 120 hydraulic head data and 594 self-potential data
(Figure 6). The hydraulic conductivity predicted by the inversion of hydraulic data is not able to delineate
the true conductivity field of the aquifer (see Figures 7a and 7b and Table 2). This poor result is due to the

Table 2. Computed Mean Squared Deviations for Parameter Estimates (Estimated Versus True Values) and Data Residuals (Simulated
Versus Observed) With the Number of the Iterations Needed to Reach the Convergence for Each Inversiona

Tests Number of Data MMb DMc Iterations

Case 1 HH 324 0.3885 0.0033 11
SP 375 0.3882 0.0017 8

Case 2 HH 120 0.7310 0.0289 9
SP 594 0.3899 0.0020 10
HH 1 SP 120 1 594 0.3103 0.0066 8

Case 3 SP 375 0.8203 0.0008 7
Case 4 HH 1 SP (0% errors on r) 120 1 594 0.3139 0.0020 10

HH 1 SP (5% errors on r) 120 1 594 0.4877 0.0485 11
HH 1 SP(10% errors on r) 120 1 594 0.7953 0.6120 6

Case 5 HH 1 SP 1201594 0.2603 0.0020 8

aM and N denotes the number of model parameters and the number of data, respectively. HH and SP denote the hydraulic head and
self-potential data, respectively.

bMM denotes the model misfit defined by MM 5 ð1=MÞ
PM

i51 ðsTrue 2sinverted Þ2.
cDM denotes the data misfit defined by DM5 ð1=NÞ

PN
i51 ðdTrue 2dinverted Þ2, the data are either the hydraulic head data, or the abso-

lute value of the self-potential data, or a combination of both.
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insufficient number of piezometers leading necessarily to a low resolution in the determination of the
hydraulic conductivity field except in the areas close to the wells (Figure 8a).

The inverted hydraulic conductivity field obtained from the inversion of the self-potential data alone pro-
vide a better result than by using the hydraulic head data alone (see Figures 7c and 7d and Table 2 and
compare with Figures 7a and 7b). This better performance is related to the higher density of electrodes in
this case study. This high density improves the resolution of the hydraulic conductivity field as shown
by the sensitivity map (Figure 8b). The self-potential signals are clearly very sensitive to the lateral variation
in the hydraulic conductivity. These data capture the pattern of the heterogeneity around the wells even
though it is a smooth estimation.

The next step is the joint inversion of the two sources of data. Because of the complementary nature of the
sensitivity maps shown in Figure 8, we expect an improved determination of the K-field. This is indeed the
case. The reconstructed hydraulic conductivity field honors the main heterogeneities shown in the true
hydraulic conductivity field (see Figures 8c and 8d and Table 2 and compare with Figure 2). Therefore, the
combination of the electrical and hydraulic data brings a significant improvement regarding the assessment
of the hydraulic conductivity field. We can better delineate important preferential flow pathways.

Figure 4. Results for case study 1. (a) Hydraulic conductivity field estimated from the inversion of the hydraulic head data simulated with the nine wells. (b) Comparison between the
estimated and the true hydraulic conductivities. (c) Hydraulic conductivity field reconstructed from the inversion of the self-potential data. (d) Comparison between the estimated and
the true hydraulic conductivities.
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4.4. Case Study 3
In the third case study, we consider the case corresponding to a single piezometer and 70 electrodes. The
pumping tests are performed at three different levels in the piezometer (Figure 9a). In this case, we simu-
lated 189 self-potential measurements. The inversion of these self-potential data is used to invert the
hydraulic conductivity field in the areas located around the well where the sensitivity is high (Figure 9b).
However, a comparison between the real and inverted hydraulic conductivity fields shows that the recon-
struction is over smooth (see Figures 9c and 9d and Table 2 and compare to Figure 2).

4.5. Case Study 4
In this case study, we go back to the same conditions used in case study 2 with 5 wells and 70 electrodes.
We consider however that the distribution of the electrical resistivity of the aquifer is now heterogeneous

because we are looking to evaluate
the effect of the uncertainty in the
electrical conductivity distribution
on the estimate of the hydraulic
conductivity. In this case study, we
will jointly invert the head and self-
potential data.

The heterogeneous distribution of
the electrical conductivity is geo-
statistically generated using the
software SGEMS [Deutsch and Jour-
nel, 1992], wherein the electrical
conductivity varies within the fol-
lowing range: [4 3 1024 S m21; 5 3

1023 S m21] giving a moderately
heterogeneous field (Figure 10).
This case mimics a fresh aquifer in
terms of resistivity values. The elec-
trical resistivity is not related any-
how to the K-field except on the
observed fact (well explained by
petrophysical models) that the

Figure 5. Case study 1. (a) Sensitivity of log of the hydraulic conductivity distribution to the hydraulic head. The sensitivity is high close to the piezometers and in the central part. (b)
Sensitivity of log of the hydraulic conductivity distribution the self-potential data. There is a certain complementary between the two sensitivity maps but some regions are not resolved
by the two techniques. We show the diagonal terms of the resolution matrix R. Values close to one indicate region that can be resolve nearly perfectly.

Figure 6. Case study 2. Position of the 5 wells and 70 electrodes used to simulate the syn-
thetic observations that are then inverted to determine the hydraulic conductivity field.
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Figure 7. Case study 2. (a) Hydraulic conductivity field estimated from the inversion of the hydraulic head data. (b) Comparison between the estimated and the true hydraulic conductiv-
ities. (c) Hydraulic conductivity field inferred from the inversion of the self-potential data. (d) Comparison between the estimated and the true hydraulic conductivities. (e) Hydraulic con-
ductivity field inferred from the joint inversion of the self-potential data and the hydraulic head data. (f) Comparison between the estimated and the true hydraulic conductivities for the
joint inversion problem. We see clearly an improvement of the inversion results by adding the self-potential data to the hydraulic data.
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resistivity field has a variance that is always much smaller than the variance associated with the K-field. In
this case study, we consider three distinct tests for the joint inversion with each time a distinct level of
knowledge about the electrical conductivity distribution of the aquifer.

In the first test, we assume that the distribution of the electrical conductivity is completely known, so the
joint inversion is carried out with the distribution of electrical conductivity used to simulate the self-
potential data. The result of the joint inversion honors the main heterogeneity of the hydraulic conductivity
(Figures 11a and 11b). In the second test, the electrical conductivity introduced in the joint inversion is con-
taminated with a Gaussian random noise with a standard deviation of 5% of the mean value of the electrical
conductivity of the field. The result provides an acceptable characterization of the hydraulic conductivity of
the aquifer, but we observe a clear increase in the degree of uncertainty of the reconstruction compared to
the first test (compare Figures 11c and 11d with Figures 11a and 11b).

In the third test, we increase again the degree of uncertainty associated to the electrical conductivity distri-
bution using a standard deviation reaching 10% of the mean value of the electrical conductivity. In this
case, we observe that the inverted K-field loses its reliability (Figures 11e and 11f). We conclude therefore
that the reconstruction of the hydraulic conductivity from the self-potential data depends on the knowl-
edge of the distribution of the electrical conductivity. Therefore self-potential monitoring of pumping tests
should be accompanied by electrical resistivity tomography and new strategies should be developed to
improve the resolution of resistivity tomography for such cases (note that in some cases, GPR may be used
to bring a high-resolution resistivity tomography [e.g., Lavou�e et al., 2014]), that could be used in turn in the
self-potential inverse problem.

4.6. Case Study 5
In this case study, we model a larger portion of an aquifer covering an area of 40 3 40 m (thickness 30 m)
with an explicit modeling of the confining unit with a thickness of 10 m. The 63 electrodes are located at
the ground surface at a depth of 40 m. We consider five piezometers at the following positions P1 (x 5 216
m, y 5 16 m), P2 (x 5 216 m, y 5 216 m), P3 (x 5 0, y 5 0), P4 (x 5 16 m, y 5 216 m), and P5 (x 5 16 m,
y 5 16 m). The heads are taken at three levels for each piezometer: 10, 20, and 28 m. The position of the
electrodes and piezometers is the same as in Figure 6. The electrical conductivity of the confining unit is
1023 S m21 and its hydraulic conductivity is 1027 m s21.

The results of the inversion are shown in Figure 12. Figure 12a shows the true distribution of the K-field. Fig-
ure 12b shows the distribution of electrical conductivity, which is assumed to be perfectly known in this
case study. The hydraulic conductivity field inferred from the joint inversion of the self-potential data and
the hydraulic head data is shown in Figure 12c. We see that the distribution of the inferred K-field look very
similar to the true distribution shown in Figure 12a. Because the electrodes are now further away from the

Figure 8. Case study 2. (a) Sensitivity map for the log of the hydraulic conductivity to the hydraulic head. (b) Sensitivity map for the log of the hydraulic conductivity to the self-potential
data. In this case, we see the value of the self-potential signals in helping the inversion to converge to a better hydraulic conductivity field.
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volume in which groundwater flow occurs, it is expected than the reconstructed distribution of the K-filed
will be a bit smoother. Finally, Figure 12d shows a comparison between the estimated and the true hydrau-
lic conductivities for the joint inversion problem. The reconstruction is rather good.

4.7. Convergence
Table 2 shows the data and model misfits for the different case studies and simulations. We see that the
residual errors are small and that convergence of the algorithm is very fast, both for the inversion of the
independent data sets (hydraulic heads or self-potential data) and for the joint inversion cases. We generally
reach convergence in 6–11 iterations for all the investigated cases.

5. Discussion

There are few points that need to be discussed in this section. The first point concerns the signal-to-noise
ratio of the self-potential method in field conditions. We will also discuss the impact of the uncertainty in
the relationship between Q̂V and K on the uncertainty in the determination of the K-field. We will also

Figure 9. Case study 3. (a) Position of the unique well used for the pumping test and the electrodes. (b) Hydraulic conductivity resolution associated with the self-potential data. Note
the lack of sensitivity with depth. (c) Hydraulic conductivity field estimated from the inversion of the self-potential data alone simulated during the pumping test performed with a single
well. (d) Comparison between the estimated and the true values of the K-field.
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discuss the impact of the resistivity
distribution regarding the determi-
nation of the K-field. Finally, we will
discuss the depth of the self-
potential method to monitor pump-
ing tests.

Concerning the signal-to-noise ratio
of the self-potential measurements,
in field conditions, the stability of
the nonpolarizing electrodes
remains an important issue espe-
cially the temperature dependence
of the electrodes themselves (for
instance, the potential of Cu/CuSO4

is 1.6 mV/�C). This temperature
dependence may be responsible for
the drift in the self-potential records
if the scanning electrodes and the
reference electrode experience dif-

ferent changes in temperature over time [see Jardani et al., 2009]. Various approaches can be used to com-
pensate for these effects as discussed by Jardani et al. [2009]. A second source of noise is the 60 Hz (or
50 Hz and their harmonics) that can be present in the time series. The simplest way to remove these signals
is to use a Fourier transform of the drift-compensated signals and to use notch filter on the 60 Hz and its
harmonic and then to come back to the time domain using an inverse Fourier transform (see, for instance,
the field examples of Buttler and Russel [2003]). Other potentials sources of noise are discussed in Revil and
Jardani [2013]. Once the raw data have been corrected for these problems, the noise level can be brought
to 0.1–0.2 mV as shown by Jardani et al. [2009]. Consequently, the signal-to-noise ratio shown by synthetic
data in Figure 3b is expected to be realistic. Note that the self-potential data that need to be considered in
the inversion are the difference between the values measured prior the pumping tests and the values in
steady state condition of flow. This point has been discussed in several papers, for instance, Rizzo et al.
[2004], Suski et al. [2006], and Straface et al. [2010].

The second point to discuss is the uncertainty associated with the scatter shown in Figure 1. In our analysis,
we have considered that equation (6) is certain while obviously this is not the case. That said, most of the
scatter of the relationship in Figure 1 comes from the effect of salinity of the pore water. Because the salin-
ity effect or the effect of the composition of the pore water upon the streaming potential coupling coeffi-
cient or the effective charge density can be estimated (see discussion in Lorne et al. [1999] and Ikard et al.
[2012]), the scatter can be reduced by measuring the conductivity of the pore water (corrected for tempera-
ture). Another approach is to recognize such uncertainty explicitly in equation (6) and to use, for instance, a
sequential Bayesian approach to determine its impact on the uncertainty of the inferred hydraulic conduc-
tivity field.

The third point concerns the resistivity distribution. For simplicity, we have considered a uniform electrical
conductivity distribution for the three first case studies. However, we know that the electrical conductivity
distribution can be heterogeneous with the possibility of some correlation in the spatial distribution of the
electrical and hydraulic conductivities. As discussed in case study 4, the electrical conductivity directly
impacts the value of the self-potential signals simulated at the ground surface [e.g., Suski et al., 2006]. Thus,
the proposed approach necessitates the determination of the distribution of the electrical conductivity. Var-
ious methods have been recently developed to image jointly the hydraulic conductivity and electrical con-
ductivity (e.g., from GPR data) and using, for instance, structural similarities between the two distributions
[Lochb€uhler et al., 2013], or an inversion based on the cross-gradient approach [Gallardo and Meju, 2003]. A
solution to this issue is to jointly invert hydraulic heads together with a combination of geophysical meth-
ods including DC resistivity (possibly induced polarization), GPR, and self-potential data.

The last point to discuss concerns the depth of investigation of the method. While defining a depth of
investigation per se is meaningless for a passive potential field technique, it is legitimate to wonder to what

Figure 10. Spatial distribution of the electrical conductivity field used in case study 4.
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Figure 11. Case study 4. Three tests of the joint inversion of the hydraulic head and self-potential data (heterogeneous electrical conductivity field). (a) K-field estimated with the com-
plete knowledge of the electrical conductivity distribution. (b) Inverted versus true hydraulic conductivity values. (c) Hydraulic conductivity estimated with a distribution of the electrical
conductivity contaminated with a Gaussian random noise with a standard deviation of 5% of the mean value of the electrical conductivity of the field. (d) Inverted versus true hydraulic
conductivity values. (e) Hydraulic conductivity estimated with a distribution of the electrical conductivity contaminated with a Gaussian random noise with a standard deviation of 10%
of the mean value of the electrical conductivity of the field. (f) Inverted versus true hydraulic conductivity values.
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depth we can use the self-potential method to ‘‘feel’’ hydraulic head changes. In the case, where there is
not a very conductive layer between the confined aquifer and the ground surface, we expect to have the
equipotentials to be more or less normal to the aquifer/aquitard interface and to the ground surface (see,
for instance, Figure 11 from Titov et al. [2005]). In this case, we expect to see reasonably well the effect of
hydraulic head changes in a confined aquifer down to several tens of meters and possibly 100 m. Of course,
it will be always good to perform some forward modeling using the state-of-knowledge of the resistivity
distribution at a given site. In our cases, the upper confining layer extends to the surface and thus that no
other sources of self-potential signal exists, e.g., from a perched aquifer. That said, even if there is source of
electrical current associated with flow in a perched or unconfined aquifer, this is not a problem. Indeed, the
electrical field associated with these sources can be easily removed by taking the reference self-potential
distribution prior pumping and using only the time changes in the self-potential signals.

Our work can be applied to confined and unconfined aquifers [see Malama et al., 2009a, 2009b]. We think
that the next step will be to perform well-controlled sandbox experiments as done for hydraulic tomogra-
phy by Walter Illman and coworkers [Illman et al., 2007, 2010]. Preliminary works have been performed for
unconfined aquifers by Suski et al. [2004] and Straface et al. [2010] but these works ignored the complica-
tions associated with the flow in the vadose zone. Recent modeling of the streaming current generated in

Figure 12. Case Study 5. (a) True distribution of the hydraulic conductivity field. (b) Distribution of electrical conductivity field. (c) Hydraulic conductivity field inferred from the joint
inversion of the self-potential data and the hydraulic head data. (d) Comparison between the estimated and the true hydraulic conductivities for the joint inversion problem.
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unsaturated media [Linde et al., 2007; Vinogradov and Jackson, 2011; Jougnot et al., 2012; Revil and Mahar-
dika, 2013] makes it possible to simulate the effect of flow in the vadose zone under transient conditions.
This is a problem that will require further investigations.

6. Conclusion

We are continually searching for better ways of characterizing the structure and magnitude of hydraulic
conductivity in the shallow subsurface. The present work explores the potential value of using measure-
ments of natural voltage patterns called self-potential signals along with hydraulic head data during pump-
ing tests to infer the hydraulic conductivity field. Previous works have demonstrated that measurable
electrical potential fluctuations can be measured for pumping/injection tests in shallow (<100 m) confined
and unconfined aquifers. We have developed a method based on the adjoint-state approach to jointly
invert hydraulic head and self-potential data. Five synthetic case studies have been tested to investigate
the usefulness of adding self-potential measurements to hydraulic head data in order to reconstruct the
hydraulic conductivity field of a heterogeneous aquifer during pumping tests.

In the presence of a few wells, the use of self-potential data improves significantly the determination of the
hydraulic conductivity field. The self-potential signals measured at the ground surface are more sensitive to
lateral variation of the hydraulic conductivity than to vertical variations. The resolution of the method
decreases with the depth of the aquifer since the self-potential method belongs to the family of potential
field problems. Our modeling tests reveal the importance of knowledge of the electrical conductivity distri-
bution on the recovery of the K-field. Consequently future studies will need also to incorporate the resistiv-
ity information in the inverse problem and to extend the present approach to harmonic pumping tests.
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